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FOREWORDS

? ? ? ??

The lecture notes and exercises contained in this manuscript are part of the five years of teaching given

to students in the third year of the undergraduate specialisation in Mathematics and Informatics.

No prior knowledge of probability or statistics is necessary for the reading of this document. The

mathematics required is a full year of classical calculus, including series, integration and linear algebra.

This collection, in line with the official syllabus of the above-mentioned courses, covers all the funda-

mental aspects of the introduction to probabilities. Particular attention has been paid to form, emphasising

a simple presentation of the various concepts, supplemented where necessary by illustrations, comments and

application examples. There are also a number of exercises, mainly on the basis of the documents in the bibli-

ography.

There are four chapters in this document. All contain definitions, theorems, demonstrations and proofs

based on the main points of the course. At the end of each chapter, there is a series of exercises with corrections,

in order to consolidate the knowledge which has been acquired.

The choice of the exercises is based on the objectives of the course: to make the student familiar with

the basic and fundamental concepts of probability calculus.

? ? ? ??

?
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Chapter Probability

Introduction
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h Probability

h Conditional probability
h Bayes’ Theorem f

One of the fundamental tools of statistics is probability, which had its formal beginning with
games of chance in the seventeenth century. The theory of probability deals with averages of mass
phenomena occurring sequentially or simultaneously: electron mass, telephone calls, radar detection,
quality control, games of chance, statistical mechanics, noise, birth and death rates, and queueing
theory, among many others. The purpose of this chapter is to define probability and discuss some of
its properties. Also, the basic concepts of probability theory are presented. It is a brief essay on some
of all different meanings that have been attached to probability and may be omitted by those who are
interested only in mathematical (axiomatic) probability.

1.1 Random experiments

Definition 1.1. Random Experiments

♣

In the study of probability, any process of observation is referred to as an experiment. The
results of an observation are called the outcomes of the experiment. An experiment is called a
random experiment if

its outcome cannot be predicted and if it has more than one possible outcomes,
if this experiment is repeated under the same conditions the outcome may be different
the set of outcomes is known in advance.

Typical examples of a random experiment are the roll of a die, the toss of a coin, drawing a card
from a deck, or selecting a message signal for transmission from several messages.

Definition 1.2. Sample Space

♣

The set of all possible outcomes of a random experiment is called the sample space (or universal
set connected with hat experiment), and it is denoted by Ω. An element in Ω is called a sample
point. Each outcome of a random experiment corresponds to a sample point.
When we repeat a random experiment several times, we call each one of them a trail.

Example1.1 Find the sample space for the experiment of tossing a coin (a) and (b) twice.
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a. There are two possible outcomes, heads or tails. Thus:

Ω = {H,T}

where H and T represent head and tail, respectively.
b. There are four possible outcomes. There are pairs of heads and tails. Thus:

Ω = {HH,HT, TH, TT}.

1.2 Events

Our definition of sample space is precise and satisfactory, whereas our definitions of event and
event space are not entirely given. Rather than developing the necessary mathematics to precisely
define which subsets of Ω constitute our event spaceA. An event is a subset of the sample space. Let
us state some properties of A that is seems reasonable to require:

(i) Ω ∈ A.
(ii) If A ∈ A, then Ā ∈ A.
(iii) If A1 and A2 ∈ A, then A1 ∪ A2 ∈ A.

We said earlier that we were interested in events mainly because we would be interested in probability
that an event happens. Surely, then, we would want A to include Ω, the sure event.
Any collection of events with properties (i) and (iii) is called a Boolean algebra or just algebra, of
events. We might note that the collection of all subsets of Ω necessarily satisfies the above properties.
Several results follow from the above assumed properties of A.
Since we have identified a sample spaceA as the set of all possible outcomes of a random experiment,
we will review some set notations in the following.
If ω is an element of ω (or belongs to Ω), then we write

ω ∈ Ω

If ω is not an element of Ω (or does not belong to Ω), then we write

ω /∈ Ω

A set A is called a subset of B, denoted by

A ⊂ B

if every element of A is also an element of B. Any subset of the sample space S is called an event.
A sample point of ω is often referred to as an elementary event. Note that the sample space Ω is the
subset of itself: that is, ⊂ ω. Since Ω is the set of all possible outcomes, it is often called the certain
event.
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1.3 Algebra of Sets

1. Equality. Two sets A and B are equal, denoted A = B, if and only if A ⊂ B and B ⊂ A.
2. Complement. Suppose A ⊂ Ω. The complement of set A, denoted A, is the set containing all
elements in Ω but not in A.

Ā = {ω : ω ∈ Ω and ω /∈ A}

3. Union. The union of sets A and B, denoted A∪B, is the set containing all elements in either A or
B or both.

A ∪B = {ω : ω ∈ A or ω ∈ B}

4. Intersection. The intersection of sets A and B, denoted A ∩ B, is the set containing all elements
in both A and B.

A ∩B = {ω : ω ∈ A and ω ∈ B}

5. Difference. The difference of sets A and B, denoted A \B, is the set containing all elements in A
but not in B.

A = {ω : ω ∈ A and ω /∈ B}

Note that A \B = A ∩ B̄.
6. Symmetrical Difference. The symmetrical difference of sets A and B, denoted A M B, is the set
of all elements that are in A or B but not in both.

A M B = {ω : ω ∈ A or ω ∈ B and ω /∈ A ∩B}

Note that A M B = (A ∩ B̄) ∪ (Ā ∩B) = (A \B) ∪ (B \ A).
7. Null Set. The set containing no element is called the null set, denoted ∅. Note that

∅ = Ω̄

8. Disjoint Sets. Two sets A and B are called disjoint or mutually exclusive if they contain no
common element, that is, if A ∩B = ∅.
The definitions of the union and intersection of two sets can be extended to any finite number of sets
as follows:

n⋃
i=1

Ai = A1 ∪ A2 ∪ · · · ∪ An

= {ω : ω ∈ A1 or ω ∈ A2 or · · ·ω ∈ An}
n⋂
i=1

Ai = A1 ∩ A2 · · · ∩ An

= {ω : ω ∈ A1 and ω ∈ A2 and · · ·ω ∈ An}

Extension
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Note that these definitions can be extended to an infinite number of sets:
∞⋃
i=1

Ai = A1 ∪ A2 ∪ A3 ∪ · · ·
∞⋂
i=1

Ai = A1 ∩ A2 ∩ A3 ∩ · · ·

In our definition of event, we state that every subset of S is an event, including S and the null set ∅.
Then

S = the certain event
∅ = the impossible event

If A and B are events in S, then

Ā = the event that A did not occur
A ∪B = the event that either A or B or both occurred
A ∩B = the event that both A and B occurred

Similarly, if A1, A2, · · · , An are a sequence of events in S, then
n⋃
i=1

= the event that at least one of the Ai occurred
n⋂
i=1

= the event that all of the Ai occurred

. Generalization

9. Partition of Ω. If Ai ∩ Aj = ∅ for i 6= j and , then the collection {Ai; 1 ≤ i ≤ n} is said to
form a partition of Ω.
10. Size of Set. When sets are countable, the size (or cardinality) of set A, denoted |A|, is the number
of elements contained in A. When sets have a finite number of elements, it is easy to see that size has
the following properties:

Proposition 1.1

♠

(i) if A ∩B = ∅, then |A ∪B| = |A|+ |B|.
(ii) |∅| = 0.

(iii) If A ⊂ B, then |A| ≤ |B|.
(iv) |A ∪B|+ |A ∩B| = |A|+ |B|.

Note that the property (iv) can be easily seen if A and B are subsets of a line with length |A| and
|B|, respectively.
11. Product of Sets. The product (or Cartesian product) of sets A and B, denoted by A × B, is the
set of ordered pairs of elements from A and B.

C = A×B = {(a, b) : a ∈ A, b ∈ B}



1.3 Algebra of Sets – 5 –

Figure 1.1

Note that
A×B 6= B × A, and |C| = |A×B| = |A| × |B|.

Example1.2 Let A = {a1, a2, a3} and B = {b1, b2}. Then

C = A×B = {(a1, b1), (a1, b2), (a2, b1), (a2, b2), (a3, b1), (a3, b2)}
D = B ×B = {(b1, a1), (b1, a2), (b1, a3), (b2, a1), (b2, a2), (b2, a3)}

1.3.1 Venn Diagram.

A graphical representation that is very useful for illustrating set operation is the Venn diagram.
For instance, in the three Venn diagrams shown in Fig. 1-1, the shaded areas represent, respectively,
the events A ∪B, A ∩B, and Ā.
The Venn diagram in Fig. 1-2(a) indicates that B ⊂ A, and the event A ∩ B̄ is shown as the shaded
area. In Fig. 1-2(b), the shaded area represents the event A4B.
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1.3.2 Identities.

By the above set definitions or reference to Fig. 1-1, we obtain the following identities:

S̄ = ∅
∅̄ = S
¯̄A = A

S ∪ A = S

A ∪ Ā = S

A ∩ Ā = ∅
A ∪ ∅ = A

A ∩ ∅ = ∅
A \B = A ∩ B̄
S \ A = Ā

A \ ∅ = A

A4B = (A ∩ B̄) ∪ (Ā ∩B)

The union and intersection operations also satisfy the following laws ;
Commutative Laws.

A ∪B = B ∪ A
A ∩B = B ∩ A

Associative Laws.
A ∪ (B ∪ C) = (A ∪B) ∪ C
A ∪ (B ∩ C) = (A ∩B) ∩ C

Distributive Laws.
A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C)

¯(A ∪B) = Ā ∩ B̄
¯(A ∩B) = Ā ∪ B̄

De Morgan’s Laws

These relations are verified by showing that any element that is contained in the set on the left side of
he equality sign is also contained in the set on the right side, and vice versa. One way of showing this
is by means of a Venn diagram. The distributive laws can be extended as follows:
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A ∩

(
n⋃
i=1

Bi

)
=

n⋃
i=1

(A ∩Bi)

A ∪

(
n⋂
i=1

Bi

)
=

n⋂
i=1

(A ∪Bi)

Distributive laws Extension

Similarly, De Morgan’s laws also can be extended as follows (Prob. ....):

(
n⋃
i=1

Ai

)
=

n⋂
i=1

Ai(
n⋂
i=1

Ai

)
=

n⋃
i=1

Ai

De Morgan’s Laws Extension

1.4 Probability Space.

Definition 1.3. Event and Event space

♣

We have defined that events are subsets of the sample space S. In order to be precise, we say
that a subset A of S can be an event if it belongs to a collection F of subsets of S, satisfying the
following conditions:
i) Ω ∈ A.
ii) if A ∈ A, then Ā ∈ A.

iii) if Ai ∈ A ∀i ≥ 1, the
∞⋃
i=1

∈ A.

The collection A is called an event space. In mathematical literature, event space is known as
σ-field sigma field or σ-algebra.
Using the above conditions, we can show that if A and B are in A, then so are

A ∩B,A\B,A4B.

We said earlier that we were interested in events mainly because we would be interested in the
probability that an event happens. Then, surely, we would want A to include Ω, the sure event. Also,
if A is an event, meaning we can talk about the probability that A occurs, then Ā should also be an
event so that we can talk about the probability that A does not occur. Similarly, if A1 and A2 are
events, so should A1 ∪ A2 be an event.
Example1.3 The experiment is the tossing of a single die (a regular six-sided polyhedron or cube
marked on each face with one to six spots) and noting which face up. Now the die can land with any
one of the six faces up; so there are six possible outcomes of the experiment;

Ω = {1, 2, 3, 4, 5, 6}
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Example1.4 The experiment is to record the number of traffic deaths in the state of Paris next year.
Any nonnegative integer is a conceivable outcome of this experiment; so

Ω = {0, 1, 2, · · · , }. A= {fewer than 500 deaths}= {0, 1, , , 499} is an event. Ai = {exactly i deaths}
is an element event.
Example1.5 Select a light bulb, and record the time in hours that is burns before buring out. Any
nonnegative number is a concevable outcome of this experiment; so Ω = {x : x ≥ 0}. For this sample
space not all subset of Ω are events; however, any subset that can be exhibited will be an event. For
example, let

A = {bulb burns for at least k hours but burns out before m hours}
= {x : k ≤ x < m};

then A is an event for any 0 ≤ k < m.

Theorem 1.1

♥

∅ ∈ A
Proof By proprety (i) , Ω ∈ A, by (ii) Ω̄ ∈ A; but Ω̄ = ∅; so ∅ ∈ A �

Theorem 1.2

♥

If A1 and A2 ∈ A, then A1 ∩ A2 ∈ A.
Proof Ā1 and Ā2 ∈ A; hence Ā1∪Ā2, and (Ā1 ∪ Ā2) ∈ A, but (Ā1 ∪ Ā2) = Ā1∩Ā2 = A1∩A2

by De Morgan’s law. �

Theorem 1.3

♥

If A1, A2, · · · , An ∈ A then
⋃n
i=1 Ai and

⋂n
i=1 Ai ∈ A.

Proof Follows by induction. �

We will always assume that our collection of events A is an algebra which partially justifies our
use ofA as our notation for it.In practice, on might take that collection of events of interest in a given
consideration and anlarge the collection of events of interest in a given consideration and enlarge the
collection,if necessary, to include (i) the sure event, (ii) all complements of events already included,
and (iii) all finite unions and intersections of events already included, and this will be an algebra A.
Thus, we have not explained whyA can not always taken to be the collection of a subsets of all subsets
of Ω. Such explaination will be given when se define probability in the next subsection.

1.5 Probability space

Here, we give the axiomatic definition of probability. Although this formal definition of proba-
bility will not in itself allow us to achieve our goal of assigning actual probabilities to events consisting
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of certain outcomes of random experiments, it is another in a series of definitions that will ultimately
lead to the goal. Since probability, as well as forthcoming concepts, is defined as a particular function.

A. Classical Definition.
Definition 1.4

♣

Consider an experiment with equally likely outcomes. Then the classical definition of probability
of event A, denoted P(A), is defined by

P (A) =
|A|
B

If A and B are disjoint, i.r. A ∩B = ∅, then |A ∪B| = |A|+ |B|. Hence, in this case

P (A ∪B) =
|A ∪B|
|Ω|

=
|A|+ |B|
|Ω|

=
|A|
|Ω|

+
|B|
|Ω|

= P (A) + P (B)

We also have
P (S) =

|Ω|
|Ω|

= 1

P (Ā) =

∣∣∣∣ĀΩ
∣∣∣∣ =
|Ω| − |A|
|Ω|

= 1− |A|
|Ω|

= 1− P (A)

B. Relative Frequency Definition.
Suppose that the random experiment is repeated ntimes. If event A occurs n(A) times, then the
probability of event A, denoted P (A), is defined as

P (A) = lim
n→∞

n(A)

n

where n(A)/n is called the relative frequency of event A. Note that this limit may not exist, and in
addition, there are many situations in which the concepts of repeatability may not be valid. It is clear
that for any event A, the relative frequency of A will have the following properties:

1. 0 ≤ n(A) ≤ 1, where n(A)/n = 0 if A occurs in none of the n repeated trials and n(A)/n = 1

if A occurs in all of the n repeated trials.
2. If A and B are mutually exclusive events, then

n(A ∪B) = n(A) + n(B)

and
n(A ∪B)

n
=
n(A)

n
+
N(B)

n

P (A ∪B) = lim
n→∞

P (A ∪B)

n
= lim

n→∞

n(A)

n
+ lim

n→∞

n(B)

n
= P (A) + P (B)

C. Axiomatic Definition. Consider a probability space (S, F, P ). Let A be an event in F . Then in
the axiomatic definition, the probability P (A) of the event A is a real number assigned to A which
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satisfies the following three axioms:

Axiom 1 : P (A) ≥ 0

Axiom 2 : P (S) = 1

Axiom 3 : If A1, A2, · · · is a sequence of mutually exclusive events in Ω

and if A1 ∪ A2 ∪ · · · ∪ A =
∞⋃
i=1

Ai ∈ Ω,

then P

(
∞⋃
i=1

Ai

)
=
∞∑
i=1

P (Ai) .

These axioms are certainly motivated by the definition of classical and frequency probability. This
definition of probability is a mathematical definition; it tells us which set functions can be called
probability functions; it does not tell us what value the probability function P(.) assigns to a given
event A. We will have to model our random experiment in some way in order to obtain values for the
probability of events.
P (A) is read : "the probability of event A" or "the probability that event A occurs", which means the
probability that any outcome in A occurs.
We are able to deduce a number of properties of our functions P(.) from its definition and three
axioms. We list these as the statements. Elementary Properties of Probability: By using the above
axioms, the following useful properties of probability can be obtained:

1. P (Ā) = 1− P (A).
2. P (∅) = 0.

3. P (A) ≤ P (B) if A ⊂ B.
4. P (A) ≤ 1.
5. P (A ∪B) = P (A) + P (B)˘P (A ∩B).

6. P (A \B) = A
−P (A ∩B).

7. If A1, A2, · · · , An are n arbitrary events in A, then

P

(
n⋃
i=1

Ai

)
=

n∑
i=1

P (Ai)−
∑
i 6=j

P (Ai ∩ Aj) +
∑
i 6=j 6=k

P (Ai ∩ Aj ∩ Ak)

− · · · (−1)n−1P (A1 ∩ A2 ∪ · · · ∪ An)

where the sum of the second term is over all distinct pairs of events, that of the third term is over
all distinct triples of events, and so forth

8. If A1, A2, · · · , An is a finite sequence of mutually exclusive events in A (Ai ∩ Aj = ∅ for i),
then

P

(
n⋃
i=1

Ai

)
=

n∑
i=1

P (Ai)

and a similar equality holds for any subcollection of the events.
Note that property 4 can be easily derived from axiom 2 and property 3. Since A ⊂ Ω, we have

P (A) ≤ P (Ω)
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Thus, combining with axiom 1, we obtain

0 ≤ P (A) ≤ 1

Property 5 implies that
P (A ∪B) ≤ P (A) + P (B)

since P(A ∩B) ≥ 0 by axiom 1. Property 6 implies that

P (A \B) = P (A)− P (B) if B ⊂ A

since A ∩B = B if B ⊂ A.

1.6 Equally Likely Events

1.6.1 Finite Sample Space

Consider a finite sample space Ω with n finite elements

Ω = {ω1, ω2, · · · , ωn}

where ωi are elementary events. Let P (ωi) = p. Then
1. 0 ≤ pi ≤ 1, i = 1, 2, · · · , n.

2.
n∑
i=1

pi = p1 + · · ·+ pn = 1.

3. If A =
n⋃
i=1

ωi where I is a collection of subscripts, then

P (A) =
∑
ω∈A

P (ωi) =
∑
i∈I

Pi

1.6.2 Equally Likely Events

When all elementary events ωi(i = 1, · · · , n) are equally likely, that is,

p1 = p2 = · · · = pn

then we have
pi =

1

n
, i = 1, · · · , n.

and
P (A) =

n(A)

n

where n(A) is the number of the number of outcomes belonging to event A and n is the number
of sample points in Ω.
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1.7 Conditional Probability

Definition 1.5

♣

The conditional probability of an event A given event B, denoted by P (A \B), is defined
as

P (A \B) =
P (A ∩B)

P (B)
P (B) > 0,

where P (A ∩B) is the joint probability of A and B. Similarly,

P (B \ A) =
P (A ∪B)

P (A)
P (A) > 0

is the conditional probability of an eventB given event A. From these equations, we have

P (A ∩B) = P (A \B)P (B) = P (B \ A)P (A) (1.1)

Equation (1.1) is often quite useful in computing the joint probability of events.

1.8 Bayes’ Rule

From equation(1.1) we can obtain the following Bayes’Rule :

P (A\B) =
P (B\A)P (A)

P (B)
(1.2)

1.9 Total Probability

The events A1, A2, · · · , An are all mutually exclusive and exhaustive if
n⋃
i=1

Ai = A1 ∪ A2 ∪ · · · ∪ An and Ai ∩ Aj = ∅ ∀i 6= j (1.3)

Let B be any event in Ω. Then

P (B) =
n∑
i=1

P (B ∩ Ai) =
n∑
i=1

P (B\Ai)P (Ai) (1.4)

which is known as the total probability of event B. Let A = Ai then by using Eq (1.4) we obtain

P (Ai\B) =
P (B\Ai)P (Ai)∑n
i=1 P (B\Ai)P (Ai)

(1.5)

Note that the terms on the right-hand side are all conditioned on events Ai, while the term on
the left is conditioned on B. Equation (1.5) is sometimes referred to as Bayes’ theorem.

1.10 Independent Events

Two events A and B are said to be (statistically) independent if and only if

P (A ∩B) = P (A)P (B) (1.6)



1.11 Chapter Summary – 13 –

It follows immediately that if A and B are independent, then

P (A\B) = P (A) and P (B\A) = P (B) (1.7)

If two events A and B are independent, then it can be shown that A and B are also independent;
that is

P (A ∩ B̄) = P (A)P (B̄) (1.8)

Then
P (A\B̄) =

P (A ∩ B̄)

P (B̄)
= P (A) (1.9)

If A is independent of B, then the probability of A’s occurrence is unchanged by information as
to whether or not B has occurred. Three eventsA, B, C are said to be independent if and only if

P (A ∩B ∩ c) = P (A)P (B)P (C)

P (A ∩B) = P (A)P (B)

P (A ∩ C) = P (A)P (C)

P (B ∩ C) = P (B)P (C)

We may also extend the definition of independence to more than three events. The events
A1, A2, · · · , An are independent if and only if for every subset {Ai1, Ai2, · · · , Aik} (2 ≤ k ≤ n)

of events,
P (Ai1 ∩ Ai2 ∩ · · · ∩ Aik) = P (Ai1)P (Ai2) · · ·P (Aik) (1.10)

Finally, we define an infinite set of events to be independent if and only if every finite subset of
these events is independent.
To distinguish between the mutual exclusiveness (or disjointness) and independence of a collec-
tion of events, we summarize as follows:
(a). {Ai, i = 1, · · · , n} is a sequence of mutually exclusive events, then

P

(
n⋃
i=1

Ai

)
=

n∑
i=1

P (Ai) (1.11)

(b). If {Ai, i = 1, 2, s · · · , n} is a sequence of independent events, then

P

(
n⋂
i=1

Ai

)
=

n∏
i=1

P (Ai) (1.12)

and a similar equality holds for any subcollection of the events.

1.11 Chapter Summary

This chapter has developed the basic concepts of probability, random experiments, and events.
Several examples are solved and applications of probability have been provided in the fields of
communications and reliability engineering. Finally, it introduced the concepts of permutation
and combination that will be used in later chapters.
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1.12 Exercises

� Exercise1.1 The sample space of an experiment is the real line express as

S = {ν;−∞ < ν <∞}

(a). Consider the events

A1 =

{
ν; 0 ≤ ν <

1

2

}
A2 =

{
ν;

1

2
≤ ν <

3

4

}
Ai =

{
ν; 1− 1

2i−1
≤ ν < 1− 1

2i

}
Determine the events

n⋃
i=1

Ai and
n⋂
i=1

Ai

(b). Consider the events

B1 =

{
ν; ν ≤ 1

2

}
B2 =

{
ν; ν ≤ 1

4

}
...

Bi =

{
ν; ν ≤ 1

2i

}
Determine the events

∞⋃
i=1

Bi and
∞⋂
i=1

Bi

Solution
(a). It s clear that

∞⋃
i=1

Ai = {ν; 0 ≤ ν < 1}

Noting that the Ai’s are mutually exclusive, we have
∞⋂
i=1

Ai = ∅

(b). Noting that B1 ⊃ B2 · · · ⊃ Bi ⊂ · · · , we have
∞⋃
i=1

Bi = B1 =

{
ν : ν ≤ 1

2

}
and

∞⋂
i=1

= {ν : ν ≤ 0}

� Exercise1.2 Let A andB be events in an event space F . Show that if A andB are independent,
then so are (a) A and B̄, (b) Ā and B, and (c) Ā and B̄.
Solution
(a). We have

P (A) = P (A ∩B) + P (A ∩ B̄)
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Since A and B are independent, we obtain

P (A ∩ B̄) = P (A)− P (A ∩B) = P (A)− P (A)P (B)

= P (A) [1− P (B)] = P (A)P (B̄)

Thus, by definition, A and B̄ are independent.
(b). We get the result by interchanging A and B. Indeed, we get :

P (B ∩ Ā) = P (B)P (Ā)

which indicates that Ā and B are independent.
(c). We have

P (Ā ∩ B̄) = P (A ∪B)

= 1− P (A ∪B)

= 1− P (A)− P ((B) + P (A ∩B)

= 1− P (A)− P (B)− P (A)P (B) (because A and B are independent)
= 1− P (A) [1− P (B)]− P (B)

= 1− P (A)P (B̄)− P (B)

= P (A)P (B̄) + P (B̄)

= P (Ā)P (B̄)

Hence, Ā and B̄ are independent.
� Exercise1.3 A student buys 1000 integrated circuits (ICs) from supplier A, 2000 ICs from

supplier B, and 3000 ICs from supplier C. He tested the ICs and found that the conditional prob-
ability of an IC being defective depends on the supplier from whom it was bought. Specifically,
given that an IC came from supplier A, the probability that it is defective is 0.05; given that an
IC came from supplier B, the probability that it is defective is 0.10; and given that an IC came
from supplier C, the probability that it is defective is 0.10. If the ICs from the three suppliers
are mixed together and one is selected at random, what is the probability that it is defective?
Solution LetP (A), P (B), and P (C) denote the probability that a randomly selected IC came
from supplier A, B, and C, respectively. Also, let P (D \ A) denote the conditional probability
that an IC is defective, given that it came from supplier A; P (D \ B) denote the conditional
probability that an IC is defective, given that it came from supplier B; and P (D \ C) denote
the conditional probability that an IC is defective, given that it came from supplier C. Then the
following are true:

P (D \ A) = 0.05

P (D \B) = 0.10

P (D \ C) = 0.10

P (A) =
1000

1000 + 2000 + 3000
=

1

6

P (B) =
2000

1000 + 2000 + 3000
=

1

3

P (C) =
3000

1000 + 2000 + 3000
=

1

2
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Let P (D) denote the unconditional probability that a randomly selected IC is defective. The,
from principal of total probability,

P (D) = P (D \ A), P (A) + P (D \B)P (B) + P (D \ C)P (C)

= 0.05× 1
6

+ 0.10× 1
3

+ 0.10× 1
2

= 0.09167

� Exercise1.4 Consider the experiment of tossing a fair coin repeatedly and counting the number
of tosses required until the first head appears.
(a). Find the sample space of the experiment.
(b). Find the probability that the first head appears on the kth toss.
(c). Verify that P (S) = 1.
Solution
(a). The sample space of this experiment is

S = {a1, a2, a3, · · · } = {ak : k =, 2, 3, . . . }

where ak is the elementary event that the first head appears on the kth toss.

(b). Since a fair coin is tossed, we assume that a head and a tail are equally likely to appear.
Then P (H) = P (T ) = 1

2
. Let

P (ak) = pk k = 1, 2, · · ·

Let
P (ak) = pk =

1

2k
.

Since there are 2k equally likely ways of tossing a fair coin k times, only one of wich
consists of (k − 1) tails following a head we observe that

P (ak) = pk =
1

2k
k = 1, 2, 3 · · ·

(c). Using the power series summation formula, we have

P (S) = P (S) =
∞∑
k=1

P (ak) =
∞∑
k=1

1

2k
=
∞∑
k=1

(
1

2

)k
=

1
2

1− 1
2

= 1

� Exercise1.5 Consider the experiment of the previous Exercise.
(a). Find the probability that the first Find the probability that the first head appears on an

even-numbered toss.
(b). Find the probability that the first head appears on an odd-numbered toss.
Solution
(a). Let A be the event "the first head appears on an even-numbered toss." Then, we have

P (A) = p2 + p4 + p6 · · · =
∞∑
m=0

p2m =
∞∑
m=1

1

22m
=

∞∑
m=1

(
1

4

)m
=

1
4

1− 1
4

=
1

3

(b). Let B be the event "the first head appears on an odd-numbered toss." Then it is obvious
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that B = Ā. So, we get

P (B) = P (Ā) = 1− P (A) = 1− 1

3
=

2

3

As a ckeck, notice that

P (B) = p1 + p3 + p5 + · · · =
∞∑
m=0

p2m+1 =
∞∑
m=0

1

22m+1
=

1

2

[
1

1− 1
4

]
=

2

3

� Exercise1.6 A number is selected at random from {1, 2, · · · , 100}. Given that the number
selected is divisible by 2, find the probability that it is divisible by 3 or 5.
Solution Let

A2 = {event that the number is divisible by 2}
A3 = {event that the number is divisible by 3}
A5 = {event that the number is divisible by 5}

Then the desired probability is

P (A3 ∪ A5) =
P [(A3 ∪ A5) ∩ A2]

P (A2)

=
P [(A3 ∩ A2) ∪ (A5 ∩ A2)]

P (A2)

=
P (A3 ∩ A2) + P (A5 ∩ A2)− P (A3 ∩ A5 ∩ A2)

P (A2)

Now
A3 ∩ A2 = event that the number is divisible by 6
A5 ∩ A2 = event that the number is divisible by 10

A3 ∩ A5 ∩ A2 = event that the number is divisible by 30

and
P (A3 ∩ A2) =

16

100
P (A5 ∩ A2)

10

100
P (A3 ∩ A5 ∩ A2) =

3

100

thus,

P (A3 ∪ A2 \ A2) =

16

100
+

10

100
− 3

100
50

100

=
23

50
= 0.46

� Exercise1.7 A company producing electric relays has three manufacturing plants producing
50, 30, and 20 percent, respectively, of its product. Suppose that the probabilities that a relay
manufactured by these plants is defective are 0.02, 0.05, and 0.01, respectively.
(a). If a relay is selected at random from the output of the company, what is the probability

that it is defective ?
(b). If a relay selected at random is found to be defective, what is the probability that it was

manufactured by plant 2 ?
Solution
(a). Let B be the event that the relay is defective, and let Ai be the event that the relay is
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fig1.18

Figure 1.2

manufactured by plant i (i = 1, 2, 3). The desired probability is P (B). we have

P (B) =
3∑
i=1

P (B \ Ai)P (Ai)

= 0, 02.0, 5 + 0, 05.0, 3 + 0, 01.0, 2 = 0, 027

(b). The desired probability is P (A2 \B) given by

P (A2 \B) =
P (B \ A2)P (A2)

P (B)
=

0, 05.0, 03

0, 027
= 0.556

Supplementary exercises
� Exercise1.8 The relay network shown in Fig. 1.2. operates if and only if there is a closed path

of relays from left to right. Assume that relays fail independently and that the probability of
failure of each relay is as shown. What is the probability that the relay network operates?

� Exercise1.9 Suppose that the sample space Ω consists of the positive integers from 1 to 10

inclusive. Let A = {2, 3, 4}, B={3, 4, 5}, C = {5, 6, 7}. List the members of the following
sets:

(a) Ā ∩B (b) Ā ∪B (c) Ā ∩ B̄ (d) A ∩ (B ∪ C) (e) A ∩ (B ∪ C)

� Exercise1.10 Which of the following relationships are true in general, i.e. for any three events
A, B and C ?

(a) (A ∪B) ∩ (A ∪ C) = A ∪ (B ∩ C) (d) A ∪B ∩ C = Ā ∩ B̄ ∩ C̄
(b) A ∪B = (A ∩ B̄) ∪B (e) (A ∩B) ∩ (B̄ ∩ C) = 0

(c) Ā ∩B = A ∪B.

� Exercise1.11 An installation consists of two boilers and one engine. Let A be the event that the
engine is in good condition, Bi the event that the ith boiler (i = 1, 2) is in good condition, and
C the event that the installation can operate. If the installation requires that at least one boiler
and the engine are in good condition before it can operate, express C and C̄ in terms of A and
B1 and B2.

� Exercise1.12 Let A, B and C be three events associated with a random experiments. Express



1.12 Exercises – 19 –

the following verbal statements in set notations:
(a) at least one of the event occurs;
(b) exactly on of the events occurs;
(c) exactly two events occur;
(d) not more than two events occurs simultaneously.

� Exercise1.13 Suppose that the space consists of all points (x,y) both of whose co-ordinates are
integers and which lie inside or on the boundary of the square bounded by the line x = 0, y = 0,
x = 6 and y = 6. List the members of the following sets:

(a) A = {(x, y) \ x2 + y2 ≤ 6}; (d) B ∩ C
(b) B = {(x, y) \ y ≤ x2} (e) (B ∪ A) ∩ C̄
(c) C = {(x, y) \ x ≤ y2}.

� Exercise1.14 Find the sample space for the experiment of tossing a coin repeatedly and of
counting the number of tosses required until the first head appears.
Clearly all possible outcomes for this experiment are the terms of the sequence 1, 2, 3, · · · Thus:

S = {1, 2, 3, · · · }

Note that there are an infinite number of outcomes.
We define the events

A = = {k : k k is odd}
B = {k : 4 ≤ k ≤ 7}
C = {k : 1 ≤ k ≤ 10}

where k is the number of tosses required until the first H (head) appears. Determine the events
Ā, B̄, C̄, A ∪B,A ∪ C,B ∪ C and Ā ∩B.



Chapter Random variables

Introduction

h Random variables
h Density

h Expectation
h Variance

In this chapter, we introduce the concept of random variable. This concept is a some outcome
from a chance process. The main purpose is to calculate density and distribution functions,
that make it both convenient and easy to compute the probabilities and expected values of
various events. Also, we focus on the study of some transformation and combination of random
variables.

2.1 Definitions

We start by defining a random variable.

Definition 2.1. Random Variable

♣

For a given probability space (Ω,A, P ), a random variable, denoted by X or X(.), is a
function with domain Ω and counterdomain the real line. The function X must be such
that the set A , defined by At = {ω : X(ω) ≤ r} belongs to A for every real number r.

Remark
(a). The terminology used here is traditional. Clearly a random variable is not a variable at all

in the usual sense, and it is a function.
(b). The use of words "random" and "variable" is inappropriate since their use cannot be

reasonably justified. The expression "random variable" is a misnomer that has gained such
widespread use that it would be foolish for us to try rename it.

(c). The sample space Ω is termed the domain of the random variable X , and the collection
of all numbers (values of X(.))) is termed the range of the random variable X . Thus the
range of X is a certain subset of the set of all real numbers.

(d). Two or more different sample points might give the same value of X(.), but two different
numbers in the range cannot be assigned to the same sample point.

2.1.1 Events Defined by Random Variables

If X is a random variable and x is a fixed real number, we can define the event (X = x) as

(X = x) = (ω, X(ω) = x)
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Similarly, for fixed numbers x, x1 and x2, we can define the following events:

(X ≤ x) = (ω, X(ω) ≤ x)

(X > x) = (ω, X(ω) > x)

(x1 < X ≤ x2) = (ω, x1 < X(ω) ≤ x2)

These events have probabilities that are denoted by

P (X = x) = P (ω, X(ω) = x)

P (X ≤ x) = P (ζ, X(ω) ≤ x)

P (X > x) = P (ω, X(ω) > x)

P (x1 < X ≤ x2) = P (ω, x1 < X(ω) ≤ x2)

Example2.1 Consider the experiments of tossing two dice. Ω = {(i, j) : i = 1, · · · , 6, j =

1, · · · , 6}. We can define several random variables like
the sum X(ω) = i+ j if ω = (i, j).
the difference between the upturned faces Y (ω) = |i − j| if ω = (i, j). It is clear that X
can take on the values 2, 3, · · · , 12 and Y can take its values in {0, 1, · · · , 5}.

2.2 Distribution Functions

Definition 2.2. Cumulative distribution function

♣

The cumulative distribution function (cdf)) of a random variable X , denoted by FX(.), is
the function defined by

FX(x) = P (ω, X(ω) ≤ x), −∞ < x < +∞ (2.1)

Most of the information about a random experiment described by the random variableX
is determined by the behavior of FX(x).

Example2.2 Consider again the experiment of tossing a single coin. Assume that the coin is
fair. Let X denote the number of heads. Then

Fx(x) =


0 if x < 0
1

2
if 0 ≤ x < 1

1 if 1 ≤ x

2.2.1 Properties of FX(x)

Several properties of FX(x) follow directly from its definition (2.1).
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Proposition 2.1

♠

(a). 0 ≤ FX(x) ≤ 1.
(b). FX(x) is a nondecreasing function of x, that is, if FX(x1) ≤ FX(x2), if x1 ≤ x2.
(c). lim

x−→+∞
FX(x) = FX(+∞) = 1.

(d). lim
x−→−∞

FX(x) = FX(−∞) = 0.
(e). FX(x) is continuous from the right, that is,

lim
x−→a+

FX(x) = FX(a+) = FX(a), a+ = lim
0<ε−→0

(a+ ε).

Proof
(a). Evident.
(b). Note that the event

�

From definition (2.1), we can compute other probabilities, such as P (a ≤ X < b), P (X > a)

and P (X < b):

P (a ≤ X < b) = FX(b)− FX(a)

P (X > a) = 1− FX(a)

P (X < b) = FX(b−), b− = lim b− ε

Example2.3 The cumulative distribution function of the random variable X is given by

FX(x) =


0 if x < 0

x+ 1
2

if 0 ≤ x ≤ 1
2

1 if x > 1
2

Compute P (X > 1
4
).

The probability that X is greater than
1

4
is given by

P (X >
1

4
) = 1− P (X ≤ 1

4
)

= 1− FX(
1

4
) = 1− (

1

4
+

1

2
) =

1

4
.

Definition 2.3. Cumulative distribution function

♣

Any function F (.) with domain the real linear counterdomain the interval [0,1] satisfying
the above three properties is defined to be cumulative distribution function.

Remark
(a). This definition allows us to use the term "cumulative distribution function" without men-

tioning random variables.
(b). The cumulative distribution function defined here are univariate; the introduction of bi-

variate and multivariate cumulative distribution function will be defined in chapter 4.
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2.3 Density Functions

Random variables and the cumulative distribution function of a random variable have been
defined. The cumulative distribution function described the distribution of values of random
variables. For two distinct classes of random variables, the distribution of values can be
described more simply by using density functions. These two classes, distinguished by the
words discrete and continuous, are considered in the next two subsections.

2.3.1 Discrete Random Variables

Definition 2.4. Discrete random variable

♣

A random variable X will be defined to be discrete if the range of X is countable. If a
random variable X is discrete, then the corresponding cumulative distribution function
FX(.) will be defined to be discrete.

�

Note By the range of X being countable we mean that there exists a finite or denumerable set
of real numbers, say x,, x2, · · · such that X takes on values only in that set.

Definition 2.5. Discrete density function

♣

Let X be a discrete random variable with distinct values x1, x2, · · · , xn, · · · , then the
function denoted by fX(.) and defined by

fX(x) =

{
P [X = xj] if x = xj, j = 1, 2, · · · , n · · · ,
0 if xi 6= xj

is defined to be the discrete density function of X .

Definition 2.6. Cumulative distribution function

♣

The cumulative distribution function of a random variableX , denoted by FX(.) is defined
to be that function with domain the real line and counterdomain the interval [0, 1] witch
satisfies FX(x) = P [X ≤ x] = P [{ω : X(ω) ≤ x}] for all every real number.

Theorem 2.1

♥Let X be a discrete random variable. FX(.) can be obtained from fX(.), and vice versa.

Proof Denote the mass points of X by x1, x2, · · · . Suppose fX(.) is giving; then FX(x) =∑
{j:xj≤x}

fX(xj). Conversely, suppose FX() is given ; then fX(xj) = Fx(xj)− lim
h→0

FX(xj − h).

hence fX(xj) can be found for each mass point xj; however, fX(x) = 0 for x 6= xj, j = 1, 2, ....,
so fX(x) is determined for all real numbers. �

Example2.4 Consider the experiment of tossing two dice. LetX denote the total of the upturned
faces.The mass points of X are {2, 3, · · · , 12}. fX(.) is sketched in figure 1. Let Y denote the
absolute difference of the upturned faces; then fY (.) is given by
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y 0 1 2 3 4 5

fY (y)
6

36

10

36

8

36

6

36

4

36

2

36

Proposition 2.2

♠

Any function f(.) with domain the real line and counterdomain [0, 1] is defined to be a
discrete density function if for some countable set x1, x2, · · ·xn, · · ·
(a). f(xj) > 0 for j = 1, 2, · · · .
(b). f(x) = 0 for x 6= xj; for j = 1, 2, · · · .
(c).

∑
f(xj) = 1, where the summation is over the points x1, x2, · · · , xn, · · · ..

This definition allows us to speak of discrete density functions without reference to some random
variable. Hence we can talk about properties that a density functionmight have without referring
to a random variable.

Definition 2.7. Probability mass functions

♣

Suppose that the jumps in FX(x) of a discrete random variable X occur at the points
x1, x2, · · · , where the sequence may be either finite or countably infinite, and we assume
xi < xj if i < j.
Then

FX(xi)− FX(xi−1) = P (X ≤ xi)− P (X ≤ xi−1) = P (X = xi) (2.2)

Let
pX(x) = P (X = x) (2.3)

The function pX(x) is called the probability mass function (pmf) of the discrete random
variable X .

2.4 Continuous Random Variables

Definition 2.8
Let X be a random variable with cumulative distribution function FX(x). If FX(x) is

continuous and. also has a derivative
dFX(x)

dx
which exists everywhere except at possibly

a finite number of points and is piecewise continuous, then X is called a continuous
random variable. Alternatively, X is a continuous random variable only if its range
contains an interval (either finite or infinite) of real numbers. Thus, if X is a continuous
random variable, then

P (X = x) = 0 (2.4)

Note that this is an example of an event with probability 0 that is not necessarily the
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♣

impossible event ∅.
In most applications, the random variable is either discrete or continuous. But if the
cumulative distribution function FX(x) of a random variable X possesses features of
both discrete and continuous random variable’s, then the random variableX is called the
mixed random variable

2.4.1 Probability Density Function

Let
fX(x) =

dFX(x)

dx
(2.5)

The function fX(x) is called the probability density function (pdf) of the continuous random
variable X .

2.4.2 Properties of fX(x)

(a). fX(x) ≥ 1.

(b). Since X must assume some value,
∫ +∞

−∞
fX(x)dx = 1.

(c). fX(x) is piecewise continuous.

(d). P (a < X ≤ b) =

∫ b

a

fX(x)dx, which means that P (X = a) =

∫ a

a

fX(x)dx = 0.
Thus, the probability that a continuous random variable will assume any fixed value is
zero.

The cumulative distribution function FX(x) of a continuous random variableX can be obtained
by

FX(x) = P (X ≤ x) =

∫ x

−∞
fX(t)dt (2.6)

By Eq. (2.4), if X is a continuous random variable, then

P (a < X ≤ b) = P (a ≤ X ≤ b) = P (a < X < b)

= P (a < X < b)

=

∫ b

a

fX(x)dx = FX(b)− FX(a)

Example2.5 Is the following function a legitimate probability density function?

f(x) =

{
x2

9
, 0 ≤ x ≤ 3

0, otherwise

For f(x) to be a legitimate probability density function, we need to check to see if
∫ +∞

−∞
f(x)dx = 1.
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Thus ∫ +∞

−∞
f(x)dx =

∫ 3

0

dx =
x2

9
=

[
x3

27

]3

0

= 1

Therefore,f(x) is a legitimate probability density function.

2.5 Mean And Variance

Two numbers are often used to summarize a probability distributionX . Themean is ameasure of
the center or middle of the probability distribution, and variance is a measure of the dispersion,
or variability in the distribution. The two measures do not uniquely identify a probability
distribution. That is, two different distribution can have the same mean and variance. Still,
these measures are simple, useful summarize of the probability distribution of X .

2.5.1 Mean

The mean (or expected value) of a rev. X , denoted by µX or E(X), is defined by

µX = E(X) =


∑
k

xk pX(xk), X discrete∫ +∞

−∞
xX(x)dx, X continuous

(2.7)

2.5.2 Moment

The nth moment of a random variable X is defined by

E(Xn) =


∑
k

xnk pX(xk), X discrete∫ +∞

−∞
xnfX(x)dx, X continuous

(2.8)

Note that the mean of X is the first moment of X .

2.5.3 Variance

The variance of a random variable X , denoted by σ2
x or V ar(X), is defined by

σ2
x = V ar(X) = E(X − E(X))2 (2.9)

Thus,

σ2
x =


∑
k

(xk − µx)2 pX(xk), X discrete∫ +∞

−∞
(x− µx)2fX(x)dx, X continuous

(2.10)

Note from (2.9) that
V ar(X) ≥ 0 (2.11)
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The standard deviation of a random variable X , denoted by σx, is the positive square root of
V ar(X).
Expanding the right-hand side of Eq. (2.9), we can obtain the following relation:

V ar(X) = E(X2)− [E(X)]2 (2.12)

which is a useful formula for determining the variance.
Remark
(a). The mean of a discrete random variableX is a weighted of the possible values ofX , with

weights equal to the probabilities. If f(x) is the probability mass function of a loading
on a long, thin beam.E(X) is the point at which the beam balances. Consequently, E(X)

describes the "center of the distribution ofX in a manner similar to the balance point of a
loading.

(b). The variance of a random variable X is a measure of dispersion or scatter in the possible
values forX uses weight f(x) as the multiplier of each possible squared deviation (x−µ)2.

(c). The variance of a random variable X can be considered to be the expected value od a
specific function of X , namely, h(X) = (X − µ)2. In general, the expected value of any
function h(X) of a discrete random variable is defined in a similar manner.

Now, we give the expectation of an arbitrary random variables X , called the mean of X .

Theorem 2.2. Expected value of a Function

♥

Let h(.) be a function with both domain and couterdomain the real line. IfX is a discrete
random variable with probability mass function f(x). The expectation or expected value
of the function h(.) of the random variable X , denoted E[h(X)], is defined by :

E[h(X)] =
∑
x

h(x)f(x)

if X is discrete with mass points x1, x2, · · · , xj, · · · (provided this series is abso-
lutely convergent).

E(h(X)) =

∫ ∞
−∞

h(x)fX(x)dx

if X is a continuous with probability density function fX(x) (provided∫ ∞
−∞
|h(x)|fX(x)dx <∞.)

Remark
Expectation or expected value in not really a very good name since it is not necessarily
what you "expect". For example, the expected value of a discrete random variable is not
necessarily one the possible values of the discrete random variable, in which case, you
would not "expect" to get the expected value. A better name might be "average value rather
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than "expected value".
Since E(h(X)) is defined in term of the density function ofX , it could be defined without
reference to a random variable.
If h(x) = x, thenE(h(X) = E(X) is the mean ofX . If h(x) = (x−µX)2, thenE(h(X)=
Var(X)

Below are properties of expected value:
i) E(c) = c for a constant c.
ii) E(ch(X)) = cE(h(X)) for a constant c.
iii) E[c1h1(X) + c2h2(X)] = c1E(h1(X) + c2E[h2(X)].

If h1(x) ≤ h2(X), for all x then E(h1(X)) ≤ E(h2(X))

Proof Assume X is continuous. To prove (i), take h(x) = c, then

E(h(X)) = E(c) =

∫ +∞

−∞
cfX(x)dx = c

E[ch(X)] =

∫ ∞
−∞

ch(x)fX(x)dx = c

∫ ∞
−∞

h(x)fX(x)dx = cE[g(X)]

which proves (ii). (iii) is given by

E[c1h1(X) + c2h2(X)] =
∫∞
−∞ [c1g1(x) + c2g2(x)] fX(x)dx

= c1
∫∞
−∞ h1(x)fX(x)dx+ c2

∫∞
−∞ h2(x)fX(x)dx

= c1E[h1(X)] + c2E[h2(X)]

Finally,
0 ≤ E[h2(X)− h1(X)] = E[h2(X)]− E[h1(X)],

which gives (iv).

�

Note Similar proofs could be presented for the discrete random variable case.
�

Theorem 2.3

♥

IfX is a random variable, Var[X] = E[(X−E[X]2] = E[X2]−(E[X])2 providedE[X]2

exists.

Proof (We first note that if E[X2] exists then E[X] exists.) By our definition of variance and
E[h(X)], it follows that Var[X] = E[(X −E(X))2]. Now E[(X −E[X])2] = E[X − 2E[X] +

E[X2]] = E[X2]− 2(E[X])2 + (E[X])2 = E[X2]− (E[X])2. �



2.5 Mean And Variance – 29 –

2.5.4 Chebyshev Inequality

Theorem 2.4

♥

Let X be a random variable and h(.) a nonnegative function with domain the real line;
then

P [h(X) ≥ k] ≤ E[h(X)]

k
for every k > 0

Proof Assume that X is a continuous random variable with probability density function the
real line; then

E[h(X)] =

∫ +∞

−∞
h(x)fX(x)dx =

∫
x:h(x)g(x)≥x

h(x)fX(x)dx

+

∫ ∞
−∞

h(x)fX(x)dx

≥
∫
{x:xh(x)≥k}

h(x)fX(x)dx

≥
∫
x:h(x)≥k

kfX(x)dx = kP [(h(X) ≥ k]

divided by k, and the result follows. A similar proof holds for X discrete. �

Proposition 2.3

♠

If X is a random variable with finite variance,

P [|X − µX |] ≥ rσX = P
[
(X − µX)2 ≥ r2σ2

X

]
≤ 1

r2
for every r > 0. (2.13)

Proof Then h(x) = (x− µX)2 and k = r2σ2
X . �

Remark If X is a random variable with finite variance ,

P [|X − µX | < rσX ] ≥ 1− 1

r2
,

which is just a rewriting of (2.13).

2.5.5 Jensen Inequality

Definition 2.9. Convex function

♣

A continuous function h(.)with domain and counterdomain the real line is called "convex"
if for every x0 on the real line, there exists a line wgich goes through the point (x0, h(x0))

and lies on ou under the graph of the function h(.).

Theorem 2.5. Jensen Inequality

♥

Let X be a random variable with mean E[X], and let h(.) be a convex function; then
E[h(X)] ≥ h(E[X]).

Proof Since h(x) is ontinuous and convex, there exists a line, say I(x) = a+bx, satisfying I(x)
= a+ bx ≤ g(x) and I(E[X]) = h(E[X]) . I(x) is a line given by the definition of continuous
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and convex that goes through the point (E[X], h(E(X))). Note that E[I(x)] = E[(a + bX)]

= a+ E[X] = I(E[X]); hence, h(E[X]) = I(E[X]) ≤ E[h(X)]. �

2.6 Moments and generating function

The moment (or raw moments) of a random variable or of a distribution are th xpectations of
the powers of the random variables which has the given distribution.

Definition 2.10. Moments

♣

If X is a random variable, the rth moment of X , is defined as

µr = E[Xr] if the expectation exists.

Note that µ1 = E[X] = µX , the mean of X .

Definition 2.11. Central moment

♣

IfX is random variable, the rth centralmoment ofX about a is defined asE[(X−E[X])r].
If a = µX , we have the rth central moment of X about µX , denoted by µr, which is

µr = E[(X − µX)r].

Definition 2.12. Quantile

♣

The qth quantile of a random variableX or of its corresponding distribution ids denoted
by ζq and is defined as the smallest number ζ satisfying FX(ζ) ≥ q.

If X is a continuous random variable, the the qth quantile of X is given as the smallest number
ζ satisfying FX(ζ) = q.

Definition 2.13. Median

♣

Themedian of a random variableX , denoted byMed(X), satisfyingP [X ≤Med(X)] ≥ 1
2

and P [X ≤Med(X)] ≤ 1
2

We now define another kind of moment, factorial moment.

Definition 2.14. Factorial moment

♣

If X is a random variable, the rth factorial moment of X is defined as (r is a postive
integer):

E[X(X − 1)(X − 2) · · · (X − r + 1)]

For some random variables (usually discrete), factorial moments are easier to calculate
than rawmoments. However the rawmoments can be obtained from the factorial moments
and vice versa.
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Definition 2.15. Moment generating function

♣

Let X be a random variable with density fX(.). The expected value of etX is defined to
be the moment generating function ofX if the expected value exists for every value of t in
some interval −h < t < h;h > 0. The moment generating function, denoted by mX(t)

orm(t), is

m(t) = E[etX ] =

∫ ∞
−∞

etxfX(x)dx

if the random variable is continuous, and is

m(t) = E[etX ] =
∑
x

etxfX(x)

if the random variable is discrete.

If a moment generating function exists, thenm(t) is continuously differentiable in some neigh-
borhood of the origin. If we differentiate the moment generating function t times with respect
to t, we have

dr

dtn
m(t) =

∫ ∞
−∞

xrextfX(x)dx,

and letting t→ 0, we find
dr

dtr
m(0) = E[Xr] = µr,

whare the sympbol on the left is to be interpreted to mean the rth derivative of m(t) evaluated
as t → 0. Thus the moments of a distribution may be obtained from the moment generating
function by differentiation, hence its name.
Example2.6 Let X be a random variable with probability density function given by fX(x) =

λe−λxI[0,∞[(x) .

mX(t) = E[etX ] =

∫ ∞
0

etxλe−λxdx =
λ

λ− t
for t < λ.

m′(t) =
dm(t)

dt
=

λ

(λ− t)3
hence m′(0) = E[X] =

1

λ
.

m′′(t) =
2λ

(λ− t)3
, so m′′(0) = E[X2] =

2

λ2
.

As with moments, there is also a generating function fo factorial moments.

Definition 2.16. Factorial moments generating function

♣

Let X be a random variable. The fractorial moment generating function is defined as
E[tX ] if this expectation exists.

The factorial moment generating function is used to generate factorial moment moments in the
same way as the raw moments are obtained from E[etX ] except that t approaches 1 instead of 0.
It sometimes simplifies finding moments of discrete distributions.
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Example2.7 Suppose X is a discrete density function given by

fX(−x) =
e−λλx

x!
for x = 0, 1, 2, · · ·

Then

E[tX ] =
∞∑
x=0

txe−λλx

x!
== e−λeλt = eλ(t−1)

d

dt
E[tX ] =

d

dt
eλ(t−1) = λeλ(t−1 hence

d

dt
E[tX ]

∣∣∣∣
t=1

= λ.

Amoment generating function is used, as it name suggest, to generate moments. That, however,
will not be its only use for us.An important use will be in determining distributions.

Theorem 2.6

♥

LetX and Y be two random variables with density fX(.) and fY (.), respectively. Suppose
that mX(t) and mY (t) both exists and are equal for all t in the interval −h > t > h for
some h > 0. Then the two cumulative distribution functions FX(.) and FY (.) are equal.

2.6.1 Characteristic Functions

There are random variables for which the moment generating function does not exist on any real
interval with positive length. For example, consider the random variable X that has a Cauchy
distribution

FX(x) =
1

π

1

1 + x2
∀x

You can show that for any nonzero real number t

MX(t) =

∫ ∞
−∞

etx
1

π

1

1 + x2
dx =∞

Therefore, the moment generating function does not exist for this random variable on any real
interval with positive length. If a random variable does not have a well-defined MGF, we can
use the characteristic function defined as

φX(t) = E
[
eitX

]
where j = −1 and ω is a real number. It is worth noting that is a complex-valued random
variable. We have not discussed complex-valued random variables. Nevertheless, you can
imagine that a complex random variable can be written as X = Y + jZ, where Y and Z are
ordinary real-valued random variables. Thus, working with a complex random variable is like
working with two real-valued random variables. The advantage of the characteristic function is
that it is defined for all real-valued random variables. Specifically, ifX is a real-valued random
variable, we can write ∣∣ejωX∣∣ = 1
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Therefore, we conclude
|φX(t)| =

∣∣E [ejwX]∣∣
≤ E

[
|ejωXX |

]
≤ 1

The characteristic function has similar properties to the MGF. For example, if X and Y are
independent

φX+y(t) = φX(t).φY (t)

More generally, if X1, · · · , Xn are n independent random variables, then

φX1+···+Xn(t) = φX1(t).φX2(t) · · ·φXn(t).

Example2.8 Let X be a random variable with probability density function

fX(x) = λeλx x > 0

2.7 Some Special Discrete Distributions

In this section we present and we list some important special discrete distributions.

2.7.1 Discrete Uniform Distribution

Definition 2.17. Discrete uniform distribution

♣

Each member of the family of discrete density function

f(x) = f(x,N) =


1

N
for x = 1, 2, · · · , N

0 otherwise
where the parameter N ranges over the postive integers, is defined to have a discrete
uniform distribution.

If X has a discrete uniform distribution, then E[X] = N+1
2

, V ar(X) =
(N−1

12
and mX(t) =

N∑
j=1

ejt
1

N
.
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2.7.2 Bernoulli and Binomial Distributions

Definition 2.18. Bernoulli Distribution

♣

A random variable X is defined to have a Bernoulli random variable with parameter p if
its probability mass function is given by

pX(k) = P (X = k) = pk(1− p)1−k, k = 0, 1 (2.14)

where 0 ≤ p ≤ 1. By Eq. (??), the cumulative distribution function FX(x) of the
Bernoulli random variable X is given by

FX(x) =


0, x < 0;
1− p, 0 ≤ x < 1;
1, x ≥ 1.

(2.15)

Theorem 2.7

♥

The mean, variance and generating funtcion of the Bernoulli random variable X are

µX = E(X) = p

σ2
X = V ar(X) = p(1− p)

mX(t) = pet + q

A Bernoulli random variable X is associated with some experiment where an outcome can
be classified as either a "success" or a "failure," and the probability of a success is p and the
probability of a failure is 1− p. Such experiments are often called Bernoulli trials

Definition 2.19. Binomial Distribution

♣

A random variable X is called a binomial random variable with parameters (n, p) if its
probability mass function is given by

pX(k) = P (X = k) = Cp
n p

k(1− p)n−k, k = 0, 1, . . . n (2.16)

where 0 ≤ p ≤ 1 and
Cp
n =

n!

p!(n− p)!
which is known as the binomial coefficient. The corresponding cumulative distribution
function of X

FX(x) =
n∑
k=0

Cp
n p

k(1− p)n−k, n ≤ x < n+ 1 (2.17)
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Theorem 2.8

♥

The mean, variance and the generating function of the binomial random variable X are

µX = E(X) = np

σ2
X = V ar(X) = np(1− p)

mX(t) = (q + pet)n.

A binomial random variable X is associated with some experiments in which n independent
Bernoulli trials are performed and X represents the number of successes that occur in the n
trials. Note that a Bernoulli random variable is just a binomial random variable with parameters
(1, p).

2.7.3 Geometric and negative Binomial distribution

An other family of discrete distributions that play imprtant roles in statistics is geometric (or
Pascal) and negative binomial distribution.

Definition 2.20. Geometric distribution

♣

A random variable X is defined to have geometrix (or Pascal) distribution if it density of
X is given by

fX(x) = fX(x, p) =

{
p(1− p) for x = 0, 1, 2, · · ·
0 otherwise

}
= p(1− p)xI{0,1,··· ,}(x),

where the parameters p satisfies 0 < p ≤ 1. (Define q = (1− p).

Definition 2.21. Negative Binomial Distribution

♣

A random variable X with density

fX(x) =


(
r + x− 1

x

)
prqx for x = 0, 1, 2, · · ·

0 otherwise
where the parameters r and p satisfy r = 1, 2, 3, · · · and 0 < p < 1 are defined to have a
negative binomial distribution.

Remark If in the negative binomial distribution r = 1, then the negative binomial density
specializes to the geometric density.

Theorem 2.9

♥

If the random variable X has a geometic distribution, then

E[X] =
1− p
p

V [X] =
1− p
p2

mX(t) =
p

1− (1− p)et

The geometric distribution is well named since the values that the geometric density assumes
are the terms of a geometric series. Also the mode of the geometric density is necessarily 0.
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A geometric density posseses one other interesting proprety, which is given in the following
theorem.

Theorem 2.10

♥

If X has the geometric density with parameter p, then

P [X ≥ i+ j \X ≥ i] = P [X ≥ j] for j = 0, 1, 2, · · ·

Proof
P [X ≥ i+ j \X ≥ i] =

P [Xi+ j]

P [X ≥ i]

=

∞∑
x=i+j

p(1− p)x

∞∑
x=i

p(1− p)x
=

(1− p)i+j

(1− p)i

= (1− p)j

= P [X ≥ j].

�

Theorem 2.11

♥

Let X have a negative binomial distribution; then

E[X] =
rp

p
V ar[X] =

rq

p2
and mX(t) =

[
p

1− qet

]

2.7.4 Hypergeometric Distribution

Definition 2.22. Hypergeometric distribution

♣

A random variable X is defined to have a hepergeometric distribution if the discrete
density function of X is given by

fX(x,M,K, n) =


(
K

x

)(
M −K
n− x

)
for x = 0, 1, . . . , n

0 otherwise
whereM is a postive integer,K is nonnegative integer that is at mostM , and n is a positive
integer bthat is at most M. Any distribution function defined by the density function given
above is called a hypergeometric distribution.

I X is a hypergeometric distribution, then

E[X] = n
K

M
var[X] = n

K

M

M −K
M

M − n
M − 1
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2.7.5 Poisson Distribution

A random variable X is called a Poisson random variable with parameter λ ( λ > 0) if its
probability mass function is given by

pX(k) = P (X = k) = e−λ
λk

k!
, k = 0, 1, . . . (2.18)

The corresponding cumulative distribution function of X is

FX(x) = e−λ
n∑
k=0

λk

k!
, n ≤ x < n+ 1 (2.19)

Theorem 2.12

♥

Let X be a Poisson distribution random variable; then

µX = E(X) = λ

σ2
X = V ar(X) = λ

and
mX(t) = eλ(et−1)

The Poisson random variable has a tremendous range of applications in diverse areas because it
may be used as an approximation for a binomial random variable with parameters (n, p) when
n is large and p is small enough so that np is of a moderate size.

2.8 Continous Distributions

In this section several parametrics families of univariate probability density function are pre-
sented. Sketches of some are inluded ; the mean and the vaiance (when they exist) of each are
given. We can give a seeral examples.
(a). The number of telephone calls arriving at a switching center during various intervals of

time.
(b). The number of misprints on a page of a book.
(c). The number of customers entering a bank during various intervals of time.

2.8.1 Uniform or Rectangular Distribution

A random variable X is called a uniform random variable over (a, b) if its pdf is given by

fX(x) =


1

b− a
, a < x < b

0, otherwise.
(2.20)
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The corresponding cumulative distribution function of X is

FX(x) =


0, x ≤ a
x− a
b− a

, a < x < b

1, x ≥ b

(2.21)

Theorem 2.13

♥

The mean and variance of the uniform random variable X are

µX = E(X) =
a+ b

2

σ2
X = V ar(X) =

(b− a)2

12

mX(t) =
ebt − eat

(b− a)t

A uniform random variableX is often used where we have no prior knowledge of the actual pdf
and all continuous values in some range seem equally likely.

2.8.2 Exponential Distribution

A random variable X is called an exponential random variable with parameter λ (λ > O) if its
pdf is given by

fX(x) =

{
λ e−λx, x > 0

0, x < 0
(2.22)

The corresponding cumulative distribution function of X is

FX(x) =

{
1− e−λx, x ≥ 0

0, x < 0
(2.23)

Theorem 2.14

♥

The mean and variance of the exponential random variable X are

µX = E(X) =
1

λ

σ2
X = V ar(X) =

1

λ2

mX(t) =
λ

λ− t
for t < λ.

The most interesting property of the exponential distribution is its "memoryless" property. By
this we mean that if the lifetime of an item is exponentially distributed, then an item which has
been in use for some hours is as good as a new item with regard to the amount of time remaining
until the item fails. The exponential distribution is the only distribution which possesses this
property.
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2.8.3 Gamma Distribution

A continuous random variable whose density is given by

FX(x) =


λe−λx(λx)α−1

Γ(α)
, x ≥ 0

0, x < 0

(2.24)

for some λ > 0,α > 0 is said to be a gamma random variable with parameters α, λ. The quantity
Γ(α) is called the gamma function and is defined by

Γ(α) =

∫ +∞

0

e−xxα−1dx

It is easy to show by induction that for integral α, say, α = n, Γ(n) = (n− 1)!.
Remark If in the game density r = 1, the gamma density specializes to the exponential density.

Theorem 2.15

♥

IfX has a gamma distribution with parameters r and λ, then

E[X] =
r

λ
var[X] =

r

λ2
mX(t) =

(
λ

(λ− t)

)r
for t < λ.

2.8.4 Normal (or Gaussian) Distribution

A random variableX is called a normal (or gaussian) random variable if its probability density
function is given by

fX(x) =
1√
2πσ

e

−(x− µ)2

2σ2 (2.25)

where the parameters µ and σ satisfy −∞ < µ <∞ and σ > 0.
We have used the symbols µ and σ2 to represent the parameters because these parameters turn
out, as we shall see, to be the mean and the variance, respectively, of the distribution.
If the random variable has mean 0 and variance 1, it is called a standard or normalized random
variable. For a standard normal random variable the subscripts of the density and distribution
function notations are dropped; that is,

fX(x) =
1

√
2πe−

1
2
x2

Since fX(x) is given to be a density function, it implied that∫ ∞
−∞

fX(x)dx = 1.

The corresponding cumulative distribution function of X is

FX(x) =
1√
2πσ

∫ x

−∞
e

−(t− µ)2

2σ2 dt =
1√
2π

∫ x−µ
σ

−∞
e

−t2

2 dt (2.26)
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This integral cannot be evaluated in a closed form and must be evaluated numerically. It is
convenient to use the function φ(z), defined as

φ(z) =
1√
2π

∫ z

−∞
e

−t2

2 dt (2.27)

to help us to evaluate the value of FX(x). Then Eq. (2.26) can be written as

FX(x) = φ

(
x− µ
σ

)
(2.28)

Note that
φ(−z) = 1− φ(z) (2.29)

Theorem 2.16

♥

If X is a normal random variable,

µX = E(X) = µ

σ2
X = V ar(X) = σ2mX(t) = e+σ2t2/2

The following theorem shows that we can find the probability tht a normally distributed random
variable, with mean µ and varinance σ2, falls in interval in terms of the standard normal
cumulative distribution function, and this standar normal cumulative distribution function is
Table 1 of Appendix D.

Theorem 2.17

♥

If X ∼ N (m,σ2), then

P [a < X < b] = Φ

(
b− µ
σ

)
− Φ

(
a− µ
σ

)

Remark
Φ(x) = 1− Φ(−x).

2.8.5 Cauchy distribution

Definition 2.23

♣

A distribution which we shall find useful for illustrative purposes is the Cauchy, which has
the density

fX(x, α, β) =
1

πβ(1 + [(x− α)/β]2)

where −∞ < α <∞ and β > 0.

Although the cauchy density is symmetrical about the parameters α, its mean and higher
moments do not exist. The cumulative distribution function is

FX(x) =
1

π

∫ ∞
−∞

dt

πβ(1 + [(t− α)/β]2

=
1

2
+

1

π
arctan

x− α
β

.
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2.8.6 Lognormal distribution

LetX be a positive random variable, and let a new random variable Y be defind as Y = logeX .
f Y has a normal distribution, then, X is said to have a lognormal distribution. Lognormal
Distribution If a random variable X has a density

fX(x) =
1

x
√

2πσ
exp

[
− 1

2σ
(loge x− µ)2

]
I(0,∞)(x)

where −∞ < µ <∞ and σ > 0.

2.9 Comments

We conclude this chapter by making several comments.
Approximations
Althought many approximation of one distribution by another exist, we will give only three here.
Other will be given with the central limit theorem.

Proposition 2.4. Binomial by Poisson

♠

Let X be a random variable with Binomial distribution with parameters n and p, as(
n

x

)
px(1− p)n−x, x = 0, 1, 2, · · · , n

If the parameter n approches infinity and p approches 0 in such a way that np remains
constant, say equal to λ, then(

n

x

)
px(1− p)n−x −→ e−λλx

x!

for fixed integer x.

Theorem 2.18

♥

Let random variableX have a Poisson distribution with parameters λ; then for fixed a < b

P

[
a <

X − λ√
λ

< b

]
= P [λ+ a

√
λ < X < λ+ b

√
λ]→ Φ(b)− Φ(a) as λ→∞

Theorem 2.19. De Moivre-Laplace theorem

♥

Let a random variable X have a binomial distribution with parameters n and p; then for
fixed a < b

P

[
a ≤ X − np
√
npq ≤ b

]
= P [np+ a

√
npq ≤ X ≤ np+ b

√
npq]→ Φ(b)−Φ(a) as n→∞.

Note this theorem is a special case of the central limit theorem.
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2.10 Exercises

� Exercise2.1 Let X be a random variable with a uniform distribution on {0, 1, 2, · · · , a}, where
a ∈ N. Assume that E[X] = 6. Determine the value of a.
Solution We have

E[X] =
1

a+ 1
(0+, 1, 2, · · ·+ a) =

a

2
.

We can therefore deduce that a = 12.
� Exercise2.2 LetX and Y be two independent random variables following the uniform distribu-

tion on {0, 1, · · · , n}.
(a). Determine P [X = Y ].
(b). Determine P [X ≥ Y ].
(c). Determine the law of X + Y .
Solution
(a). Note that

X = Y ⇔ ∃k ∈ {1, 2, · · · , n}, W = k and Y = k.

So, we have

P [X = k] =
n∑
k=1

P [X = k ∩ Y = k] =
n∑
k=1

P [X = k]P [Y = k].

Since the random variables are independent. We deduce

P [X = Y ] =
n∑
k=1

1

n
× 1

n
=

1

n
.

(b). A similar method can be used to study all cases where X ≥ Y . It’s even simpler to note
that, by symmetry of the roles played by X and Y , we have

P [X ≥ Y ] = P [Y ≥ X].

But,

P [(X ≥ Y ) ∪ (Y ≥ X)] = P [X ≥ Y ] + P [Y ≥ X]− P [(X ∩ Y ) ∩ (Y ∩X)]

= 2P [X ≥ Y ]− P [X = Y ].

Using the result from the previous question, we find

1 = 2P [X ≥ Y ]− 1

n
⇒ P [X ≥ Y ] =

1

2
+

1

2n
.

(c). Note that

X + Y = k ⇔ ∃i ∈ {1, · · · , k − 1}, X = i and Y = k − i

It follows, for all k = 2, · · · , 2n (possible values of X+Y), that

P [X + Y = k] =
k−1∑
i=1

P [(X + i) ∩ (Y = k − i)]
k−1∑
i=1

P [X = i]P [Y = k − i]

by independence ofX and Y . In reality, we can sum over a smaller set of indices. Indeed,
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P [X = i] 6= 0 implies that 1 ≤ i ≤ n and P [Y = k − i] 6= 0 implie that 1 ≤ k − i ≤ n,
let k − n ≤ i ≤ k − 1. In this case, there are two main situations,

If k ≤ n, then k − n ≤ 0 and we sum from 1 to k − 1 of terms all equal to 1/n2. We
deduce that in this case

P [X + Y = k] =
k − 1

n2
.

If k > n, then n ≤ k− 1 and we sum from k− n to n of terms all equal than 1/n2. In
this case

P [X + Y = k] =
2n+ 1− k

n2

� Exercise2.3 Let X be a random variable taking its values in {0, 1, · · · , n}. Show that

E[X] =
n−1∑
n=0

P [X > n].

Solution The key is to write

P [X = n] = P [X > n− 1]− P [X > n]

According to the definition of expectation, we have

E[X] =
n∑
k=1

kP [X > k − 1]−
n∑
k=1

kP [X > k].

We perform an index shift in the first sum:

E[X] =
n−1∑
k=0

(k + 1)P [X > k]−
n∑
k=1

kP [X > n].

In the second sum, the term with index n is zero, and we can also add a term with index 0, which
will also be zero. The result is

E[X] =
n−1∑
k=0

((k + 1)− k)P [X > n] =
n−1∑
k=0

P [X > k],

and we have the result.
� Exercise2.4 Let X be a real random variable defined on a finite probability space. Show that

E[X]2 ≤ E[X2].

Solution Let x1, · · · , xn be the values taken by the random variable X , with probabilities,
respectively, pk. We have

E[X] =
n∑
k=1

xkpk =
n∑
k=1

(xk
√
pk)
√
pk.

We apply the Cauchy-Schwarz inequality with ak = xk
√
pk and bk =

√
bk. We deduce that

E[X]2 ≤

(
n∑
k=1

x2
kpk

)(
n∑
k=1

pk

)
= E[X2].

We can also use the fact that V [X] = E[X]2 − E[X2] and that the variance is always positive
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or zero.
� Exercise2.5 Two players, A and B, place respective bets a and b to take part in the game. is

as follows: if the result of a roll is 1 or 2, A wins the bet otherwise it’s B. What must be the
respective stakes of these players for the game to be fair?
Solution Let X be the random variable for the earnings of player A. X takes the values −a and
a+ b with probabilities; respectively, 2

6
and 4

6
.

The expactation of X is
E[X] =

2

6
(a+ b) +

4

6
(−a)

The game is fair if we have E[X] = a.
� Exercise2.6 Let f be the function defined on R by

f(x) =
a

1 + x2

(a). Determine the value of a so that f is a probability density.
(b). Determine the distribution function of X. Does X have an expectation?
Solution
(a). The function f is continuous on R and positive. It will be the density of a random variable

if it is integrable and if
∫∞
−∞ f(x)dx = 1. Now, a primitive of

1

1 + x2
is arctan(x). So, we

have ∫ ∞
−∞

f(x)dx = a lim
x→∞

arctan(x)− a lim
x→∞

arctan(x) = aπ

Thus, f is the probability density of a random variable X if and only if a = 1
π
.

(b). In this case the distribution function of X is given by

FX(t) =

∫ t

−

1

π(1 + x2)
dx =

1

π
[arctan(x)]t−∞ =

1

π
arctan(t) +

1

2
.

Finally, X has no expectation because the function xf(x) is not integrable on R.
� Exercise2.7 Let f be the function defined on R by f(x) = ex if x < 0 and 0 if x else.

(a). Show that the function f is a probability density of a certain random variable, which we
will call X .

(b). Determine the distribution function of X .
(c). Show that X has an expectation and calculate it.
(d). Let Y = 2X + 1

Determine the distribution function of Y .
Show that Y is a random variable with density, and determine the density of Y .
Repeat the same questions with Y = X2.

Solution
(a). The function f is positive and continuous. It is therefore the probability density of a



2.10 Exercises – 45 –

random variable X if limx→∞
∫ 0

x
f(t)dt = 1. But,∫ ∞

−∞
etdt =

[
et
]0
x

= 1− ex → 1

when x→ −∞.
(b). X takes its values in ]−∞, 0], so FX(t) = 1 if t ≥ 0. For t < 0, we have

FX(t) =

∫ t

−∞
exdx = et.

(c). The function xf , which is null on [0,∞[ and continuous on R except on 0. f is integrable
in the neighbourhood of −∞ because it is integrable in front of 1/x2 at this point. so f
has an expectation. This expectation is calculated by integration by parts. Indeed,

E[X] =

∫ 0

−∞
xex

= [xex]0−∞ −
∫ 0

−∞
exdx

= −1

(d). Let t ∈ R. We have Y ≤ t⇔ 2X + 1 ≤ t⇔ X ≤ (t− 1)/2. So

FY (t) = FX((t− 1)/2) = e(t−1)/2 if t ≤ 1 and FY (t) = 1 if t ≥ 1

The distribution function FY is derivative except at 1. The distribution function FY is
derivable except at 1. From this we deduce that Y has a density given, for all t 6= 1,
by f(t) = F ′Y (t) = 1

2
e(t−1)/2 and for t ≥ 1, fY (t) = 0.

We repeat the same process. We have

Y ≤ t⇔ X2 < t⇔ −
√
t ≤ X ≤

√
t for t ≥ 0

Since X has values in R. we get

f(t) =
1

2
√
t
e
√
t if t ≥ 0, f(t) = 0.

� Exercise2.8 Let X be a Gaussian random variable with the distribution N (0, 1) and x > 0.
(a). Prove that

1√
2π

(
1

x
− 1

x2

)
e−x

2/2 ≤ P (X > x) ≤ 1√
2π

1

x
e−x

2/2.

(b). Prove that P (X > x) ≤ e−x
2/2.

Solution
(a). Calculate the derivative of the right-hand side

1

dx

(
1√
2π

1

x
e−x

2/2

)
= − 1√

2π

1

x2

(
1 + x2

)
e−x

2/2

≤ − 1√
2π
e−x

2/2

and, since P (X > x) =
∫∞
x
e−t

2/2dt, the upper bound is obtained by integrating between



2.10 Exercises – 46 –

x and +∞. Similarly, the derivative of the left-hand side is
d

dx

(
1√
2π

(
1

x
− 1

x2

)
e−x

2/2

)
= − 1√

2π

(
1− 3

x4

)
e−x

2/2

≥ − 1√
2π
e−x

2/2

the lower bound is obtained by integrating between x and +∞.

(b). If we pose f(x) = e−x
2/2 − P (X > x) then f ′(x) =

(
1√
2π
− x
)
e−x

2

/20 so f is so f

is increasing on
[
0, 1√

2π

]
and decreasing on

[
1√
2π
,+∞

]
. Since wa have f(0) = 0 and

limx→+∞ f(x) = 0, this means that f is positive on R+.
� Exercise2.9 A random variable is called a Rayleigh random variable if its probability density

function is given by

fX(x) =


x

σ2
e−x

2/(2σ2) if x > 0

0 else

(a). Determine the corresponding cumulative density function.
(b). Sketch fX(x) and FX(x) for σ = 1.
Solution The cdf of X is

FX(x) =

∫ x

0

t

σ2
e−t

2/(2σ2)dt x ≥ 0.

Let y = t2/(2σ2). Then dy = (1/σ2)tdt, and

FX(x) =

∫ x2/(2σ2)

0

e−ydy = 1− e−x2/(2σ2)

� Exercise2.10 Prove or disprove
(a) If P{X > Y } = 1, then E[X] > E[Y ].
(b) If E[X] > E[Y ], then P{x > Y } = 1.

(c) If E[X] > E[Y ], then P{X > Y } > 0.
� Exercise2.11 Prove or disprove

(a) If FX(x) > FY (x) for all x, the E[Y ] > E[X].
(b) If E[Y ] > E[Y ], then FX(x) > FY (x) for all x.
(c) If FX(x) = FY (x) for all x, then P{X = Y } = 1.
(d) If Y = X + 1, then FX(x) = FY (x+ 1) for all x.

� Exercise2.12 If X1 and X2 are independent random variables with distribution given by

P{X1 = −1} = P{X1 = 1} =
1

2
for i = 1, 2

then are X1 and X1X2 independent ?
� Exercise2.13 IfX is binomially distributed with parameters n and p, what is the distribution of

Y = n−X ?
� Exercise2.14 In a town with 5000 adults, a sample of 100 is asked their opinion of a proposed

municipal project; 60 are found to favor it, and 40 oppose it. If, in fact, the aduls of the town
were equally divided on proposal, what would be the probability of obtaining a majority of 60
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or more favoring it in a sample of 100 ?
� Exercise2.15 Two players A and B are taking part in a game with respective probabilities of

winning each game p and q = 1 − p. The winner is the one who first obtains two more wins
than the other. What is the probability of each player winning?

� Exercise2.16 Let X be the life in hours of a radio tube. Assume that X is normally distributed
with mean 20 and variance σ2. If a purchaser of such radio tubes requires that at least 90 percent
of the tubes have lives exceeding 150 hours, what is the largest value σ can be and still have the
purchaser satisfied ?

� Exercise2.17 Suppose that the cumulative distribution function (c.d.f) FX(x) can be written as
a function of (x − α)/β, where α and β > 0 are constants ; that is, x, and β appears in FX(.)

only in the indicated form.
(a). Prove that if α is increased by δx , then soi s the mean of X .
(b). Prove that if β is multiplied by λ(λ > 0), then standard deviation of X .

� Exercise2.18
(a). Make use of characteristic functions to determine the distribution of X1 + X2, where X1

and X2 are independent random variables, satisfying
X1 ∼ N (m1, σ

2
1) and X2 ∼ N (m2, σ

2
2)

X1 ∼ Poi(λ1) and X2 ∼ Poi(λ2)

(b). Let X1, X2, · · · , Xn be i.i.d. real valued random variables with distribution Poi(λi) De-
termine the characteristic function of the random sum S =

∑
i=1n

Xi.

� Exercise2.19 Let X and Y be independent discrete random variables such that

P (X = 0) =
1

2
P (X = 1) =

1

4
P (X = 2) =

1

4

P (Y = 1) =
1

3
P (Y = 3) =

2

3
Use generating function to find the probability function of X + Y .

� Exercise2.20 Let X and Y be independent discrete random variable such that

P (X = 0) =
1

2
P (X = 1) =

1

4
P (X = 2) =

1

4

P (Y = 1) =
1

4
P (Y = 3) =

3

4
Find the moment generating function of X − Y .

� Exercise2.21
(a). Calculate the characteristic function of an exponential random variable with parameter λ.
(b). Prove that

MX(t) =
e3it−2t2

1 + it

is a characteristic function and find E[X] and V[X].
� Exercise2.22 Let X be a non-negative, integer-valued random variable satisfying:

P (X = 0) =
2

3
=

2

3
P (X = 1),
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P (X = 2n) =
1

2
P (X = 2n− 1) = 2/3P (X = 2n+ 1), n ≥ 1.

Compute its probability generating function.
� Exercise2.23

(a). Use the moment generating function to compute E[X4], where X ∼ Bin(n, p).
(b). The random variableX has the property that E[Xn] = 3n/(n+ 1), n = 1, 2, · · · . Find the

unique distribution of X having these moments.
(c). Use moment generating function to prove that, if a random variableX has density function

fX(x) =
1

2
e−|x|

then X can be written as X = Y − Z, where Y and Z are independent, exponentially
distributed random variables.



Chapter Vector Random variables

Introduction

h Vector random variables
h Joint distribution
h covariance matrix

h Conditional Laws
h Independence

3.1 Introduction

In many applications it is important to study two or more random variables defined on the same
sample space. In this chapter, we first consider the case of two random variables, their associated
distribution, and some proprieties, such as independence f the r.v.’s. These concepts are ten
extended to the case of many r.v.’s defined on the same sample space.

3.2 Bivariate distribution

Let X and Y be two discrete random variables with

X(Ω) = {xi, i ∈ N} and Y (Ω) = {yj, j ∈ N}.

The joint distribution of (X, Y ) is given by (X, Y )(Ω) (or by X(Ω) and Y (Ω) ) and by the
probabilities

P (X = x, Y = y) = P (ω, X(ω) = x and Y (ω) = y), for any pair (x, y) ∈ (X, Y )(Ω).

Remark We must, of course, have
∑
x,y

P (X = x, Y = y) = 1.

3.2.1 Joint Distribution

More generally, if X1, . . . , Xn are n discrete random variables with values in N, the joint
distribution of the vector (X1, . . . , Xn) is given by the image set joint law of the vector
(X1, . . . , Xn) is given by the image set (X1, . . . , Xn)(Ω) ⊂ Nn. and by the probabilities
P (X1 = i1, . . . , Xn = in), for any n-uplet (i1, . . . , in) ∈ Nn.
Example3.1 Let p ∈]0, 1[ and λ > 0 and consider the pair of random variables (X, Y ) with
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values in {0, 1} × N whose distribution is given by:

P (X = 0, Y = 0) = 1− p

P (X = 1, Y = k) = p e−λλk/k!, for any k ∈ N

P (X = j, Y = k) = 0 else

We have
∑
x,y

P (X = x, Y = y) = 1: we have therefore written the distribution of a discrete

random pair.
Example3.2 An urn containing four tokens numbered from 1 to 4 is used, and two tokens
are drawn one after the other. two tokens one after the other. The results of the two draws
are given as (X, Y ). We have : P (X = i, Y = i) = 0 for all i between 1 and 4 and
P (X = i, Y = j) = 1/12 if 1 ≤ i, 4 ≤ j and i 6= j. The probabilities can be written in the
form of the following table (where, for example, in the in the second box of the first line, we
read P (X = 1, Y = 2)):

X \ Y 1 2 3 4

1 0 1
12

1
12

1
12

2 1
12

0 1
12

1
12

3 1
12

0 1
12

1
12

4 1
12

1
12

1
12

0

Example3.3 [Trinomial distribution.] Given a strictly positive integer n and two real positive
parameters positive real px and py such that px + py ≤ 1. The trinomial distribution (n, px, py)

is the distribution for the pair (X, Y ) such that (X, Y )(Ω) ∈ N2 and given for all (i, j) ∈ N2

such that i+ j ≤ n by:

P (X = i, Y = j) =
n!

i!j!(n− i− j)!
pixp

j
y(1− px − py)n−i−j

and P (X = i, Y = j) = 0 otherwise.
Example3.4 Show that this is the correct definition of the distribution of a random pair. The
trinomial distribution is an extension of the binomial distribution. Imagine an experiment which
has three possible outcomes, denoted x, y and z, with probabilities px, py and pz = 1− px− py.
Let’s repeat this experiment n times (n is fixed) in an independent manner and count the number
of appearances of x (number notedX) and of y (noted Z) among these n repetitions. This is an
exercise in counting to show that the pair (X, Y ) follows a trinomial distribution of parameters
trinomial distribution of parameters (n, px, py).
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3.2.2 Marginal distribution

Definition 3.1

♣

The (two) marginal distributions of the pair (X, Y ) are the laws of the random variables
X and Y . They are obtained as follows:

P (X = x) =
∑

y∈Y (Ω)

P (X = x, Y = y),

P (Y = y) =
∑

x∈X(Ω)

P (X = x, Y = y).

Proof We have

{X = x} = {X = x, Y ∈ X(Ω)} =
⋃

y∈Y (Ω)

{X = x, Y = y}

Since the union is countable and disjoint, it follows:

P (X = x) =
∑

y∈Y (Ω)

P (X = x, Y = y).

�

More generally, a vector (X1, . . . , Xn) with values in Zn has n marginal laws one-dimensional
marginal laws, but also n(n− 1) two-dimensional marginal laws, and so on.
For example, we have

P (X1 = x) =
∑

(x2,...,xn)∈Zn−1

P (X1 = x, X2 = x2, . . . , Xn = xn).

Let’s go back to the previous examples:
Example3.5 Let’s determine the distribution of X: X has values in {0, 1} and we have:

P (X = 0) =
∑
j∈N

P (X = 0, Y = j) = 1− p.

In the same way:

P (X = 1) =
∑
j∈N

P (X = 1, Y = j) = p e−λλj/j! = p.

The random variable X therefore follows a Bernoulli distribution with parameter p. Let’s also
calculate the distribution of Y :

P (Y = 0) = P (X = 0, Y = 0) = P (X = 1, Y = 0)1− p+ p e−λ.

And for all j ≥ 1,

P (Y = j) = P (X = 0, Y = j) = P (X = 1, Y = j) = p e−λλj/j!.
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3.2.3 Distribution of f(X, Y )

We have a pair of discrete random variables (X, Y ) whose joint distribution we know, and we
would like to know the distribution of the random variable Z = f(X, Y ), where f : X(Ω) +

Y (Ω)→ R is a given function. For example, we often need to know the distribution ofX + Y ,
or that ofX + Y , or ofX − Y . And determining the lawdistribution ofX from that of (X, Y )

is the same as considering the function f(x, y) = x. On a Z(Ω) = f((X, Y )(Ω)) and for all
z ∈ f((X, Y )(Ω)), on a Z(Ω) = f((X, Y )(Ω)), we have

P (Z = z) =
∑

(x,y)∈(X,Y )(Ω),f(x,y)=z

P (X = x, Y = y).

Proposition 3.1

♠

On a Z(Ω) = f((X, Y )(Ω)) et pour tout z ∈ f((X, Y )(Ω)), on a

P (Z = z) =
∑

(x,y)∈(X,Y )(Ω),f(x,y)=z

P (X = x, Y = y)

Example3.6 Let’s take example 1 again and consider the function f(x, y) = xy. The random
variable XY has values in N and we have

P (XY = 0) = P (X = 0, Y = 0) + P (X = 1, Y = 0) = 1− p− pe−λ

and for k ∈ N∗,

P (XY = k) = P (X = 1, Y = k) = pe−λ
λk

k!

An important particular case.
Here we consider the function f(x, y) = x+ y. The result is:

P (X + Y = z) =
∑

(x,y)∈(X,Y )(Ω),x+y=z

P (X = x, Y = y)

=
∑

x∈X(Ω)

P (X = x, Y = z − x)

=
∑

y∈Y (Ω)

P (X = z − y, Y = y)

More generally, if X = (X1, . . . , Xn) is a discrete random vector and

f : X(Ω)→ R

is a given function. is a given function, we have :

P (f(X1, . . . , Xn) = z) =
∑

x1,...,xn, f(x1,...,xn)=z

P (X1 = x1, . . . , Xn = xn)

This implies the following fundamental proposition.



3.2 Bivariate distribution – 53 –

Proposition 3.2. L

♠

t X and Y be two discrete integrable random variables. Then the random variable
Z = X + Y is integrable and we have E(X + Y ) = E(X) + E(Y ).

Proof We have just seen that Z is a discrete random variable and that its distribution is given
by: for all
z ∈ (X + Y )(Ω),

P (X + Y = z) =
∑

x∈X(Ω)

P (X = x, Y = z − x).

We have

P (|X + Y = z|) =
∑

z∈(X+Y )(Ω)

[ ∑
x∈X(Ω)

|z|P (X = x, Y = z − x)

]
so

P (|X + Y = z|) =
∑

z∈(X+Y )(Ω)

[ ∑
x∈X(Ω)

|x+ (z − x)|P (X = x, Y = z − x)

]

Using the triangular inequality, we get:

P (|X + Y = z|) ≤
∑

z∈(X+Y )(Ω)

[ ∑
x∈X(Ω)

|x+ (z − x)|P (X = x, Y = z − x)

]

≤
∑

z∈(X+Y )(Ω)

[ ∑
x∈X(Ω)

|x|P (X = x, Y = z − x)

]

+
∑

z∈(X+Y )(Ω)

[ ∑
x∈X(Ω)

|z − x|P (X = x, Y = z − x)

]
Let’s start with the first sum:∑
z∈(X+Y )(Ω)

[ ∑
x∈X(Ω)

|x|P (X = x, Y = z − x)

]
=

∑
z∈X(Ω)

[ ∑
x∈(X+Y )(Ω)

|x|P (X = x, Y = z − x)

]
=

∑
x∈X(Ω)

[|x|P (X = x)] = E(|Y |)

Let’s turn to the second sum: sum over x ∈ X(Ω) or over x such that z−x ∈ Y (Ω) does change
the value of this sum. The result is∑
z∈(X+Y )(Ω)

[ ∑
x∈X(Ω)

|z − x|P (X = x, Y = z − x)

]
=

∑
z∈(X+Y )(Ω)

[ ∑
(z−x)∈Y (Ω)

|z − x|P (X = x, Y = z − x)

]

=
∑

z∈(X+Y )(Ω)

[ ∑
y∈Y (Ω)

|y|P (X = z − y, Y = y)

]

=
∑

y∈Y (Ω)

[
|y|

∑
z∈(X+Y )(Ω)

P (X = z − y, Y = y)

]
=

∑
y∈X(Ω)

[|x|P (y = y)] = E(|Y |)

We can therefore see that if X and Y are integrable, so is X + Y , and by performing the
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same calculation without absolute values, we conclude that E(X + Y ) = E(X +E(Y ). Same
calculation without absolute values, we conclude that E(X + Y ) = E(X) + E(Y ). �

Example3.7 Assume that (X, Y ) follows a trinomial distribution (n, px, py) and calculate the
distribution of X + Y . This random variable has values in N and we have, for any integer k :

P (X + Y = k) =
n∑
j=1

P (X = j, Y = k − j).

For all k > n, each of the terms in this sum is zero, so P (X + Y = k) = 0. Now let’s fix an
integer k ∈ {0, . . . , n}. We have :

P (X + Y = k) =
n∑
j=1

P (X = j, Y = k − j)

=
n∑
j=0

n!

j!(k − j)!(n− k)!
pjxp

k−j
y (1− px − py)n−k

=
n!

(n− k)!
(1− px − py)n−k

n∑
j=0

1

j!(k − j)!
pjxp

k−j
y

=
n!

k!(n− k)!
(1− px − py)n−k(px + py)

k

The random variable X + Y therefore follows a binomial distribution Bin(n, px + py).

3.2.4 Conditional law

Consider a pair (X, Y ) of discrete random variables, whose joint distribution we know and let
y be such that P (Y = y) > 0. The conditional distribution of X knowing the event Y = y is
given by the fact that it is a law onX(Ω) and by the conditional probabilities P (X = x|Y = y)

for all x ∈ X(Ω). It is easy to check that∑
x∈X(Ω)

P (X = x|Y = y) = 1

which implies that the conditional law of X knowing {Y = y} is the law of a random variable.
Furthermore, the total probability formula implies that

P (X = x) =
∑

y∈Y (Ω)

P (X = x|Y = y)P (Y = y)

This definition of the conditional law can be extended to random vectors: for example fora
random triplet (X, Y, Z), we can study the conditional law of X knowing {Y = y}, the
conditional law of conditional law of X knowing {Y = y; and Z = z}, the conditional law of
the pair (X, Y ) knowing Z = z.

Example3.8 The law of Y knowing X = 1 is given by Y (Ω) ∈ N and, for any positive integer
k, we have

P (Y = k|X = 1) =
P (Y = k and X = 1)

P (X = 1)
= pe−λ

λk

k!
× 1

p
= e−λ

λk

k!

The conditional distribution of Y given that X = 1 is therefore a Poisson distribution of
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parametric λ.
Example3.9
Example3.10 The law of Y knowing X = 1 is given by Y (Ω) ∈ N and, for any positive
integerpositive integer k, we have

P (Y = k|X = 1) =
P (Y = k and X = 1)

P (X = 1)
= pe−λ

Suppose that (X, Y ) follows a trinomial distribution (n, px, py) and let’s calculate the con-
ditional distribution of X knowing {Y = k}.of X knowing {Y = k}, for an integer k ∈
{0, . . . , n}. Let us first note that if j < 0 or j > n− k, P (X = j|Y = k) = 0. Let us now fix
an integer j ∈ {0, . . . , n− k}. We have

P (X = j|Y = k) =
P (X = j et y = k)

P (Y = k)

=
n! pjxp

k
y(1− px − py)n−j−k

j!k!(n− j − k)!

k!(n− k)!

n!pky(1− py)n−k

=
(n− k)!

j!(n− k − j)!

(
px

1− py

)j(
1− px − py

1− py

)n−k−j

The conditional distribution of X knowing {Y = k} is therefore a binomial distribution
(n− k, px/(1− py)).

3.2.5 Independence of discrete random variables

Definition 3.2. Independence of random variables

♣

Two discrete random variables X and Y are said to be independent if for any xinX(Ω)

and any yinY (Ω), the events X = x and Y = y are independent, i.e. :

P (X = x, Y = y) = P (X = x)P (Y = y).

If X and Y are two independent discrete random variables, then for any y ∈ Y (Ω)

and any x ∈ X(Ω) such that P (Y = y) > 0 and P (X = x) > 0, P (X = x|Y =

y) = P (X = x) and P (Y = y|X = x) = P (Y = y). More generally, the n discrete
random variables X1, . . . , Xn are (mutually or n to n) independent if, for any choice of
x1 ∈ X1(Ω), . . . , xn ∈ Xn(Ω),

P (X1 = x1, . . . , Xn = xn) = P (X1 = x1) . . . P (Xn = xn).

• Independence n to n leads to independence 2 to 2 (but the converse is false). Write the proof
of this result for n = 3.

• Events A1, . . . , An are independent if and only if the random variables 1A1 , . . . , 1An are
independent.

If the n discrete random variables X1, . . . , Xn are independent then we have

X(Ω) = X1(Ω)× · · ·Xn(Ω).
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Remark When the random variables X and Y are independent, knowing the marginal distri-
butions allows us to know the joint distribution of the pair (X, Y ), whereas for any random
variables, this is not sufficient.

3.2.6 Expectation, covariance matrix

For the sake of clarity, all the results in this paragraph and the next are stated for pairs of discrete
random variables, and they easily extend to random vectors. pairs of discrete random variables,
and they easily extend to discrete random vectors. random vectors. Consider a discrete random
pair (X, Y ).

Definition 3.3

♣

• The expectation of the pair (X, Y ) is defined if X and Y are integrable and we have
thenthen: E(X, Y ) = (E(X)E(Y )).

• IfX and Y are two random square integrable variables, the covariance ofX and Y ,or
covariance of the pair (X, Y ), is given by

• The expectation of the pair (X, Y ) is defined if X and Y are integrable and we have
then

cov(X, Y ) = E(XY )− E(X)E(Y ) = E[(X − E(X)(Y − E(Y ))]

bullet If X and Y are two random variables of integrable square, the covariance of X
and Y ,

• If X and Y are two random variables with integrable squares, the covariance matrix
of the pair pair (X, Y ) is the matrix

C =

(
V (X) cov(X, Y )

cov(X, Y ) V (Y )

)
More generally, the covariance matrix of a vector (X1, . . . , Xn), each of whose
components has an integrable square, is a matrix n× n whose diagonal terms are
the variances of Xi and whose (i, j) term is the covariance cov(Xi, Xj) for all
i 6= j.

RemarkCalculating the expectation ofX or Y involves only marginal distributions,but we shall
see that it is not necessary to explain these marginal distributions.

Proposition 3.3. I
(X, Y ) is a pair of discrete random variables, for any function h : R2 −→ R such that∑

x∈X(Ω), y∈Y (Ω)

|h(x, y)|P (X = x, Y = y) <∞
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♠

he random variable h(X, Y ) is integrable and we have

E(h(X, Y )) =
∑

x∈X(Ω), y∈Y (Ω)

h(x, y)P (X = x, Y = y)

Proof Let Z = h(X, Y ). We have an explicit statement of the distribution of Z: this random
variable is discrete and for all z ∈ (h(X, Y ))(Ω),

P (Z = z) =
∑

(x,y)∈(X,Y )(Ω), h(x,y)=z

P (X = x, Y = y)

The random variable Z is therefore integrable if the sum of

S =
∑

z∈(h(X,Y ))(Ω)

(
|z|

∑
(x,y)∈(X,Y )(Ω), h(x,y)=z

P (X = x, Y = y)

)
converges. This sum can be written as

S =
∑

z∈(h(X,Y ))(Ω)

( ∑
(x,y)∈(X,Y )(Ω), h(x,y)=z

|h(x, y)|P (X = x, Y = y)

)
=

∑
(x,y)∈(X,Y )(Ω)

|h(x, y)|P (X = x, Y = y)

The same procedure applied to the sum without absolute values gives the desired result for
desired result for E(h(X, Y )). �

Application.
This proposition makes it possible to write the expectation of X , Y or XY without specifying
the law of these random variables. If the pair (X, Y ) is discrete, we have 0

E(X) =
∑

(x,y)∈(X,Y )(Ω)

x P (X = x, Y = y)

E(Y ) =
∑

(x,y)∈(X,Y )(Ω)

y P (X = x, Y = y)

E(XY ) =
∑

(x,y)∈(X,Y )(Ω)

xy P (X = x, Y = y)

when the series converge. Now back to the covariance matrix:

Proposition 3.4
(a). A covariance matrix C is always a symmetrical and positive matrix (i.e., for all

v ∈ Rn, < v, Cv >≥ 0).
(b). If X and Y are two independent and integrable random variables, we have

E(XY ) = E(X) E(Y ) and so cov(X, Y ) = 0. The reciprocal of this result is
false.

(c). IfX andY are two independent randomvariables and f and g are two functions such
that the random variables f(X) and g(Y ) are integrable, then E(f(X)g(Y )) =

E(f(X))E(g(Y )). The reciprocal of this result is false.
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♠

(d). If the random variables X1, . . . , Xn are independent and of integrable square,
then the covariance matrix of (X1, . . . , Xn) is diagonal. covariance matrix of
(X1, . . . , Xn) is diagonal.
The converse of this result is false.

(a). Let X = (X1, . . . , Xn) be a random vector each component of which has an integrable
square.integral, let C be its covariance matrix and let v = (v1, . . . , vn) be a vector of Rn.
If we replace eachXi byXi−E(Xi), we will assume that the random variables are centred
(of zero expectation). (of zero expectation). We have

< v, Cv > =
∑
i,j

Cijvivj

=
∑
i,j

E(XiXj)vivj

= E

(∑
i,j

viXi vjXj

)

= E

((∑
i

viXi

)
×

(∑
j

vjXj

)

= E

((∑
i

vi Xi

)2)
So, we deduce < v, Cv >≥ 0.

(b). Consider two independent and integrable discrete random variablesX and Y . Let us show
that XY is integrable and calculate its expectation. We have

E(|XY |) =
∑

x∈X(Ω), y∈Y (Ω)

|xy| P (X = x, Y = y)

As X et Y are independents , P (X = x, Y = y) = P (X = x)P (Y = y) so

E(|XY |) =
∑

x∈X(Ω), y∈Y (Ω)

|xy| P (X = x)P (Y = y)

=
∑

x∈X(Ω)

|x| P (X = x)
∑

y∈Y (Ω)

|y|P (Y = y)

=

( ∑
x∈X(Ω)

|x| P (X = x)

)( ∑
y∈Y (Ω)

|y|P (Y = y)

)
= E(|X|)E(|Y |)

We then use a similar calculation to show that E(XY ) = E(X)E(Y ), then deduce that
cov(X, Y ) = 0.

(c). 3 and 4 are easily deduced from 2.
Although the following proposition, very simple to prove, is very useful:
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Proposition 3.5

♠

If X and Y are two random variables with integrable squares, we have

V (X + Y ) = V (X) + V (Y ) + 2cov(X, Y )

In addition, if X et Y are independent, we have

V (X + Y ) = V (X) + V (Y )

In addition, for two random variables with integrable squares, it is possible to obtain a of
cov(X, Y ) from the variances of X and Y :

Proposition 3.6. Cauchy Schwarz Inequality

♠

Let X and Y two random variables with integrable squares. We have

|E(XY )| ≤ E(|XY |) ≤
√
E(X2)E(Y 2)

|cov(XY )| ≤
√
var(X)var(Y )

Proof The second point is obtained by applying the first to X − E(X) and Y − E(Y ). The
first point is shown in the same way as in the classical case (scalar product of two vectors). two
vectors): we study the polynomial

R(λ) = E(X2)λ2 − 2E|XY |λ+ E(Y 2)

This polynomial can be factored into

R(λ) = E[(λ|X| − |Y |)2]

It therefore has no two distinct real roots, whichmeans that its (reduced) discriminant is negative:

(E|XY |)2 − E(X2)E(Y 2) ≤ 0

In the same way, we study the case of equality: the discriminant is zero only if the polynomial
has a double real root.In this case, there exists λ0 such that

E[(λ0|X|+ |Y |)2] = 0,

the expectation of a positive random variable can only be zero if the random variable is (almost
surely) zero, we then have: |Y | = λ0|X|, almost surely.
The proofs without absolute values are similar. �

3.2.7 Generating function of a pair

Definition 3.4. Generating function
The generating function of a pair of positive discrete random variables is the function
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♣

defined on [0, 1]2 by

G(X,Y )(s, t) = E(sXty) =
∑

x∈X(Ω), y∈Y (Ω)

sx ty P (X = x, Y = y)

�

Note The generating function determines the law of the pair (X, Y ) in the sense that if two
pairs of positive random variables have the same generating function, then they follow the same
law. same law.
The generating function of (X, Y ) allows us to find, for example:
• The generating function of X: GX(s) = G(X,Y )(s, 1) et de Y ,

• The expectation of X if X is integrable : E(X) =
∂

∂ s
G(X,Y )(1, 1),

• The expectation of X2 if X : E(X2) =
∂2

∂ s2
G(X,Y )(1, 1) +

∂

∂ s
G(X,Y )(1, 1),

• The expectation of XY if X and Y are square integrable: E(X, Y ) =
∂2

∂ s ∂ t
G(X,Y )(1, 1).

Another important use of the generating function is that it allows us to simply calculate the
law of the sum of random variables, as soon as we know their joint law. In fact, we have the
following result:

Proposition 3.7

♠

Let (X, Y ) be a pair of positive random variables whose joint distribution we know.
joint distribution. Let GX,Y be the generating function of the pair. Then GX+Y (s) =

G(X,Y )(s, s).

Proof We have GX,Y (s, s) = E(sX sY ) = E(sX+Y ) = GX+Y (s).If X and Y have integer
values, it only remains to decompose the functionGX+Y into a series to obtain the probabilities
P (X + Y = k) =. �

It is easy to see that ifX andY are two independent positive randomvariables, thenG(X,Y )(s, t) =

GX(s) GY (t). The reciprocal of this result is also true:

Theorem 3.1

♥

The positive random variables X and Y are independent if and only if

G(X,Y )(s, t) = GX(s).GY (t).

Remark
The generating function of the random vector X = (X1, . . . , Xn) satisfying X(Ω) ⊂ Nn

is the function G : [0; 1]n −→ R+ defined by

G(s1, . . . , sn) = E(sX1 × . . .× sXn ).

This function of n variables characterises the law of the n-uplet, making it possible to find
the n marginal laws.
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3.2.8 Example of using the generating function

Let’s calculate the generating function of the trinomial distribution (n, px, py). Let (X, Y ) be
a pair of random variables with a trinomial distribution (n, px, py). We have

G(X,Y )(s, t) = E(sX tY )

=
∑

i, j∈{0,...,n}, i+j≤n

si tj P (X = i, Y = j)

=
n∑
i=0

n∑
j=0

si tj
n!

i!j!(n− i− j)!
pixp

j
y(1− px − py)n−i−j

=
n∑
i=0

n!

i!(n− i)!
(s px)

i

n∑
j=0

(n− i)!
j!(n− i− j)!

(t py)
j(1− px − py)n−i−j

=
n∑
i=0

n!

i!(n− i)!
(s px)

i(1− px − (1− t) py)n−i

= (1− (1− s) px − (1− t) py)n

By taking t = 1 in the above result, we find: G(X, Y )(s, 1) = (1− (1− s)px)n; we recognise
recognise the characteristic function of a binomial distribution (n, px) which proves that X
follows a binomial distribution (n, px). The generating function of (X, Y ) can also be used to
calculate the generating function of X + Y . We have we have

E(sX+Y ) = E(sX sY ) = G(X, Y )(s, s)

Here we find: GX+Y (s) = (1 − (1 − s)(px + py))
n; we therefore find that X + Y follows a

binomial (n, px + py).

3.2.9 Sum of two independent Poisson distribution random variables

Let’s consider two independent random variables X and Y with a Poisson distribution of
parameters µ1 > 0; and µ2 > 0 respectively, and let’s calculate the distribution of X + Y .
First method
Let’s start by calculating the generating function of the distribution of X . We have

GX(s) = E(sX)

=
∑
n≥0

snP (X = n)

=
∑
n≥0

sne−µ1
µn1
n!

= e−µ eµ1s

= e−µ1(1−s)

In the same way, GY (t) = e−µ2(1−t). SinceX and Y are independent random variables, we can
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the generating function of the pair (X, Y ):

G(X,Y )(s, t) = e−µ2(1−s) e−µ2(1−t)

The generating function of X + Y is therefore

G(X+Y )(s) = G(X,Y )(s, s) = e−(µ2+µ2)(1−s)

Here we recognise the generating function of a Poisson distribution with parameter µ1 +µ2 and
we can conclude that X + Y follows a Poisson distribution with parameter µ1 + µ2. conclude
that X + Y follows a Poisson distribution with parameter µ1 + µ2.

The random variable X − Y does not follow a Poisson distribution. Since ittakes its values
in Z instead of N and, consequently, we cannot calculate its generating function

Warning

Second method
We obviously have (X + Y )(Ω) ⊂ N. Let us therefore fix n ∈ N and calculate the probability
directly P (X + Y = n). We have

P (X + Y = n) =
∑
k≥0

P (X = k, X + Y = n)

=
∑
k≥0

P (X = k, Y = n− k)

=
∑
k≥0

P (X = k)P (Y = n− k)

=
∑
k≥0

e−µ1
µk1
k!
e−µ2

µn−k2

(n− k)!

= e−(µ1+µ2) 1

n!

n∑
k=0

n!

k!(n− k)!
µk1µ

n−k
2

= e−(µ1+µ2) (µ1 + µ2)n

n!

This means that X + Y follows a Poisson distribution with parameter µ1 + µ2.

3.3 Random pairs with density

3.3.1 Density of a pair

Definition 3.5
A pair (X, Y ) of real random variables is said to have a density with respect to to the
Lebesgue measure of R2" if there exists a function f : R2 −→ R+ such that, for all
intervals I and J and for any continuous bounded or positive function h we have P (X ∈
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♣
I et Y ∈ J) =

∫
I×J

f(x, y) dx dy et E(h(X, Y )) =

∫ ∫
R2

h(x, y) f(x, y) dx dy

Remark
The density f is always a positive function, integrable and whose integral on R2 with
respect to the with respect to the Lebesgue measure is 1.
It can be shown that the definition of density is equivalent to: for any open U ofR2.

P ((X, Y ) ∈ U) =

∫
U

f(x, y) dx dy.

Example3.11
(a). Let D = {(x, y) ∈ R2, x2 + y2 ≤ 1} the disk unit and R2 et f R2 the function defined

on by: f(x, y) = 1D(x, y)/π. f is indeed a probability density on R2: it is the density of
the uniform distribution onD, i.e. the distribution obtained by throwing a point at random
uniformly over D.

(b). Let X be a random variable with an exponential distribution. The distribution of the pair
(X,X) has no density with respect to the Lebesgue measure on R2. Indeed, if such a
density f existed, it would have to be zero (almost everywhere) outside the line {x = y}
since P (X = Y ) = 0. We would then have

1 =

∫
R2

f(x, y) dx dy =

∫
{X=Y }⊂R2

f(x, y) dx dy

3.3.2 Marginal distribution

The marginal distributions of the pair (X, Y ) are the laws of the random variables X and Y .
We can the following proposition:

Proposition 3.8

♠

Let (X, Y ) be a pair of random variables of (joint) density f : R2 −→ R+. Then the two
random variablesX and Y each have a density, denoted by respectively fX and fY given
by:

fX(x) =

∫
y∈R

f(x, y)dy et fY (y) =

∫
x∈R

f(x, y)dx.

Proof Let t ∈ R and calculate the distribution function of X . We have

P (X ≤ t) = P (X ∈]−∞, t] et Y ∈ R)

=

∫
]−∞,t]×R

f(x, y) dx dy

=

∫ t

−∞

(
f(x, y) dy

)
dx

�

This principle applies to density vectors, except that the marginal laws of a triplet are the laws
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of each of the variables that make it up, as well as the laws of pairs of variables.

3.3.3 Independence

Recall the definition of the independence of random variables:

Definition 3.6

♣

The random variables X and Y are independent if, for all intervals I and J , we have

P (X ∈ I et Y ∈ J) = P (X ∈ I)P (Y ∈ J).

More generally, n random variables X1, . . . , Xn are (mutually) independent if, for all
intervals I1, . . . , In, we have

P

(⋂
k≤n

{Xk ∈ Ik}
)

=
∏
k≤n

P{Xk ∈ Ik}

The link between density and independence is clear.

Theorem 3.2

♥

Two random variables (X, Y ) of density f and g respectively are independent if and only
if the law of the pair has a density and this density is the function (x, y) −→ f(x)g(y).

3.3.4 Expectation, covariance

Definition 3.7

♣

As with discrete pairs, we define the expectation of a pair of integrable random easy to
check that

E(X) =

∫
R2

x f(x, y) dx dy et E(Y ) =

∫
R2

y f(x, y) dx dy.

when these integrals are absolutely convergent. The non-diagonal terms of this matrix
will be

cov(X, Y ) = E((X − E(X))(Y − E(Y ))) = E(XY )− E(X)E(Y )

with
E(XY ) =

∫
R2

xy f(x, y) dx dy

Remark
As in the discrete case, the covariance matrix is a symmetrical and positive matrix (in the
sense of bilinear forms). sense of bilinear forms.
To identify the density of a pair, we usually use a test function h : R2htarrowR continuous
and bounded and we try to write E(h(X, Y )) in the form

E(h(x, y)) =

∫
R2

h(x, y) f(x, y) dx dy
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The function f : R2 −→ R+ above, if it exists, will be the density of the pair (X, Y ).
The properties seen in the discrete case remain true for pairs with density: in particular, if
the pair consists of independent random variables with integrable squares, cov(X, Y ) = 0 and
var(X + Y ) = 0. and var(X + Y ) = var(X) + var(Y ), and, as in the discrete case, the
covariance of two random variables random variables whose pair admits a density, can be zero
without the variables being independent. are independent: take, for example, the example of
the pair with uniform distribution on the disc of centre 0 and radius 1.

3.3.5 Sum law

We can check that if the pair (X, Y ) has a density, the variable X + Y will also have a density.
a density, and we can explain this density.

Proposition 3.9

♠

If the pair (X, Y ) has as its density the function f , then the densityof the random
variable X + Y is the function g defined by

g(z) =

∫
R
f(x, z − x) dx =

∫
R
f(y, z − y) dy.

IfX and Y are two independent random variables of density fX and fY , the density,
denoted g, of X + Y is the convolution product of fX and fY :

g(z) =

∫
R
fX(x)fY (z − x) dx =

∫
R
fX(z − y)fY (y) dy.

Proof Let h : R −→ R be a piecewise continuous bounded function. We have

Eh(X + Y ) =

∫
R2

h(x+ y)f(x, y) dx dy

=

∫
R
h(z)

∫
R
f(x, z − x) dx dz

where x = x and z = x + y. If we had changed the variables z = x + y and y, we would have
obtained the other expression announced. �

3.4 Exercises

� Exercise3.1 [Simultaneous drawing from a ballot box] Two balls are simultaneously drawn
from an urn containing 4 balls indistinguishable by touch and numbered from 1 à 4. Let U
be the number of the smallest ball, and V the number of the largest ball. Determine the joint
distribution of (U, V ), then the distributions of U and V .
Solution The universal set Ω is Ω = {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}} and
we consider that all the events are equiprobable.
The joint distribution of U and V and the marginal distributions can be summarised using the
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following table:
U \ V 2 3 4 P (U = u)

1 1/6 1/6 1/6 1/2
2 0 1/6 1/6 1/3
3 0 0 1/6 1/6

P (V = v) 1/6 1/3 1/2

� Exercise3.2 [Couple of uniform random variables] Let (Ω, P ) be a finite probability space
and let X : Ω −→ E and Y : Ω −→ F be two random variables. Show that the following two
assertions are equivalent:
(a). (X, Y ) ∼ U(E × F ).
(b). X ∼ U(E), Y ∼ U(F ) and X and Y are independent.
Solution Let’s start by proving 1.=⇒ 2., which is the easiest way. Let (x, y)be ∈ E×F . Since
X and Y are independent, we have

P
(
(X, Y ) = (x, y)

)
= P (X = x)P (Y = y) =

1

card (E)
× 1

card (F )
=

1

card (E × F )
.

where we used that X ∼ U(E), Y ∼ U(F ) and that card (E × F ) = card (E) × card (F ).
Reciprocally, we suppose 1.. It is easy to find the marginal laws of X and Y . For example, for
x ∈ E, we have

P (X = x) =
∑
y∈F

P
(
(X, Y ) = (x, y)

)
=
∑
y∈F

1

card (E × F )
=

card (F )

card (E × F )
=

1

card (E)
.

So we have X ∼ U(E) and similarly Y ∼ U(F ). Finally X and Y are independent since

P
(
(X, Y ) = (x, y)

)
= P (X = x)× P (Y = y)

from the formula card (E × F ) = card (E)× card (F ).

� Exercise3.3 [Marginal law] Suppose we have n boxes numbered from 1 to n. Box k contains
k balls numbered from 1 to k. A box is chosen randomly, and then a ball from this box. Let X
be the number of the box and Y the number of the ball.
(a). Determine the joint distribution of (X, Y ).
(b). Deduce the distribution of Y .
(c). Calculate the expectation of Y .
Solution
(a). For all (i, j) in {1, . . . , n}2, we have

P ((X, Y ) = (i, j)) = P (X = i)P (Y = j;X = i)

. We deduce that if j > i, then P ((X, Y ) = (i, j)
¯
) = 0 whereas if j ≤ i,

P ((X, Y ) = (i, j)) =
1

n

1

i
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(b). Y takes its values in {1, . . . , n} and we have

P (Y = k) =
n∑
i=1

P
(
(X = i,N;Y = k)

)
=

n∑
i=k

P
(
(X = i,N;Y = k)

)
=

n∑
i=k

1

n i

(c). To calculate the expectation, we apply the definition and permute the sums.

E[Y ] =
1

n

n∑
k=1

n∑
i=k

k

i

=
1

n

n∑
k=1

1

i

n∑
i=k

k

=
1

n

n∑
k=1

1

i

i(i+ 1)

2

=
1

n

n∑
k=1

i+ 1

2

=
1

2n

(
(n+ 1)(n+ 2)

2
− 1

)
=

n+ 3

4
� Exercise3.4 [Uniform joint law] Let (X, Y ) be a pair of random variables following a uniform

distribution on {0, . . . , n}2.
(a). Determine the distribution of X , the distribution of Y and the law of X + Y .
(b). Are X and Y independent?
Solution
(a). X has values in {0, . . . , n}. For all k in {0, . . . , n},

P (X = k) =
n∑
i=1

P
(
(X, Y ) = (k, i)

)
=

n∑
i=1

1

(n+ 1)2
=

1

n+ 1

. So X follows a uniform distribution on {0, . . . , n}. By symmetry, the same applies to
Y . The random variable X + Y has values in {0, . . . , 2n} and for all k in this interval of
integers, we have

P (X + Y = k) =
k∑
i=1

P
(
(X = i, Y = k − i)

)
.

If k ≤ n, this becomes equal to

P (X + Y = k) =
k∑
i=1

1

(n+ 1)2
=

k + 1

(n+ 1)2
.

If k > n, the sum can only go up to n (because i ≤ n) and can only start in k−n (because
k − i ≤ n) and therefore

P (X + Y = k) =
n∑

i=k−i

1

(n+ 1)2
=

2n− k + 1

(n+ 1)2
.

(b). The variablesX and Y are independent, because for any pair (i, j) of {0, . . . , n}, we have

P
(
(X = i), (Y = j)

)
= P (X = i)P (Y = j) =

1

(n+ 1)2

� Exercise3.5 [Random vectors and matrices] Consider a probability space (Ω,B, P ) and two
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random variables X and Y defined on Ω and having values in {1, . . . , n + 1}, where n is a
natural number greater than or equal to 2. 1, . . . , n+ 1}, where n is a natural number greater
than or equal to 2. For any pair (i, j) ∈ {1, . . . , n+ 1}2, we posit

ai,j = P (X = i, Y = j)

It is assumed that

ai,j =


1

2 n
si | i+ j − (n+ 2) |= 1

0 else.

(a). Check that the family (ai,j) defined in this way is a pairwise probability distribution.
(b). Write thematrixA ∈Mn+1(R)whose general term is ai,j . Check thatA is diagonalizable.
(c). Determine the probability distributions of X and Y .
(d). For any pair (i, j) ∈1, . . . , n + 1}2, we pose

bi,j = P (X = i \ Y = j)

(e). Determine the matrix B ∈Mn+1(R) whose general term is bi,j . Show that the vector

v =


P (X = 1)

...
P (X = n+ 1)


is an eigenvector of B.

Solution
(a). All scalars (ai,j) are positive or zero. Let’s count the number of non-zero ai,j . which are

non-zero. These are the terms for which:
Let i + j = n + 3, with 1 ≤ i, j ≤ n + 1, or pairs of the form (n + 3− i) with 1 ≤ i,

n+ 3− i ≤ n+ 1, which gives 2 ≤ i ≤ n+ 1,. There are therefore n such terms.
Let i + j = n + 1, with 1 ≤ i, j ≤ n + 1, or pairs of the form (n + 1− i) with 1 ≤ i,

n+ 1− i ≤ n+ 1, which gives 1 ≤ i ≤ n+ 1. There are therefore n such terms. In
addition, there are 2n terms, and as each is worth

1

2 n
, the sum is 1.

The matrix of A has the form:

0 . . . . . . . . .
1

2 n
0

0 . . . . . .
1

2 n
0

1

2 n... . . . . . . . . . 0
... . . . . . .
1

2 n

. . . . . . ...

0
1

2 n
0 . . .


(the

1

2 n
terms are above and below the non-principal diagonal). It is real symmetric,
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and therefore diagonalizable.
The distribution of X is given by

P (X = i) =
n+1∑
j=1

P (X = i, Y = j =
n+1∑
j=1

ai,j.

We find:
. P (X = 1) = P (X = n+ 1) =

1

2 n
.

. P (X = i) =
1

n
si 2 ≤ i ≤ n.

Mathematically, this means that we have summed up each line of A. By symmetry, Y
follows the same law as X .

(b). For all 1 ≤ i, j ≤ n+ 1,

bi,j =
ai,j

P (Y = j)
.

. b1,j 6= 0 if and only if j = n and in this case b1,n = 1/2.

. bn+1,j 6= 0 if and only if j = 2 and in this case bn+1,2 = 1/2.

. for 2 ≤ i ≤ n, bi,j 6= 0 if and only if j = n+ 3− i ou j = n+ 1− i the{
b2,n+1 = 1 bi,n+3−i = 1/2

bn,1 = 1/2 bi,n+1−i = 1/2

It is then easy to check that v is an eigenvector for eigenvalue 1.
� Exercise3.6 [Geometric couple] LetX and Y be two random variables with values in N∗, such

that:
P ((X = i) ∩ (Y = j)) =

a

2i+j
,

for all i, j ∈ N∗.
(a). Calculate a.
(b). Determine the marginal laws of X and Y .
(c). Are X and Y independent?
Solution
(a). It is first necessary that a ≥ 0. Then we have∑

i,j≥1

a

2i+j
= 1⇐⇒ a

+∞∑
i=1

1

2i

+∞∑
j=1

1

2j
= 1⇐⇒ a = 1

(b). For i ∈ N∗, we have

P (X = i) =
+∞∑
j=1

P
(
(X = i) ∩ (Y = j)

)
=

+∞∑
j=1

1

2i+j
=

1

2i
=

1

2

1

2i−1

. X therefore follows a geometric distribution with parameter 1/2. By symmetry, the same
applies to Y .

(c). We have
P (X = i)× P (Y = j) =

1

2i+j
= P

(
(X = i) ∩ (Y = j)

)
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The random variables are independent. The random variables are independent.
� Exercise3.7 [Geometric couple] Let X and Y be two independent random variables following

the same geometric distribution with parameter p ∈]0, 1[. Let Z = min(X, Y ) and q = 1− p.
Let n also be a strictly positive integer.
(a). Calculate P (X ≥ n).
(b). Calculate P (Z ≥ n). Deduce P (Z = n). What is the distribution of Z?
(c). Are the variables X and Z independent?
Solution
(a). The event X ≥ n is written as a (countable and disjoint) union of elementary events

X = k, k ≥ n. We therefore have

P (X ≥ n) =
∑
k≥n

P (X = k) =
∑
k≥n

qk−1p =
qn−1 p

1− q
= qn−1.

(b). We have Z ≥ n if and only if X ≥ n and Y ≥ n. These two events are independent, and
therefore

P (Z ≥ n) = P (X ≥ n)P (Y ≥ n) = q2n−2.

Now,

P (Z = n) = P (Z ≥ n)− P (Z ≥ n+ 1) = q2n−2 − q2n = q2n−2(1− q2).

Thus, Z follows a geometric distribution with parameter 1− q2.
(c). Note that the events (X = n) ∩ (Z ≥ n) and (X = n) ∩ (Z = n) are equal and equal to

(X = n) ∩ (Y ≥ n). If X and Z were independent, then we would have

P
(
(X = n) ∩ (Z ≥ n)

)
= P (X = n)P (Z ≥ n)

and
P
(
(X = n) ∩ (Z = n)

)
= P (X = n)P (Z = n)

In particular, we should have P (Z = n) = P (Z ≥ n), which is not the case. X and Z are
not independent random variables.

� Exercise3.8 Post Office Counter There are two counters in a post office. Each person arriving at
the post office chooses the first counter with probability p, or the second counter with probability
q = 1 − p. The people make their choices independently. In one hour, the number of people
arriving at the post office follows a Poisson distribution P(m). We denote by Y the number of
people who chose the first counter.
(a). Express the conditional probability of Y = k knowing that X = n.
(b). Deduce the joint distribution of (X, Y ).
(c). Determine the distribution of Y . We will find that Y follows a Poisson distribution with

parametermp.
Solution
(a). For each person, the choice of the first counter is made with probability p. The choices are
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independent of each other, and Y = k | X = n counts the number of "successes" when
the test is performed n times. We can see the theoretical pattern of a binomial random
variable. We therefore have:

P (Y = k | X = n) =

{
Ck
n p

k qn−k si 0 ≤ k ≤ n

0 si k > n.
(b). On a

P (Y = k, X = n) = P (X = n)P (Y = k | X = n) =

 e−m
mn

n!
Ck
n p

k qn−k if k ≤ n

0 else.
We need to do the summation! Taking into account that the first terms are zero, we have:

P (X = k) =
+∞∑
n=k

P (Y = k, X = n)

= e−m
(p
q

)n 1

k!

+∞∑
n=k

(mq)n

(n− k)!

= e−m
(p
q

)n 1

k!
(mq)k

+∞∑
n=k

(mq)n−k

(n− k)!

= e−m
(p
q

)n 1

k!
(mq)k

+∞∑
n=0

(mq)n

n!

= e−m
(p
q

)n 1

k!
(mq)kemq

= e−mp
(mp)k

k!
� Exercise3.9 [Births] It is assumed that the number N of children in a family follows a Poisson

distribution with parameter lambda > 0. It is assumed that at each birth, the probability that
the child is a girl is p ∈]0, 1[ and the probability that it is a boy is q = 1− p. It is also assumed
that the sexes of successive births are independent. LetX be the random variable corresponding
to the number of girls per family, and Y that of the number of boys.
(a). Determine the joint distribution of (N,X).
(b). Deduce the distribution of X and that of Y .
Solution
(a). The probability P (X = k; |;N = n) is equal Ck

n p
k qn−k if k ≤ n (with a fixed number of

births, the number of girls follows a binomial distribution with parameters n and p) and 0
if k > n (or k < 0). We deduce that

P (N = n, X = k) = P (X = k | N = n)P (N = n) = Ck
n p

k qn−k e−λ
λn

n!
.
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(b). We deduce the marginal law of X from the law of the couple:

P (X = k) =
∑
n≥k

P (X = k, N = n)

=
∑
n≥k

e−λλnpkqn−k

k!(n− k)!

=
e−λλkpk

k!

+∞∑
n=k

λn−kqn−k

(n− k)!

=
e−λλkpk

k!

+∞∑
m=0

λmqm

m!

=
e−λλkpk

k!
eλq

=
e−λ p(λ p)k

k!

Thus, X follows a Poisson distribution with parameter λ; p. Similarly, Y follows a Poisson
distribution with parameter λ q.

� Exercise3.10 [Archery] Theo is archery a circular target of radius 1. It is assumed that Theo
is sufficiently clumsy for the point of impact M of coordinates (X, Y ) is uniformly distributed
over the target. Let D = {(x, y) ∈ R2, x2 + y2 ≤ 1}.
(a). What is the density of the pair (X, Y )?
(b). Determine the marginal laws of X and Y .
(c). Are the random variables X and Y independent?
Solution
(a). According the statement, we have

p(X,Y )(x, y) =
1

π
1D(x, y)

the constant
1

π
used to normalise this density (its integral is 1).

(b). Apply the formula from the course:

pX(x) =

∫
R
p(X,Y )(x, y) dy =

2

π

√
1− x2 1]−1,1[(x).

By symmetry of the role played by X and Y , we also have

pY (y) =

∫
R
p(X,Y )(x, y) dx =

2

π

√
1− y2 1]−1,1[(y).

(c). Let I = J = [3/4, 1]. It is clear that P (X ∈ I) > 0 and P (Y ∈ J) > .0 On the other
hand, since (3/4)2 + (3/4)2 > 1, we also have

P (X ∈ I, Y ∈ J) = 0

So
P (X ∈ I, Y ∈ J) 6= P (X ∈ I)P (Y ∈ J)

and so the random variables X and Y are not independent.
� Exercise3.11 [Triangle] Let T be the interior of a triangle in the plane bounded by the points
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O(0, 0), I(1, 0) et J(0, 1) and let (X, Y ) be a pair of random variables with uniform distribution
over the triangle T .

(a). Give the density of the pair (X, Y ).
(b). Calculate the marginal laws of X and Y .
(c). Are the random variables X and Y independent?
(d). Calculate the covariance of the pair (X, Y ). What is your opinion?
Solution

(a). Since (X, Y ) follows a uniform distribution on the triangle T whose area is 1/2, the density
of the pair (X, Y ) is given by

p(X,Y )(x, y) = 2× 1T (x, y).

(b). We find the marginal density by applying the formula from the course (by integration). Note
that X has values in [0, 1], and therefore pX(x) = 0 if x /∈ [0, 1]. If x ∈ [0, 1], we deduce

pX(x) =

∫ +∞

−∞
pX,Y (x, y) dy

=

∫ 1−x

0

2 dy

= 2(1− x).

We can therefore deduce thatpX(x) = 2(1− x) 1[0,1](x). By symmetry, the density of Y, pY ,
is equal to that of X, pX .

(c). Let I = J = [1/2,+∞[. It is clear that P (X ∈ I) > 0 and P (Y ∈ J) > 0. On the other
hand, the set {(x, y) ∈ R2, x > 1/2 et y > 1/2} is disjoint fromT , and therefore

P (X ∈ I, Y ∈ J) = 0 6= P (X ∈ I)P (Y ∈ J).

The two random variables are not independent.
(d). On the one hand we have

E(X) = E(Y ) =

∫
R
x; pX(x) dx =

∫ 1

0

2x(1− x) dx =
1

3

. On the other hand,

E(XY ) =

∫
R2

xy p(X,Y )(x, y) dx dy

=

∫ 1

x=0

∫ 1−x

y=0

x(1− x)2 dx

=
1

12

We deduce that

Cov(X, Y ) = E(XY )− E(X)E(Y ) =
1

12
− 1

9
= − 1

36
6= 0

The covariance is non-zero, so we have the result from the previous question telling us that
the random variables are not independent.

� Exercise3.12 [Exponential] Let X and Y be two independent random variables following
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exponential laws with respective parameters λ and µ. Determine P (X > Y ).
Solution Since the variables (X, Y ) are independent, the density of the pair (X, Y ) is

f(x, y) = 1]0,+∞[2(x, y)λ; e−λx;µ ; e−µx.

We deduce that
P (X > Y ) = E(1x>y)

=

∫ +∞

y=0

∫ +∞

x=y

λ e−λ x dx µ e−µ y dy

=

∫ +∞

y=0

µ e−(λ+µ)y dy

=
µ

λ+ µ

In particular, if λ = µ, we get 1/2.
� Exercise3.13 [Product of Pareto’s laws] The random variable X is said to follow a Pareto

distribution with parameter α > 0 if,

∀ x ≥ 1, P (X > x) = x−α.

(a). Show that this property effectively characterises the distribution of X . Show that X follows
a density distribution, and specify this density. what values of X is its expectation finite?

(b). LetX , Y be two independent random variables following a Pareto distribution with parameter
α. Let dPY be the distribution of Y . Show that if t ≥ 1, then

P (XY > t) =

∫ +∞

1

P

(
X >

t

y

)
dPY (y).

(c). Deduce that, for all t ≥ 1, P (XY > t) = t−α (1 + α ln t).

Solution
(a). We note that P (X > 1) = 1, et donc pour t ≤ 1, on a P (X > t) = 1. The given formula can

therefore be used to fully characterise the distribution function FX , which has the value

FX(t) = 1[1,+∞[(t)(1− t−α).

(b). This function is derivable, except possibly at 1. Its derivative is the density

fX(t) = 1[1,+∞[(t)αt
−α−1.

(c). The function t × t−α−1 is integrable in the neighbourhood of +∞ if and only if −α − 1,
c’est-à-dire α > 1.

(d). Since (X, Y ) are independent, the law of the pair (X, Y ) is equal to the (tensor) product of
the laws. In other words, by the transfer theorem:

P (XY > t) =

∫
R2

1xy>t(x, y)dP(X,Y )(x, y) =

∫
R2

1xy>t(x, y)dPX(x) dPY (y).

We can integrate over [1,+∞[2 instead of R2, then use Fubini’s theorem to obtain

P (XY > t) =

∫ +∞

1

(∫ +∞

1

1xy>t(x, y)dPX(x)

)
dPY (y).
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But ∫ +∞

1

1xy>t(x, y)dPX(x) =

∫ +∞

1

1x≥t/y(x)dPX(x) = P

(
X >

t

y

)
.

(e). Using the previous result, and noting that P (X > t/y) = 1 if y ≥ t, we have

P (XY > t) =

∫ t

1

t−αyααy−α−1 dy +

∫ +∞

t

αy−α−1dy.

By integrating, we get

P (XY > t) = αt−α
∫ t

1

y−1 dy + t−α = αt−α ln(t) + t−α = t−α(1 + α ln t).

� Exercise3.14 A student is bored during his probability course and spends his time looking out
of the window at the leaves falling from a tree. We assume that the number of leaves falling at
the end of the course is a random variableX that follows a Poisson distribution with parameter
lambda > 0. This means that for all k ∈ N,

P (X = k) = e−λ
λk

k!
.

(a). I. Explain why the assumptions in the statement allow us to say that for any lambda > 0,

eλ =
+∞∑
k=0

λk

k!
.

II. Calculate the expectation and variance of X .
(b). Each time a leaf falls to the ground, the student throws a coinwhich gives tails with probabilityp

and heads with probability q = 1− p, p ∈]0, 1[.The numbers of heads and tails obtained are
F and P respectively.
I. For a fixed k ∈ N, explain in a simple way why the distribution of F knowing X = k is a

binomial distribution, the parameters of which will be specified.Deduce the expression of
P (F = a; |;X = k).For(k, a)∈ N, calculate the quantity P (X = k, F = a).

II.III. From this, deduce the distribution of F , as well as its expectation.
IV. Give, without calculation, the distribution of P .
V. Show that P and F are independent.
VI. Calculate E[PF ] and V ar[P + F ].
Solution

(a). I. We are told that X is a random variable with values in N such that

P (X = k) = e−λ
λk

k!
.

We also know that
+∞∑
k=0

P (X = k) = 1.

From these two relationships, we can easily deduce the required result.

eλ =
+∞∑
k=0

λk

k!
.

II. These are arguments to know. They are
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E(X) =
+∞∑
k=0

k P (X = k)

= e−λ
+∞∑
k=1

λk

(k − 1)!

= e−λ λ

+∞∑
k=1

λk

k!

= λ.

In the same way, if we write k2 = k(k − 1) + k

E(X2) =
+∞∑
k=0

k2 P (x = k)

= e−λ
+∞∑
k=2

λk

(k − 2)!
+ e−λ

+∞∑
k=1

λk

(k − 1)!

= λ2 + λ

We deduce that
V (X) = E(X2)− (E(X))2 = λ.

(b). I. When X is set equal to k, F counts the number of successes (obtaining heads) of the
repetition of k independent random experiments, each with a probability q of success. So
the distribution of F knowing X = k is a binomial distribution B(k, q). We deduce that

P (F = a | X = k) =

{
Ck
a q

a pk−a et 0 ≤ a ≤ k

0 sinon.
II. We have

P (F = a, X = k) = P (X = k)P (F = a | X = k)

=

 e−λ
λk

k!
Ck
a q

a pk−a and a ≤ k

0 else.
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III. According to the total probability formula,

P (F = a) =
+∞∑
k=a

P (F = a, X = k)

= e−λ
(
q

p

)a
1

a!

+∞∑
k=a

(λp)k

(k − a)!

= e−λ
(
q

p

)a
1

a!
(λp)a

+∞∑
k=a

(λp)k−a

(k − a)!

= e−λ
(
q

p

)a
1

a!
(λp)a

+∞∑
k=0

(λp)k

k!

= e−λ
(
q

p

)a
1

a!
(λp)aeλp

= e−λq
(λq)a

a!
.

Thus, F follows a Poisson distribution with parameter qλ.
IV. By symmetry, P follows a Poisson distribution with parameter pλ.

(c). The event (F = a) ∩ (P = b) is the event (F = a) ∩ (X = a+ b) and therefore

P (F = a et P = b) = P (F = a et X = a+ b)

= P (F = a | X = a+ b)P (X = a+ b)

= e−λ
λa+b

(a+ b)!

(a+b

a

)
qapb

= e−λ
λa+b

a!b!
qapb

On the other hand

P (F = a)× P (P = b) = e−λq
(λq)a

a!
e−λp

(λp)b

b!
.

These two quantities are equal, so P and F are independent.
(d). By independence of P and F , we have

E(PF ) = E(P )E(F ) = λ2pq

and
V (P + F ) = V ar(P )V ar(F ) = λ,

which could also be found by simply noting that P + F = X .



Chapter Convergence of random variables

Introduction

h Weak laws of large numbers
h Convergence in probability

h Almost sure convergence
h Convergence in Lr

4.1 Introduction

Probabilities entrain many notions of convergence. The simplest of these is the pointwise
convergence of a sequence of random variables Xn to a limit X . So, in probability theory,
one uses various modes of convergence of random variables, many of which are crucial for
applications. This part of probability is often called « large sample theory », « limit theory » or
« asymptotic theory». This material is extremely important for statistical inference. The basic
question is this: what can we say about the limiting behavior of a sequence of random variables
X1, X2, X3, · · · ? Since statistics is all about gathering data, we will naturally be interested in
what happens as we gather more and more data, hence our interest in this question.
In this chapterwe shall consider some of themost important of them: Convergence inProbability,
Convergence in Lr, convergence in Distribution and convergence with probability one (almost
sure convergence).
Note that the definitions are stated in terms of scalar random variables, but extend naturally to
vector random variables.

4.2 Convergence in Probability

We first define convergence in probability and the related order concepts which, as we shall see,
are closely analogous to their deterministic counter-parts. With these tools we can then develop
convergence in probability analogues of Taylor expansions which will be used later to drive the
large-sample asymptotic distributions.
Let {an} be a sequence of strictly positive real numbers and let {Xn;n ≥ 1} be a sequence of
random variables all defined on the same probability space.
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Definition 4.1. Convergence in Probability to Zero

♣

We say that Xn converges in probability to zero, written Xn = op(1) or Xn
p−→ 0 if for

every ε > 0

P (|Xn| > ε)→ 0 as n→∞.

Remark The definition of convergence in probability says nothing about the convergence of
random variableXn toX in the sens in which it is understood in real analysis. Thus,Xn

p−→ X

does not implies that, given ε > 0, we can find an N such that |Xn −X| < ε, for n ≥ N .
The concept of convergence in probability is used very often in statistics. FOr example, an
estimator is called consistent if it converge s in probability to the parameter being estimated.
Convergence in probability is also the type of convergence established by the weak law of large
numbers.

Definition 4.2. Bounded in Probability

♣

We say that the sequence {Xn} is bounded in probability (or tight), Xn = Op(1), if for
every ε > 0 there exists δ(ε) ∈ [0,∞[ such that

P (|Xn| > δ(ε)) < ε for all n

The relation between these two concepts is clarified by the following equivalent characterization
of convergence in probability to zero, viz. Xn = op(1) if and only of for every ε > 0 there exists
a sequence δ(ε) ↓ 0such that

P (|Xn| > δ(ε)) < ε for all n

The definition should also be compared with their non-random counterparts,viz. xn = o(1) if
xn → 0 and xn = O(1) if {xn} is bounded.

Definition 4.3. Convergence in probability and Order in Probability

♣

(a). Xn converges in probability to the random variable X , written Xn
p−→ X , if and

only if Xn −X = op(1).
(b). Xn = op(an) if and only if a−1

n Xn = op(1).
(c). Xn = Op(an) if and only if a−1

n Xn = Op(1).

Notice that if we drop the subscripts p in Definition 4.3 we have the usual definition of o(.) and
O(.) for non-random sequences. In fact, most of the rules governing the manipulation of o(.)
and O(.) carry over to op(.) and Op(). In particular we have the following results.

Proposition 4.1
(a). If Xn = op(an) and Yn = op(bn), we have
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♠

XnYn = op(anbn),

Xn + Yn = op(max(an, bn)),

and

|Xn|r = op(a
r
n) for r > 0.

(b). If Xn = op(an) and Yn = Op(bn), we have

XnYn = op(anbn).

Moreover
(c). The statements (1) remains valid if op is everywhere replaced by Op.

Proof
(a). If |XnYn|/(anbn) > ε then either |Yn|/bn ≤ 1 and |Xn|/an > ε or |Yn|/bn > 1 and
|XnYn|/(anbn) > ε. Hence

P (|XnYn|/(anbn) > ε) ≤ P (|Xn|/an > ε) + P (|Yn|/bn > 1)

→ 0 as n→∞.

If |Xn + Yn|/max(anbn) > ε then either |Xn|/an > ε/2 or |Yn|/bn > ε/2.
Hence,

P (|Xn + Yn|/max(an, bn) > ε) ≤ P (|Xn|/an > ε/2) + P (|Yn|/bn) >> ε/2

→ 0 n→∞.

For the last part of (1) we simply observe that

P (|Xn|r/arn > ε) = P (|Xn|/an > ε1/p)→ 0 n→ 0.

(b). Parts (2) and (3) are left as exercise for readers.
�

The definitions 4.1-4.3 extand in a natural way to sequence of random vectors. Suppose now
that {Xn, n = 1, 2, · · · } is a sequence of random vectors, all defined on the same probability
space and such that Xn has k components Xn1, · · · , Xnk, n = 1, 2, · · ·

Definition 4.4. Order in Probability for Random Vectors
(a). Xn = op(an) if and only if Xnj = op(an), j = 1, 2, · · · , k.
(b). Xn = Op(an) if and only if Xnj = Op(an), j = 1, 2, · · · , k.
(c). Xn converge in probability to the random vectorX, writtenXn

P−→ X, if and only
Xn −X = op(1).

Convergence in probability of Xn to X can also be conveniently characterized in terms
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♣
of the Euclidian distance |Xn −X| =

[
k∑
j=1

(Xnj −Xj)
2

]
1/2.

Proposition 4.2

♠Xn −X = op(1) if and only if |Xn −Xj| = op(1).

Proof If Xn − X = op(1) then each ε > 0, limn→∞ P (|Xnj −Xj|2 > ε/k) = 0 for each
j = 1, · · · , k. But

P

(
k∑
j=1

|Xnj −Xj|2 > ε

)
≤

k∑
j=1

P
(
|Xnj −Xj|2 > ε/k

)
(4.1)

Since
k∑
j=1

|Xnj −Xj|2 > ε implies that at least one summand exceeds ε/k. Since the right side

of (4.1) converges to zero so too does the left side and hence |Xn−X|2 = op(1). By proposition
4.1 this implies that |Xn −X = op(1)|.
Conversely if |Xn − X| = op(1) we have |Xni − Xi|2 ≤ |Xn − X|2 = op(1) whence
P (|Xni −Xi| > ε) ≤ P (|Xn −X|2 > ε2)→ 0. �

4.3 Convergence in rth mean, r > 0

Definition 4.5. Convergence in rth Mean, r > 0

♣

Let r be fixed. The sequence of random variables {Xn} is said to converge in rth mean to
X , written Xn

r−→ X if
E|Xn −X|r → 0

as n→∞

Example4.1 Let {Xn}n≥1vbe a sequence of random variables such that for some real numbers
(an)n≥1, we have

P (Xn = an) = pn, P (Xn = 0) = 1− pn.

Then Xn
Lr−→ 0 iff E[|Xn|r] ≡ |an|rpn → 0 as n→∞.

Example4.2 Let {Xn} be a sequence of random variables such that,

P [Xn = 1] = 1
n

and
P [Xn = 0] = 1− 1

n

Then show that Xn converges in mean square to X , where X is a random variable degenerate
at zero Also, show that Xn converges to in probability
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Here we have,
E[X2

n] = 12 × P [Xn = 1] + 02 × P [Xn = 0]

= 1× 1
n

= 1
n
.

So,
E[X2

n] → 0 as n→∞
E[|X2

n − 0|] → 0 as n→∞
→ X2

n
2−→ 0 ⇒ Xn

2−→ X where, X = 0

Thus, the random variable X is degenerate at 0. Now,

P [Xn = 1] = 1
n

and
P [Xn = 0] = 1− 1

n
implies

P [|Xn| > 0] = 1
n

⇒ P [|Xn| > ε] = 1
n

if 0 < ε1

= 0 ifε ≥ 1

Thus,
lim
n→∞

P [|Xn| > ε] = 0

⇒ P [|Xn − 0| >ε] = 0

⇒ Xn
P−→ 0.

The following result is the L2 weak law of large numbers (L2 −WLLN )

Theorem 4.1

♥

Let Xj, j ≥ 1, be a sequence of uncorrelated random variables with E(Xj) = µ and

V ar(Xj) ≤ C <∞. Denote Sn =
n∑
i=1

Xi. Then

1

n
Sn

L2

−→ µ as n→∞

Proposition 4.3. Chebychev’s inequality

♠

If E[|X|r] <∞, r ≥ 0 and ε > 0, then

P [|X| ≥ ε) ≤ ε−rE|X|r.

Proof
P (|X| ≥ 0) = P (ε−rE[|X|r]ε−r ≥ 1)

= E[I1,+∞(|X|rε−r)], where IA(x) =

{
1 if x ∈ A
0 if x /∈ A

= E[|X|rε−rI[1,∞[|X|rε−r]
≤ ε−rE[|X|r].

�

The following three propositions provide useful connections between the behaviour of moments
and order in probability.
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Proposition 4.4

♠If Xn
r−→ X then Xn

P−→ X

Proof By Chebechev’s inequality we have for any ε > 0,

P ((|Xn −X| > ε) ≤ ε−rE[|Xn −X|r]→ 0 as n→∞.

�

Proposition 4.5

♠If an > 0, n = 1, 2, · · · , andE(X2
n) = O(a2

n), then Xn = Op(an).

Proof Applying Chebychev’s inequality again, we have for anyM > 0,

P
(
a−1
n |Xn| > M

)
≤ a−2

n E[|Xn|]2/M2

C/M2 where C = sup
n

(a−2
n E [|Xn|] <∞.

Defining δ(ε) = 2(C/ε)1/2 if C > 0 and any positive constant if C = 0, we see from definition
4.2 that a−1

n |Xn| = Op(1). �

Proposition 4.6

♠If E[Xn]→ µ and V ar(Xn)→ 0 then Xn
m.s−→ µ (and Xn

P−→ µ by proposition 4.4

Proof
E[|Xn − µ|2] = E [Xn − E[Xn]]2 + E[|[Xn]− µ|]2

→ 0 n→∞.

�

4.4 Convergence in Distribution

Convergence in distribution is a very different matter. Indeed, the statements Xn
P−→ X and

Xn
m.s−→ X are meaningful only when the random variables X,X1, X2, · · · are all defined on

the same probability space. The notions of convergence in distribution however depends only
on the distribution functions of X,X1, X2, · · · and is meaningful avec if X,X1, X2, · · · are
defined on different probability spaces. We shall show in Proposition 4.5 that convergence in
distribution of a sequence {Xn} is implied by convergence in probability. We begin with this
definition.

Definition 4.6. Convergence in Distribution
The sequence {Xn} of random k-vectors variables with distribution functions {FXn(.)}
is said to converge in distribution if there exists a random k vector X such

lim
n→∞

FXn(x) = FX(x), for all x ∈ C (4.2)
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♣

where C is the set of continuity point of the distribution function FX(.) of X.
If 4.2 holds we shall say that Xn converges in distribution to X. Such convergence will
be denoted by Xn ⇒ X or FXn ⇒ FX.

�

Note If Xn ⇒ X then the distribution ofXn can be well approximated for large n by the
distribution of X . This observation is extremly useful since FX is often easier to compute than
FXns.

4.5 almost sure convergence

Almost sure convergence - or convergence with probability one - is the probabilistic version of
point wise convergence known from elementary real analysis.

Definition 4.7

♣

The sequence of random variables {X1, X2, · · · , } is said to converge almost surely to a
random variable X if

P
({
w : lim

n→∞
Xn(ω) = X(w)

})
= 1

In this case we write Xn
a.s−→ X (or Xn → X with probability 1.

4.6 Relations between convergence modes

Sometimes, we are led to determine a mode of convergence of a series of random variables and
in order to do so it is essential to know the hierarchy of convergence. Indeed, there are several
relations among the various modes of convergence, which are summarized in what follows (an
arrow denotes implication in the arrow’s direction):

Proposition 4.7

♠

If a sequence of random variables {Xn} converges almost surely to a random
variable X , then {Xn} also converges in probability to X .
If a sequence of random variables c converges in probability to a random variable
X , then {Xn} also converges in distribution to X .
If a sequence of random variables {Xn} converges almost surely to a random
variable X , then {Xn} also converges in distribution to X .
If a sequence of random variables {Xn} converges in mean square to a random
variable X , then {Xn} also converges in probability to X .
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4.7 Exercises

� Exercise4.1 Let {Xn} be an IID sequence of continuous random variables having a uniform

distribution with support RXn =

[
−1

n
,

1

n

]
and probability density function

fXn(x) =


n

2
if x ∈ [− 1

n
,

1

n
]

0 if x /∈ [− 1

n
,

1

n
]

Find the probability limit (if it exists) of the sequence {Xn}.
Solution As n tends to infinity, the probability density tends to become concentrated around the
point x = 0. Therefore, it seems reasonable to conjecture that the sequence {Xn} converges in
probability to the constant random variable X = 0. To rigorously verify this claim we need to
use the formal definition of convergence in probability. For any ε > 0,

lim
n→∞

P (|Xn −X| > ε) = lim
n→∞

P (|Xn − 0| > ε)

= lim
n→∞

[1− P (−ε ≤ Xn ≤ ε)]

= 1−
∫ ε

−ε
fXn(x)dx

= 1− lim
n→∞

∫ max(ε,1/n)

max(−ε,−1/n)

n

2
dx

= lim
n→∞

∫ 1/n

−1/n

n

2
dx when n becomes large

1

n
< ε

= 1− lim
n→∞

1 = 0

� Exercise4.2 For any natural number n ≥ 0, consider the function fn defined by

fn(x) = n2xe−n
2x2/2 if x > 0.

(a). Show that fn is the density of random variable.
(b). Let {Xn} be a sequence of random variables such that, for all integer n ≥ 1, Xn has the

density fn. Show that the sequence {Xn} converges in probability to a random variable X
that we will specify.

Solution
(a). Notice that fn is positive and continuous. Moreover, we have for x > 0,∫ x

−∞
fn(t)dt =

∫ x

0

n2te−n
2t2/2dt

=
[
−e−n2t2/2

]x
0

= 1− e−n2x2/2.

when x tends to infinity, we deduce that∫ ∞
−∞

f(t)dt = 1,

which finally proves that fn is a probability density.
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(b). Let ε > 0. We have

P (|Xn| ≥ ε) =

∫ ∞
ε

n2te−n
2t2/2dt

=
[
−e−n2t2/2

]+∞

ε

= e−n
2ε2/2.

When n→∞, this quantity tends to 0. We deduce that {Xn} converges in probability to the
random variable X = 0.

� Exercise4.3 {Xn;n ∈ N} is a sequence of independent random variables with marginal pmfs
given by

P

(
Xn =

1

2

(
1− 1

n

))
= P

(
Xn =

1

2

(
1 +

1

n

))
=

1

2

(a). Show that the sequence converges almost surely.
(b). Check if {Xn;n ∈ N} converges in mean square.
Solution

(a). First, we note that for a fixed ε > 0,

P

({
ω : |Xn(ω)− 1

2
| ≤ ε

})
= P

(
1

2
− ε ≤ Xn ≤

1

2
+ ε

)
=

 0, if ε <
1

2n
(or n <

1

2ε
)

1 o.w.

Hence, it is immediate that :

lim
n→∞

P

({
ω : |Xn(ω)− 1

2
| ≤ ε

})
0

⇒ Xn
p−→ 1

2
.

Now, observe that
∞∑
n=1

P

(
|Xn −

1

2
| > ε

)
=

1

2ε
<∞.

Hence, Xn
a.s−→ 1

2
.

(b). We have that
� Exercise4.4 Let n be a natural number and let a be a real number. Consider the function fn

defined on R by
fn(x) =

a.n

π(1 + n2x2)
.

(a). Determinate the value of a such that fn be a density of probability of random variable.
(b). Let {Xn} be a sequence of random variables such that for each variable Xn have a density

fn. Study the existence of the moments of {Xn}.
(c). Study the convergence in law of the sequence {Xn}.
(d). Study the convergence of probability of the sequence {Xn}.
Solution
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(a). fn being continuous and positive, it will be a density of probability if and only if∫ ∞
−∞

f(x)dx = 1.

Now, performing the change of variables u = nx, we have∫ ∞
−∞

an

π(1 + n2x2)
dx =

−∞
∞

a

π(1 + u2)
du =

a

π
[arctan(u)]∞−∞ =

a

π
= a

fn is therefore density of random variables if and only if a = 1.
(b). We have xfn(x) ∼infty

1

πnx
whose integral is divergent in the vicinity of +∞, which is a

positive function. Thus, the random variable X does not have an expectation, nor any other
moment.

(c). Notice that the cumulative distribution function of Xn defined by

Fn(x) =

∫ x

−∞
fn(t)dt =

1

π

(
arctan(nx)

π

2

)
.

If x < 0, arctan(nx) → −π/2, and so Fn(x) → 0. If x > 0,arctan(nx) → π/2 and so
Fn(x)→ 1.Now consider X a random variable

� Exercise4.5 Let A1, A2, · · · , .An be a sequence of independent random variables, with P [Ai =

1] = P [Ai = 1
2
] = 1

2
for all i. Let Bk = A1.A2. · · ·Ak.

(a). Does lim
k→∞

Bk exists in the mean square sens ? Justify your answer.
(b). Does lim

k→∞
Bk exists in the almost surely sens ? Justify your answer.

(c). LetSn = B1 +B2 + · · ·+Bn. You can usewithout proof that the fact that limm,n→∞EWmSn =
35
3
, which implies that lim

n→∞
Sn exists in themean square sense. Find themean and the variance

of the limite random variable.
(d). Does the lim

n→∞
SnSn exists almost surely ? Justify your answers.

Solution
(a). E[(Bk − 0)0] = E[(A2

1)k] =
5

8

k

→ 0 as k →. This limk→∞m.sBk = 0.
(b). Each sample path of the sequenceBk is monotone nondecreasing and bounded below by zero,

and is hence convergent. Thus limk→∞Bk exists a.s. (The limit has to be the same as the
mean square limit, so Bk converges to 0 almost surely.

(c). Meann square convergence implies convergence in the mean. Thus the mean of the limit is

lim
n→∞

E[Sn] = lim
n→∞

E[
n∑
k=1

E[Bk]

=
∞∑
k=1

(
3

4
)k = 3.

(d). By the proprety given in the course, the second moment of the limit is 35
3
so the variance of

the limit is 35
3
− 32 = 5

3
.

Consider a sequence Xn
d

== B(n, pb)(n ≥ 1) of binomial random variables. Suppose that
limn→∞ npn = λ for some constant λ.

(a). For each k ≥ 0, compute limn→ P (Xn = k).
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(b). If λ > 0, show that Xn converges weakly to the zero random variable.
Solution

(a). For each k ≥ 1, we have
bn(k)

bn(k − 1)
=

Ck
np

k
n(1− pn)n−k

Ck
np

k−1
n (1− pn)n−k+1

=
n− k + 1

k

pn
1− pn

� Exercise4.6 Let (Un) be a sequence of independent random variables all following the uniform
distribution on [0, 1]. LetMn = max(U1, · · · , Un) and Xn = n(1−Mn).

(a). What is the distribution function of Xn?
(b). Study the convergence in law of the sequence (Xn).
� Exercise4.7 Let (Un) be a sequence of independent random variables all following the uniform

law on [0, 1]. We noteMn = max(U1, · · · , Un) and Xn = n(1−Mn).
(a). Determine the distribution function of Xn .
(b). Study the convergence in the law of the sequence (Xn)

Solution
(a). We start by determining the distribution function ofMn. SinceMn takes it values in [0, 1], it

is clear that if x ≤ 0, we have P (Mn ≤ x) = 0 and if x ≥ 1 , we have P (Mn ≤ x) = 1. As
the random variables (Ui)1≤i≤n are independent, we deduce

P (Mn ≤ x) = Prodni=1P (Ui ≤ x) = xn.

To obtain the distribution function of Xn, we ramark

Wn ≤ x⇔Mn ≥ 1− x

n

P (Xn ≤ x) = 1P
(
Mn ≤ 1− x

n

)
Moreover,

1− x

n
∈ [0, 1]⇔ x ∈ [0, n].

We deduce that the distribution function of (Xn) is given by

FXn(x) =


0 si x ≤ 0

1−
(

1− x

n

)n
si 0 ≤ x ≤ n

1 if x ≥ 1

(b). We will study, at x fixed, the limit ofFXn . First, for x ≤ 0, it is clear that limn→∞ FXn(x) = 0.
Now, for x ≥ 0, as soon as n exists large enough, we have x ≤ n and therefore

FXn(x) = 1−
(

1− x

n

)
= ex.

We deduce that GXn(x) = 0 if t ≤ − ln(n), and if t > − ln(n),

Gn(t) =
(
1− e−t−ln(n)

)
=

(
1− e−t

n

)n
To obtain convergence in law, it is necessary and sufficient to prove that for every real t, we
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Gn(x) which converges to FY (t). But, if n is big enough

Gn(t) =

(
1− e−t

n

)n
= exp

(
n ln

(
1− e−t

n

)n)
= exp

(
n ln

(
1− e−t

n

))
= exp(− exp(−t) + o(1))→ FY (t).

We actually obtain the desired result.
� Exercise4.8 Let (Xn)n be a sequence of random variables. We suppose that there exists a

sequence (cn)n of real numbers such that, for tut δ > 0

P (|Xn − cn| > δ).

We further assume that the sequence (cn)n admits a limit c. Show that (Xn) converges to c in
probability

� Exercise4.9 A factory produces parts of which an unknown proportion p is defective, and we
want to find an approximate value of p. A sample of n parts is taken. It is assumed that the
sample is taken from a very large population, and can therefore be compared to a series of n
independent draws. We denote Xn the random variable equal to the number of defective parts
and we wish to quantify the fact that Xn/n approaches p.

(a). What is the law of Xn? Its mean? Its variance?
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Table 2: Cumulative Poisson Distribution Function

The tabulated value is P(X  x), where X has a Poisson distribution with mean .

0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.0 1.2 1.4 1.6 1.8
x x
0 0.9048 0.8187 0.7408 0.6703 0.6065 0.5488 0.4966 0.4493 0.4066 0.3679 0.3012 0.2466 0.2019 0.1653 0
1 0.9953 0.9825 0.9631 0.9384 0.9098 0.8781 0.8442 0.8088 0.7725 0.7358 0.6626 0.5918 0.5249 0.4628 1
2 0.9998 0.9989 0.9964 0.9921 0.9856 0.9769 0.9659 0.9526 0.9371 0.9197 0.8795 0.8335 0.7834 0.7306 2
3 1.0000 0.9999 0.9997 0.9992 0.9982 0.9966 0.9942 0.9909 0.9865 0.9810 0.9662 0.9463 0.9212 0.8913 3
4 1.0000 1.0000 0.9999 0.9998 0.9996 0.9992 0.9986 0.9977 0.9963 0.9923 0.9857 0.9763 0.9636 4
5 1.0000 1.0000 1.0000 0.9999 0.9998 0.9997 0.9994 0.9985 0.9968 0.9940 0.9896 5
6 1.0000 1.0000 1.0000 0.9999 0.9997 0.9994 0.9987 0.9974 6
7 1.0000 1.0000 0.9999 0.9997 0.9994 7
8 1.0000 1.0000 0.9999 8
9 1.0000 9

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0 4.5 5.0 5.5
x x
0 0.1353 0.1108 0.0907 0.0743 0.0608 0.0498 0.0408 0.0334 0.0273 0.0224 0.0183 0.0111 0.0067 0.0041 0
1 0.4060 0.3546 0.3084 0.2674 0.2311 0.1991 0.1712 0.1468 0.1257 0.1074 0.0916 0.0611 0.0404 0.0266 1
2 0.6767 0.6227 0.5697 0.5184 0.4695 0.4232 0.3799 0.3397 0.3027 0.2689 0.2381 0.1736 0.1247 0.0884 2
3 0.8571 0.8194 0.7787 0.7360 0.6919 0.6472 0.6025 0.5584 0.5152 0.4735 0.4335 0.3423 0.2650 0.2017 3
4 0.9473 0.9275 0.9041 0.8774 0.8477 0.8153 0.7806 0.7442 0.7064 0.6678 0.6288 0.5321 0.4405 0.3575 4
5 0.9834 0.9751 0.9643 0.9510 0.9349 0.9161 0.8946 0.8705 0.8441 0.8156 0.7851 0.7029 0.6160 0.5289 5
6 0.9955 0.9925 0.9884 0.9828 0.9756 0.9665 0.9554 0.9421 0.9267 0.9091 0.8893 0.8311 0.7622 0.6860 6
7 0.9989 0.9980 0.9967 0.9947 0.9919 0.9881 0.9832 0.9769 0.9692 0.9599 0.9489 0.9134 0.8666 0.8095 7

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0 4.5 5.0 5.5
8 0.9998 0.9995 0.9991 0.9985 0.9976 0.9962 0.9943 0.9917 0.9883 0.9840 0.9786 0.9597 0.9319 0.8944 8
9 1.0000 0.9999 0.9998 0.9996 0.9993 0.9989 0.9982 0.9973 0.9960 0.9942 0.9919 0.9829 0.9682 0.9462 9
10 1.0000 1.0000 0.9999 0.9998 0.9997 0.9995 0.9992 0.9987 0.9981 0.9972 0.9933 0.9863 0.9747 10
11 1.0000 1.0000 0.9999 0.9999 0.9998 0.9996 0.9994 0.9991 0.9976 0.9945 0.9890 11
12 1.0000 1.0000 0.9999 0.9999 0.9998 0.9997 0.9992 0.9980 0.9955 12
13 1.0000 1.0000 1.0000 0.9999 0.9997 0.9993 0.9983 13
14 1.0000 0.9999 0.9998 0.9994 14
15 1.0000 0.9999 0.9998 15
16 1.0000 0.9999 16
17 1.0000 17
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6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 11.0 12.0 13.0 14.0 15.0
x x
0 0.0025 0.0015 0.0009 0.0006 0.0003 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0
1 0.0174 0.0113 0.0073 0.0047 0.0030 0.0019 0.0012 0.0008 0.0005 0.0002 0.0001 0.0000 0.0000 0.0000 1
2 0.0620 0.0430 0.0296 0.0203 0.0138 0.0093 0.0062 0.0042 0.0028 0.0012 0.0005 0.0002 0.0001 0.0000 2
3 0.1512 0.1118 0.0818 0.0591 0.0424 0.0301 0.0212 0.0149 0.0103 0.0049 0.0023 0.0011 0.0005 0.0002 3
4 0.2851 0.2237 0.1730 0.1321 0.0996 0.0744 0.0550 0.0403 0.0293 0.0151 0.0076 0.0037 0.0018 0.0009 4
5 0.4457 0.3690 0.3007 0.2414 0.1912 0.1496 0.1157 0.0885 0.0671 0.0375 0.0203 0.0107 0.0055 0.0028 5
6 0.6063 0.5265 0.4497 0.3782 0.3134 0.2562 0.2068 0.1649 0.1301 0.0786 0.0458 0.0259 0.0142 0.0076 6
7 0.7440 0.6728 0.5987 0.5246 0.4530 0.3856 0.3239 0.2687 0.2202 0.1432 0.0895 0.0540 0.0316 0.0180 7
8 0.8472 0.7916 0.7291 0.6620 0.5925 0.5231 0.4557 0.3918 0.3328 0.2320 0.1550 0.0998 0.0621 0.0374 8
9 0.9161 0.8774 0.8305 0.7764 0.7166 0.6530 0.5874 0.5218 0.4579 0.3405 0.2424 0.1658 0.1094 0.0699 9
10 0.9574 0.9332 0.9015 0.8622 0.8159 0.7634 0.7060 0.6453 0.5830 0.4599 0.3472 0.2517 0.1757 0.1185 10
11 0.9799 0.9661 0.9467 0.9208 0.8881 0.8487 0.8030 0.7520 0.6968 0.5793 0.4616 0.3532 0.2600 0.1848 11
12 0.9912 0.9840 0.9730 0.9573 0.9362 0.9091 0.8758 0.8364 0.7916 0.6887 0.5760 0.4631 0.3585 0.2676 12
13 0.9964 0.9929 0.9872 0.9784 0.9658 0.9486 0.9261 0.8981 0.8645 0.7813 0.6815 0.5730 0.4644 0.3632 13
14 0.9986 0.9970 0.9943 0.9897 0.9827 0.9726 0.9585 0.9400 0.9165 0.8540 0.7720 0.6751 0.5704 0.4657 14
15 0.9995 0.9988 0.9976 0.9954 0.9918 0.9862 0.9780 0.9665 0.9513 0.9074 0.8444 0.7636 0.6694 0.5681 15
16 0.9998 0.9996 0.9990 0.9980 0.9963 0.9934 0.9889 0.9823 0.9730 0.9441 0.8987 0.8355 0.7559 0.6641 16
17 0.9999 0.9998 0.9996 0.9992 0.9984 0.9970 0.9947 0.9911 0.9857 0.9678 0.9370 0.8905 0.8272 0.7489 17
18 1.0000 0.9999 0.9999 0.9997 0.9993 0.9987 0.9976 0.9957 0.9928 0.9823 0.9626 0.9302 0.8826 0.8195 18
19 1.0000 1.0000 0.9999 0.9997 0.9995 0.9989 0.9980 0.9965 0.9907 0.9787 0.9573 0.9235 0.8752 19
20 1.0000 0.9999 0.9998 0.9996 0.9991 0.9984 0.9953 0.9884 0.9750 0.9521 0.9170 20
21 1.0000 0.9999 0.9998 0.9996 0.9993 0.9977 0.9939 0.9859 0.9712 0.9469 21
22 1.0000 0.9999 0.9999 0.9997 0.9990 0.9970 0.9924 0.9833 0.9673 22
23 1.0000 0.9999 0.9999 0.9995 0.9985 0.9960 0.9907 0.9805 23
24 1.0000 1.0000 0.9998 0.9993 0.9980 0.9950 0.9888 24
25 0.9999 0.9997 0.9990 0.9974 0.9938 25
26 1.0000 0.9999 0.9995 0.9987 0.9967 26
27 0.9999 0.9998 0.9994 0.9983 27
28 1.0000 0.9999 0.9997 0.9991 28
29 1.0000 0.9999 0.9996 29
30 0.9999 0.9998 30
31 1.0000 0.9999 31
32 1.0000 32
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Table 3: Normal Distribution Function

The table gives the probability, p, that a normally distributed random variable Z, with mean  0 and 
variance  1, is less than or equal to z.

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 z
0.0 0.50000 0.50399 0.50798 0.51197 0.51595 0.51994 0.52392 0.52790 0.53188 0.53586 0.0
0.1 0.53983 0.54380 0.54776 0.55172 0.55567 0.55962 0.56356 0.56749 0.57142 0.57535 0.1
0.2 0.57926 0.58317 0.58706 0.59095 0.59483 0.59871 0.60257 0.60642 0.61026 0.61409 0.2
0.3 0.61791 0.62172 0.62552 0.62930 0.63307 0.63683 0.64058 0.64431 0.64803 0.65173 0.3
0.4 0.65542 0.65910 0.66276 0.66640 0.67003 0.67364 0.67724 0.68082 0.68439 0.68793 0.4
0.5 0.69146 0.69497 0.69847 0.70194 0.70540 0.70884 0.71226 0.71566 0.71904 0.72240 0.5
0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.74215 0.74537 0.74857 0.75175 0.75490 0.6
0.7 0.75804 0.76115 0.76424 0.76730 0.77035 0.77337 0.77637 0.77935 0.78230 0.78524 0.7
0.8 0.78814 0.79103 0.79389 0.79673 0.79955 0.80234 0.80511 0.80785 0.81057 0.81327 0.8
0.9 0.81594 0.81859 0.82121 0.82381 0.82639 0.82894 0.83147 0.83398 0.83646 0.83891 0.9
1.0 0.84134 0.84375 0.84614 0.84849 0.85083 0.85314 0.85543 0.85769 0.85993 0.86214 1.0
1.1 0.86433 0.86650 0.86864 0.87076 0.87286 0.87493 0.87698 0.87900 0.88100 0.88298 1.1
1.2 0.88493 0.88686 0.88877 0.89065 0.89251 0.89435 0.89617 0.89796 0.89973 0.90147 1.2
1.3 0.90320 0.90490 0.90658 0.90824 0.90988 0.91149 0.91309 0.91466 0.91621 0.91774 1.3
1.4 0.91924 0.92073 0.92220 0.92364 0.92507 0.92647 0.92785 0.92922 0.93056 0.93189 1.4
1.5 0.93319 0.93448 0.93574 0.93699 0.93822 0.93943 0.94062 0.94179 0.94295 0.94408 1.5
1.6 0.94520 0.94630 0.94738 0.94845 0.94950 0.95053 0.95154 0.95254 0.95352 0.95449 1.6
1.7 0.95543 0.95637 0.95728 0.95818 0.95907 0.95994 0.96080 0.96164 0.96246 0.96327 1.7
1.8 0.96407 0.96485 0.96562 0.96638 0.96712 0.96784 0.96856 0.96926 0.96995 0.97062 1.8
1.9 0.97128 0.97193 0.97257 0.97320 0.97381 0.97441 0.97500 0.97558 0.97615 0.97670 1.9
2.0 0.97725 0.97778 0.97831 0.97882 0.97932 0.97982 0.98030 0.98077 0.98124 0.98169 2.0
2.1 0.98214 0.98257 0.98300 0.98341 0.98382 0.98422 0.98461 0.98500 0.98537 0.98574 2.1
2.2 0.98610 0.98645 0.98679 0.98713 0.98745 0.98778 0.98809 0.98840 0.98870 0.98899 2.2
2.3 0.98928 0.98956 0.98983 0.99010 0.99036 0.99061 0.99086 0.99111 0.99134 0.99158 2.3
2.4 0.99180 0.99202 0.99224 0.99245 0.99266 0.99286 0.99305 0.99324 0.99343 0.99361 2.4
2.5 0.99379 0.99396 0.99413 0.99430 0.99446 0.99461 0.99477 0.99492 0.99506 0.99520 2.5
2.6 0.99534 0.99547 0.99560 0.99573 0.99585 0.99598 0.99609 0.99621 0.99632 0.99643 2.6
2.7 0.99653 0.99664 0.99674 0.99683 0.99693 0.99702 0.99711 0.99720 0.99728 0.99736 2.7
2.8 0.99744 0.99752 0.99760 0.99767 0.99774 0.99781 0.99788 0.99795 0.99801 0.99807 2.8
2.9 0.99813 0.99819 0.99825 0.99831 0.99836 0.99841 0.99846 0.99851 0.99856 0.99861 2.9
3.0 0.99865 0.99869 0.99874 0.99878 0.99882 0.99886 0.99889 0.99893 0.99896 0.99900 3.0
3.1 0.99903 0.99906 0.99910 0.99913 0.99916 0.99918 0.99921 0.99924 0.99926 0.99929 3.1
3.2 0.99931 0.99934 0.99936 0.99938 0.99940 0.99942 0.99944 0.99946 0.99948 0.99950 3.2
3.3 0.99952 0.99953 0.99955 0.99957 0.99958 0.99960 0.99961 0.99962 0.99964 0.99965 3.3
3.4 0.99966 0.99968 0.99969 0.99970 0.99971 0.99972 0.99973 0.99974 0.99975 0.99976 3.4
3.5 0.99977 0.99978 0.99978 0.99979 0.99980 0.99981 0.99981 0.99982 0.99983 0.99983 3.5
3.6 0.99984 0.99985 0.99985 0.99986 0.99986 0.99987 0.99987 0.99988 0.99988 0.99989 3.6
3.7 0.99989 0.99990 0.99990 0.99990 0.99991 0.99991 0.99992 0.99992 0.99992 0.99992 3.7
3.8 0.99993 0.99993 0.99993 0.99994 0.99994 0.99994 0.99994 0.99995 0.99995 0.99995 3.8
3.9 0.99995 0.99995 0.99996 0.99996 0.99996 0.99996 0.99996 0.99996 0.99997 0.99997 3.9
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Table 4: Percentage Points of the Normal Distribution

The table gives the values of z satisfying P(Z  z)  p, where Z is the normally distributed random 
variable with mean  0 and variance  1.

p 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 p
0.5 0.0000 0.0251 0.0502 0.0753 0.1004 0.1257 0.1510 0.1764 0.2019 0.2275 0.5
0.6 0.2533 0.2793 0.3055 0.3319 0.3585 0.3853 0.4125 0.4399 0.4677 0.4958 0.6
0.7 0.5244 0.5534 0.5828 0.6128 0.6433 0.6745 0.7063 0.7388 0.7722 0.8064 0.7
0.8 0.8416 0.8779 0.9154 0.9542 0.9945 1.0364 1.0803 1.1264 1.1750 1.2265 0.8
0.9 1.2816 1.3408 1.4051 1.4758 1.5548 1.6449 1.7507 1.8808 2.0537 2.3263 0.9
p 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 p

0.95 1.6449 1.6546 1.6646 1.6747 1.6849 1.6954 1.7060 1.7169 1.7279 1.7392 0.95
0.96 1.7507 1.7624 1.7744 1.7866 1.7991 1.8119 1.8250 1.8384 1.8522 1.8663 0.96
0.97 1.8808 1.8957 1.9110 1.9268 1.9431 1.9600 1.9774 1.9954 2.0141 2.0335 0.97
0.98 2.0537 2.0749 2.0969 2.1201 2.1444 2.1701 2.1973 2.2262 2.2571 2.2904 0.98
0.99 2.3263 2.3656 2.4089 2.4573 2.5121 2.5758 2.6521 2.7478 2.8782 3.0902 0.99
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Table 5: Percentage Points of the Student’s t-distribution

The table gives the values of x satisfying P(X  x)  p, where X is a random variable having the 
Student’s t-distribution with  degrees of freedom.

p 0.9 0.95 0.975 0.99 0.995 p 0.9 0.95 0.975 0.99 0.995

1 3.078 6.314 12.706 31.821 63.657 29 1.311 1.699 2.045 2.462 2.756
2 1.886 2.920 4.303 6.965 9.925 30 1.310 1.697 2.042 2.457 2.750
3 1.638 2.353 3.182 4.541 5.841 31 1.309 1.696 2.040 2.453 2.744
4 1.533 2.132 2.776 3.747 4.604 32 1.309 1.694 2.037 2.449 2.738
5 1.476 2.015 2.571 3.365 4.032 33 1.308 1.692 2.035 2.445 2.733
6 1.440 1.943 2.447 3.143 3.707 34 1.307 1.691 2.032 2.441 2.728
7 1.415 1.895 2.365 2.998 3.499 35 1.306 1.690 2.030 2.438 2.724
8 1.397 1.860 2.306 2.896 3.355 36 1.306 1.688 2.028 2.434 2.719
9 1.383 1.833 2.262 2.821 3.250 37 1.305 1.687 2.026 2.431 2.715

10 1.372 1.812 2.228 2.764 3.169 38 1.304 1.686 2.024 2.429 2.712
11 1.363 1.796 2.201 2.718 3.106 39 1.304 1.685 2.023 2.426 2.708
12 1.356 1.782 2.179 2.681 3.055 40 1.303 1.684 2.021 2.423 2.704
13 1.350 1.771 2.160 2.650 3.012 45 1.301 1.679 2.014 2.412 2.690
14 1.345 1.761 2.145 2.624 2.977 50 1.299 1.676 2.009 2.403 2.678
15 1.341 1.753 2.131 2.602 2.947 55 1.297 1.673 2.004 2.396 2.668
16 1.337 1.746 2.121 2.583 2.921 60 1.296 1.671 2.000 2.390 2.660
17 1.333 1.740 2.110 2.567 2.898 65 1.295 1.669 1.997 2.385 2.654
18 1.330 1.734 2.101 2.552 2.878 70 1.294 1.667 1.994 2.381 2.648
19 1.328 1.729 2.093 2.539 2.861 75 1.293 1.665 1.992 2.377 2.643
20 1.325 1.725 2.086 2.528 2.845 80 1.292 1.664 1.990 2.374 2.639
21 1.323 1.721 2.080 2.518 2.831 85 1.292 1.663 1.998 2.371 2.635
22 1.321 1.717 2.074 2.508 2.819 90 1.291 1.662 1.987 2.368 2.632
23 1.319 1.714 2.069 2.500 2.807 95 1.291 1.661 1.985 2.366 2.629
24 1.318 1.711 2.064 2.492 2.797 100 1.290 1.660 1.984 2.364 2.626
25 1.316 1.708 2.060 2.485 2.787 125 1.288 1.657 1.979 2.357 2.616
26 1.315 1.706 2.056 2.479 2.779 150 1.287 1.655 1.976 2.351 2.609
27 1.314 1.703 2.052 2.473 2.771 200 1.286 1.653 1.972 2.345 2.601
28 1.313 1.701 2.048 2.467 2.763 1.282 1.645 1.960 2.326 2.576
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P

Table 6: Percentage Points of the 2 Distribution

The table gives the values of x satisfying P(X  x)  p, where X is a random variable having the 2 
distribution with  degrees of freedom.

p 0.005 0.01 0.025 0.05 0.1 0.9 0.95 0.975 0.99 0.995 p

1 0.00004 0.0002 0.001 0.004 0.016 2.706 3.841 5.024 6.635 7.879 1
2 0.010 0.020 0.051 0.103 0.211 4.605 5.991 7.378 9.210 10.597 2
3 0.072 0.115 0.216 0.352 0.584 6.251 7.815 9.348 11.345 12.838 3
4 0.207 0.297 0.484 0.711 1.064 7.779 9.488 11.143 13.277 14.860 4
5 0.412 0.554 0.831 1.145 1.610 9.236 11.070 12.833 15.086 16.750 5
6 0.676 0.872 1.237 1.635 2.204 10.645 12.592 14.449 16.812 18.548 6
7 0.989 1.239 1.690 2.167 2.833 12.017 14.067 16.013 18.475 20.278 7
8 1.344 1.646 2.180 2.733 3.490 13.362 15.507 17.535 20.090 21.955 8
9 1.735 2.088 2.700 3.325 4.168 14.684 16.919 19.023 21.666 23.589 9

10 2.156 2.558 3.247 3.940 4.865 15.987 18.307 20.483 23.209 25.188 10
11 2.603 3.053 3.816 4.575 5.578 17.275 19.675 21.920 24.725 26.757 11
12 3.074 3.571 4.404 5.226 6.304 18.549 21.026 23.337 26.217 28.300 12
13 3.565 4.107 5.009 5.892 7.042 19.812 22.362 24.736 27.688 29.819 13
14 4.075 4.660 5.629 6.571 7.790 21.064 23.685 26.119 29.141 31.319 14
15 4.601 5.229 6.262 7.261 8.547 22.307 24.996 27.488 30.578 32.801 15
16 5.142 5.812 6.908 7.962 9.312 23.542 26.296 28.845 32.000 34.267 16
17 5.697 6.408 7.564 8.672 10.085 24.769 27.587 30.191 33.409 35.718 17
18 6.265 7.015 8.231 9.390 10.865 25.989 28.869 31.526 34.805 37.156 18
19 6.844 7.633 8.907 10.117 11.651 27.204 30.144 32.852 36.191 38.582 19
20 7.434 8.260 9.591 10.851 12.443 28.412 31.410 34.170 37.566 39.997 20
21 8.034 8.897 10.283 11.591 13.240 29.615 32.671 35.479 38.932 41.401 21
22 8.643 9.542 10.982 12.338 14.041 30.813 33.924 36.781 40.289 42.796 22
23 9.260 10.196 11.689 13.091 14.848 32.007 35.172 38.076 41.638 44.181 23
24 9.886 10.856 12.401 13.848 15.659 33.196 36.415 39.364 42.980 45.559 24
25 10.520 11.524 13.120 14.611 16.473 34.382 37.652 40.646 44.314 46.928 25
26 11.160 12.198 13.844 15.379 17.292 35.563 38.885 41.923 45.642 48.290 26
27 11.808 12.879 14.573 16.151 18.114 36.741 40.113 43.195 46.963 49.645 27
28 12.461 13.565 15.308 16.928 18.939 37.916 41.337 44.461 48.278 50.993 28
29 13.121 14.256 16.047 17.708 19.768 39.087 42.557 45.722 49.588 52.336 29
30 13.787 14.953 16.791 18.493 20.599 40.256 43.773 46.979 50.892 53.672 30
31 14.458 15.655 17.539 19.281 21.434 41.422 44.985 48.232 52.191 55.003 31
32 15.134 16.362 18.291 20.072 22.271 42.585 46.194 49.480 53.486 56.328 32
33 15.815 17.074 19.047 20.867 23.110 43.745 47.400 50.725 54.776 57.648 33
34 16.501 17.789 19.806 21.664 23.952 44.903 48.602 51.996 56.061 58.964 34
35 17.192 18.509 20.569 22.465 24.797 46.059 49.802 53.203 57.342 60.275 35
36 17.887 19.223 21.336 23.269 25.643 47.212 50.998 54.437 58.619 61.581 36
37 18.586 19.960 22.106 24.075 26.492 48.363 52.192 55.668 59.892 62.883 37
38 19.289 20.691 22.878 24.884 27.343 49.513 53.384 56.896 61.162 64.181 38
39 19.996 21.426 23.654 25.695 28.196 50.660 54.572 58.120 62.428 65.476 39
40 20.707 22.164 24.433 26.509 29.051 51.805 55.758 59.342 63.691 66.766 40
45 24.311 25.901 28.366 30.612 33.350 57.505 61.656 65.410 69.957 73.166 45
50 27.991 29.707 32.357 34.764 37.689 63.167 67.505 71.420 76.154 79.490 50
55 31.735 33.570 36.398 38.958 42.060 68.796 73.311 77.380 82.292 85.749 55
60 35.534 37.485 40.482 43.188 46.459 74.397 79.082 83.298 88.379 91.952 60
65 39.383 41.444 44.603 47.450 50.883 79.973 84.821 89.177 94.422 98.105 65
70 43.275 45.442 48.758 51.739 55.329 85.527 90.531 95.023 100.425 104.215 70
75 47.206 49.475 52.942 56.054 59.795 91.061 96.217 100.839 106.393 110.286 75
80 51.172 53.540 57.153 60.391 64.278 96.578 101.879 106.629 112.329 116.321 80
85 55.170 57.634 61.389 64.749 68.777 102.079 107.522 112.393 118.236 122.325 85
90 59.196 61.754 65.647 69.126 73.291 107.565 113.145 118.136 124.116 128.299 90
95 63.250 65.898 69.925 73.520 77.818 113.038 118.752 123.858 129.973 134.247 95

100 67.328 70.065 74.222 77.929 82.358 118.498 124.342 129.561 135.807 140.169 100
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Table 7: Percentage Points of the F-distribution

The tables give the values of x satisfying P(X  x)  p, where X is a random variable having the 
F-distribution with 1 degrees of freedom in the numerator and 2 degrees of freedom in the denominator.

F-distribution ( p = 0.995)
Use for one-tail tests at significance level 0.5% or two-tail tests at significance level 1%.

1 1 2 3 4 5 6 7 8 9 10 11 12 15 20 25 30 40 50 100 1

2 2

1 16211 20000 21615 22500 23056 23437 23715 23925 24091 24224 24334 24426 24630 24836 24960 25044 25148 25211 25337 25464 1
2 198.5 199.0 199.2 199.2 199.3 199.3 199.4 199.4 199.4 199.4 199.4 199.4 199.4 199.4 199.5 199.5 199.5 199.5 199.5 199.5 2
3 55.55 49.80 47.47 46.19 45.39 44.84 44.43 44.13 43.88 43.69 43.52 43.39 43.08 42.78 42.59 42.47 42.31 42.21 42.02 41.83 3
4 31.33 26.28 24.26 23.15 22.46 21.97 21.62 21.35 21.14 20.97 20.82 20.70 20.44 20.17 20.00 19.89 19.75 19.67 19.50 19.32 4
5 22.78 18.31 16.53 15.56 14.94 14.51 14.20 13.96 13.77 13.62 13.49 13.38 13.15 12.90 12.76 12.66 12.53 12.45 12.30 12.14 5
6 18.635 14.544 12.917 12.028 11.464 11.073 10.786 10.566 10.391 10.250 10.133 10.034 9.814 9.589 9.451 9.358 9.241 9.170 9.026 8.879 6
7 16.236 12.404 10.882 10.050 9.522 9.155 8.885 8.678 8.514 8.380 8.270 8.176 7.968 7.754 7.623 7.534 7.422 7.354 7.217 7.076 7
8 14.688 11.042 9.596 8.805 8.302 7.952 7.694 7.496 7.339 7.211 7.104 7.015 6.814 6.608 6.482 6.396 6.288 6.222 6.088 5.951 8
9 13.614 10.107 8.717 7.956 7.471 7.134 6.885 6.693 6.541 6.417 6.314 6.227 6.032 5.832 5.708 5.625 5.519 5.454 5.322 5.188 9
10 12.826 9.427 8.081 7.343 6.872 6.545 6.302 6.116 5.968 5.847 5.746 5.661 5.471 5.274 5.153 5.071 4.966 4.902 4.772 4.639 10
11 12.226 8.912 7.600 6.881 6.422 6.102 5.865 5.682 5.537 5.418 5.320 5.236 5.049 4.855 4.736 4.654 4.551 4.488 4.359 4.226 11
12 11.754 8.510 7.226 6.521 6.071 5.757 5.525 5.345 5.202 5.085 4.988 4.906 4.721 4.530 4.412 4.331 4.228 4.165 4.037 3.904 12
13 11.374 8.186 6.926 6.233 5.791 5.482 5.253 5.076 4.935 4.820 4.724 4.643 4.460 4.270 4.153 4.073 3.970 3.908 3.780 3.647 13
14 11.060 7.922 6.680 5.998 5.562 5.257 5.031 4.857 4.717 4.603 4.508 4.428 4.247 4.059 3.942 3.862 3.760 3.697 3.569 3.436 14
15 10.798 7.701 6.476 5.803 5.372 5.071 4.847 4.674 4.536 4.424 4.329 4.250 4.070 3.883 3.766 3.687 3.585 3.523 3.394 3.260 15
20 9.944 6.986 5.818 5.174 4.762 4.472 4.257 4.090 3.956 3.847 3.756 3.678 3.502 3.318 3.203 3.123 3.022 2.959 2.828 2.690 20
25 9.475 6.598 5.462 4.835 4.433 4.150 3.939 3.776 3.645 3.537 3.447 3.370 3.196 3.013 2.898 2.819 2.716 2.652 2.519 2.377 25
30 9.180 6.355 5.239 4.623 4.228 3.949 3.742 3.580 3.450 3.344 3.255 3.179 3.006 2.823 2.708 2.628 2.524 2.459 2.323 2.176 30
40 8.828 6.066 4.976 4.374 3.986 3.713 3.509 3.350 3.222 3.117 3.028 2.953 2.781 2.598 2.482 2.401 2.296 2.230 2.088 1.932 40
50 8.626 5.902 4.826 4.232 3.849 3.579 3.376 3.219 3.092 2.988 2.900 2.825 2.653 2.470 2.353 2.272 2.164 2.097 1.951 1.786 50
100 8.241 5.589 4.542 3.963 3.589 3.325 3.127 2.972 2.847 2.744 2.657 2.583 2.411 2.227 2.108 2.024 1.912 1.840 1.681 1.485 100

7.879 5.298 4.279 3.715 3.350 3.091 2.897 2.744 2.621 2.519 2.432 2.358 2.187 2.000 1.877 1.789 1.669 1.590 1.402 1.001

F-distribution ( p = 0.99)
Use for one-tail tests at significance level 1% or two-tail tests at significance level 2%.

1 1 2 3 4 5 6 7 8 9 10 11 12 15 20 25 30 40 50 100 1

2 2

1 4052 5000 5403 5625 5764 5859 5928 5981 6022 6056 6083 6106 6157 6209 6240 6261 6287 6303 6334 6366 1
2 98.50 99.00 99.17 99.25 99.30 99.33 99.36 99.37 99.39 99.40 99.41 99.42 99.43 99.45 99.46 99.47 99.47 99.48 99.49 99.50 2
3 34.12 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.35 27.23 27.13 27.05 26.87 26.69 26.58 26.50 26.41 26.35 26.24 26.13 3
4 21.20 18.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66 14.55 14.45 14.37 14.20 14.02 13.91 13.84 13.75 13.69 13.58 13.46 4
5 16.26 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.16 10.05 9.96 9.89 9.72 9.55 9.45 9.38 9.29 9.24 9.13 9.02 5
6 13.745 10.925 9.780 9.148 8.746 8.466 8.260 8.102 7.976 7.874 7.790 7.718 7.559 7.396 7.296 7.229 7.143 7.091 6.987 6.880 6
7 12.246 9.547 8.451 7.847 7.460 7.191 6.993 6.840 6.719 6.620 6.538 6.469 6.314 6.155 6.058 5.992 5.908 5.858 5.755 5.650 7
8 11.259 8.649 7.591 7.006 6.632 6.371 6.178 6.029 5.911 5.814 5.734 5.667 5.515 5.359 5.263 5.198 5.116 5.065 4.963 4.859 8
9 10.561 8.022 6.992 6.422 6.057 5.802 5.613 5.467 5.351 5.257 5.178 5.111 4.962 4.808 4.713 4.649 4.567 4.517 4.415 4.311 9
10 10.044 7.559 6.552 5.994 5.636 5.386 5.200 5.057 4.942 4.849 4.772 4.706 4.558 4.405 4.311 4.247 4.165 4.115 4.014 3.909 10
11 9.646 7.206 6.217 5.668 5.316 5.069 4.886 4.744 4.632 4.539 4.462 4.397 4.251 4.099 4.005 3.941 3.860 3.810 3.708 3.602 11
12 9.330 6.927 5.953 5.412 5.064 4.821 4.640 4.499 4.388 4.296 4.220 4.155 4.010 3.858 3.765 3.701 3.619 3.569 3.467 3.361 12
13 9.074 6.701 5.739 5.205 4.862 4.620 4.441 4.302 4.191 4.100 4.025 3.960 3.815 3.665 3.571 3.507 3.425 3.375 3.272 3.165 13
14 8.862 6.515 5.564 5.035 4.695 4.456 4.278 4.140 4.030 3.939 3.864 3.800 3.656 3.505 3.412 3.348 3.266 3.215 3.112 3.004 14
15 8.683 6.359 5.417 4.893 4.556 4.318 4.142 4.004 3.895 3.805 3.730 3.666 3.522 3.372 3.278 3.214 3.132 3.081 2.977 2.868 15
20 8.096 5.849 4.938 4.431 4.103 3.871 3.699 3.564 3.457 3.368 3.294 3.231 3.088 2.938 2.843 2.778 2.695 2.643 2.535 2.421 20
25 7.770 5.568 4.675 4.177 3.855 3.627 3.457 3.324 3.217 3.129 3.056 2.993 2.850 2.699 2.604 2.538 2.453 2.400 2.289 2.169 25
30 7.562 5.390 4.510 4.018 3.699 3.473 3.304 3.173 3.067 2.979 2.906 2.843 2.700 2.549 2.453 2.386 2.299 2.245 2.131 2.006 30
40 7.314 5.179 4.313 3.828 3.514 3.291 3.124 2.993 2.888 2.801 2.727 2.665 2.522 2.369 2.271 2.203 2.114 2.058 1.938 1.805 40
50 7.171 5.057 4.199 3.720 3.408 3.186 3.020 2.890 2.785 2.698 2.625 2.562 2.419 2.265 2.167 2.098 2.007 1.949 1.825 1.683 50
100 6.895 4.824 3.984 3.513 3.206 2.988 2.823 2.694 2.590 2.503 2.430 2.368 2.223 2.067 1.965 1.893 1.797 1.735 1.598 1.427 100

6.635 4.605 3.782 3.319 3.017 2.802 2.639 2.511 2.407 2.321 2.248 2.185 2.039 1.878 1.773 1.696 1.592 1.523 1.358 1.000
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F-distribution ( p = 0.975)
Use for one-tail tests at significance level 2.5% or two-tail tests at significance level 5%.

1 1 2 3 4 5 6 7 8 9 10 11 12 15 20 25 30 40 50 100 1

2 2

1 647.8 799.5 864.2 899.6 921.8 937.1 948.2 956.7 963.3 968.6 973.0 976.7 984.9 993.1 998.1 1001.4 1005.6 1008.1 1013.2 1018.3 1
2 38.51 39.00 39.17 39.25 39.30 39.33 39.36 39.37 39.39 39.40 39.41 39.41 39.43 39.45 39.46 39.46 39.47 39.48 39.49 39.50 2
3 17.44 16.04 15.44 15.10 14.88 14.73 14.62 14.54 14.47 14.42 14.37 14.34 14.25 14.17 14.12 14.08 14.04 14.01 13.96 13.90 3
4 12.22 10.65 9.98 9.60 9.36 9.20 9.07 8.98 8.90 8.84 8.79 8.75 8.66 8.56 8.50 8.46 8.41 8.38 8.32 8.26 4
5 10.01 8.43 7.76 7.39 7.15 6.98 6.85 6.76 6.68 6.62 6.57 6.52 6.43 6.33 6.27 6.23 6.18 6.14 6.08 6.02 5
6 8.813 7.260 6.599 6.227 5.988 5.820 5.695 5.600 5.523 5.461 5.410 5.366 5.269 5.168 5.107 5.065 5.012 4.980 4.915 4.849 6
7 8.073 6.542 5.890 5.523 5.285 5.119 4.995 4.899 4.823 4.761 4.709 4.666 4.568 4.467 4.405 4.362 4.309 4.276 4.210 4.142 7
8 7.571 6.059 5.416 5.053 4.817 4.652 4.529 4.433 4.357 4.295 4.243 4.200 4.101 3.999 3.937 3.894 3.840 3.807 3.739 3.670 8
9 7.209 5.715 5.078 4.718 4.484 4.320 4.197 4.102 4.026 3.964 3.912 3.868 3.769 3.667 3.604 3.560 3.505 3.472 3.403 3.333 9
10 6.937 5.456 4.826 4.468 4.236 4.072 3.950 3.855 3.779 3.717 3.665 3.621 3.522 3.419 3.355 3.311 3.255 3.221 3.152 3.080 10
11 6.724 5.256 4.630 4.275 4.044 3.881 3.759 3.664 3.588 3.526 3.474 3.430 3.330 3.226 3.162 3.118 3.061 3.027 2.956 2.883 11
12 6.554 5.096 4.474 4.121 3.891 3.728 3.607 3.512 3.436 3.374 3.321 3.277 3.177 3.073 3.008 2.963 2.906 2.871 2.800 2.725 12
13 6.414 4.965 4.347 3.996 3.767 3.604 3.483 3.388 3.312 3.250 3.197 3.153 3.053 2.948 2.882 2.837 2.780 2.744 2.671 2.595 13
14 6.298 4.857 4.242 3.892 3.663 3.501 3.380 3.285 3.209 3.147 3.095 3.050 2.949 2.844 2.778 2.732 2.674 2.638 2.565 2.487 14
15 6.200 4.765 4.153 3.804 3.576 3.415 3.293 3.199 3.123 3.060 3.008 2.963 2.862 2.756 2.689 2.644 2.585 2.549 2.474 2.395 15
20 5.871 4.461 3.859 3.515 3.289 3.128 3.007 2.913 2.837 2.774 2.721 2.676 2.573 2.464 2.396 2.349 2.287 2.249 2.170 2.085 20
25 5.686 4.291 3.694 3.353 3.129 2.969 2.848 2.753 2.677 2.613 2.560 2.515 2.411 2.300 2.230 2.182 2.118 2.079 1.996 1.906 25
30 5.568 4.182 3.589 3.250 3.026 2.867 2.746 2.651 2.575 2.511 2.458 2.412 2.307 2.195 2.124 2.074 2.009 1.968 1.882 1.787 30
40 5.424 4.051 3.463 3.126 2.904 2.744 2.624 2.529 2.452 2.388 2.334 2.288 2.182 2.068 1.994 1.943 1.875 1.832 1.741 1.637 40
50 5.340 3.975 3.390 3.054 2.833 2.674 2.553 2.458 2.381 2.317 2.263 2.216 2.109 1.993 1.919 1.866 1.796 1.752 1.656 1.545 50
100 5.179 3.828 3.250 2.917 2.696 2.537 2.417 2.321 2.244 2.179 2.125 2.077 1.968 1.849 1.770 1.715 1.640 1.592 1.483 1.347 100

5.024 3.689 3.116 2.786 2.567 2.408 2.288 2.192 2.114 2.048 1.993 1.945 1.833 1.708 1.626 1.566 1.484 1.428 1.296 1.000

F-distribution ( p = 0.95)
Use for one-tail tests at significance level 5% or two-tail tests at significance level 10%.

1 1 2 3 4 5 6 7 8 9 10 11 12 15 20 25 30 40 50 100 1

2 2

1 161.4 199.5 215.7 224.6 230.2 234.0 236.8 238.9 240.5 241.9 243.0 243.9 245.9 248.0 249.3 250.1 251.1 251.8 253.0 254.3 1
2 18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38 19.40 19.40 19.41 19.43 19.45 19.46 19.46 19.47 19.48 19.49 19.50 2
3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.76 8.74 8.70 8.66 8.63 8.62 8.59 8.58 8.55 8.53 3
4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.94 5.91 5.86 5.80 5.77 5.75 5.72 5.70 5.66 5.63 4
5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.70 4.68 4.62 4.56 4.52 4.50 4.46 4.44 4.41 4.36 5
6 5.987 5.143 4.757 4.534 4.387 4.284 4.207 4.147 4.099 4.060 4.027 4.000 3.938 3.874 3.835 3.808 3.774 3.754 3.712 3.669 6
7 5.591 4.737 4.347 4.120 3.972 3.866 3.787 3.726 3.677 3.637 3.603 3.575 3.511 3.445 3.404 3.376 3.340 3.319 3.275 3.230 7
8 5.318 4.459 4.066 3.838 3.688 3.581 3.500 3.438 3.388 3.347 3.313 3.284 3.218 3.150 3.108 3.079 3.043 3.020 2.975 2.928 8
9 5.117 4.256 3.863 3.633 3.482 3.374 3.293 3.230 3.179 3.137 3.102 3.073 3.006 2.936 2.893 2.864 2.826 2.803 2.756 2.707 9
10 4.965 4.103 3.708 3.478 3.326 3.217 3.135 3.072 3.020 2.978 2.943 2.913 2.845 2.774 2.730 2.700 2.661 2.637 2.588 2.538 10
11 4.844 3.982 3.587 3.357 3.204 3.095 3.012 2.948 2.896 2.854 2.818 2.788 2.719 2.646 2.601 2.570 2.531 2.507 2.457 2.404 11
12 4.747 3.885 3.490 3.259 3.106 2.996 2.913 2.849 2.796 2.753 2.717 2.687 2.617 2.544 2.498 2.466 2.426 2.401 2.350 2.296 12
13 4.667 3.806 3.411 3.179 3.025 2.915 2.832 2.767 2.714 2.671 2.635 2.604 2.533 2.459 2.412 2.380 2.339 2.314 2.261 2.206 13
14 4.600 3.739 3.344 3.112 2.958 2.848 2.764 2.699 2.646 2.602 2.565 2.534 2.463 2.388 2.341 2.308 2.266 2.241 2.187 2.131 14
15 4.543 3.682 3.287 3.056 2.901 2.790 2.707 2.641 2.588 2.544 2.507 2.475 2.403 2.328 2.280 2.247 2.204 2.178 2.123 2.066 15
20 4.351 3.493 3.098 2.866 2.711 2.599 2.514 2.447 2.393 2.348 2.310 2.278 2.203 2.124 2.074 2.039 1.994 1.966 1.907 1.843 20
25 4.242 3.385 2.991 2.759 2.603 2.490 2.405 2.337 2.282 2.236 2.198 2.165 2.089 2.007 1.955 1.919 1.872 1.842 1.779 1.711 25
30 4.171 3.316 2.922 2.690 2.534 2.421 2.334 2.266 2.211 2.165 2.126 2.092 2.015 1.932 1.878 1.841 1.792 1.761 1.695 1.622 30
40 4.085 3.232 2.839 2.606 2.449 2.336 2.249 2.180 2.124 2.077 2.038 2.003 1.924 1.839 1.783 1.744 1.693 1.660 1.589 1.509 40
50 4.034 3.183 2.790 2.557 2.400 2.286 2.199 2.130 2.073 2.026 1.986 1.952 1.871 1.784 1.727 1.687 1.634 1.599 1.525 1.438 50
100 3.936 3.087 2.696 2.463 2.305 2.191 2.103 2.032 1.975 1.927 1.886 1.850 1.768 1.676 1.616 1.573 1.515 1.477 1.392 1.283 100

3.841 2.996 2.605 2.372 2.214 2.099 2.010 1.938 1.880 1.831 1.789 1.752 1.666 1.571 1.506 1.459 1.394 1.350 1.243 1.000
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Table 8: Critical Values of the Product Moment Correlation Coefficient

The table gives the critical values, for different significance levels, of the product moment correlation 
coefficient, r, for varying sample sizes, n.

One tail 10% 5% 2.5% 1% 0.5% One tail
Two tail 20% 10% 5% 2% 1% Two tail
n n
4 0.8000 0.9000 0.9500 0.9800 0.9900 4
5 0.6870 0.8054 0.8783 0.9343 0.9587 5
6 0.6084 0.7293 0.8114 0.8822 0.9172 6
7 0.5509 0.6694 0.7545 0.8329 0.8745 7
8 0.5067 0.6215 0.7067 0.7887 0.8343 8
9 0.4716 0.5822 0.6664 0.7498 0.7977 9
10 0.4428 0.5494 0.6319 0.7155 0.7646 10
11 0.4187 0.5214 0.6021 0.6851 0.7348 11
12 0.3981 0.4973 0.5760 0.6581 0.7079 12
13 0.3802 0.4762 0.5529 0.6339 0.6835 13
14 0.3646 0.4575 0.5324 0.6120 0.6614 14
15 0.3507 0.4409 0.5140 0.5923 0.6411 15
16 0.3383 0.4259 0.4973 0.5742 0.6226 16
17 0.3271 0.4124 0.4821 0.5577 0.6055 17
18 0.3170 0.4000 0.4683 0.5425 0.5897 18
19 0.3077 0.3887 0.4555 0.5285 0.5751 19
20 0.2992 0.3783 0.4438 0.5155 0.5614 20
21 0.2914 0.3687 0.4329 0.5034 0.5487 21
22 0.2841 0.3598 0.4227 0.4921 0.5368 22
23 0.2774 0.3515 0.4132 0.4815 0.5256 23
24 0.2711 0.3438 0.4044 0.4716 0.5151 24
25 0.2653 0.3365 0.3961 0.4622 0.5052 25
26 0.2598 0.3297 0.3882 0.4534 0.4958 26
27 0.2546 0.3233 0.3809 0.4451 0.4869 27
28 0.2497 0.3172 0.3739 0.4372 0.4785 28
29 0.2451 0.3115 0.3673 0.4297 0.4705 29
30 0.2407 0.3061 0.3610 0.4226 0.4629 30
31 0.2366 0.3009 0.3550 0.4158 0.4556 31
32 0.2327 0.2960 0.3494 0.4093 0.4487 32
33 0.2289 0.2913 0.3440 0.4032 0.4421 33
34 0.2254 0.2869 0.3388 0.3972 0.4357 34
35 0.2220 0.2826 0.3338 0.3916 0.4296 35
36 0.2187 0.2785 0.3291 0.3862 0.4238 36
37 0.2156 0.2746 0.3246 0.3810 0.4182 37
38 0.2126 0.2709 0.3202 0.3760 0.4128 38
39 0.2097 0.2673 0.3160 0.3712 0.4076 39
40 0.2070 0.2638 0.3120 0.3665 0.4026 40
41 0.2043 0.2605 0.3081 0.3621 0.3978 41
42 0.2018 0.2573 0.3044 0.3578 0.3932 42
43 0.1993 0.2542 0.3008 0.3536 0.3887 43
44 0.1970 0.2512 0.2973 0.3496 0.3843 44
45 0.1947 0.2483 0.2940 0.3457 0.3801 45
46 0.1925 0.2455 0.2907 0.3420 0.3761 46
47 0.1903 0.2429 0.2876 0.3384 0.3721 47
48 0.1883 0.2403 0.2845 0.3348 0.3683 48
49 0.1863 0.2377 0.2816 0.3314 0.3646 49
50 0.1843 0.2353 0.2787 0.3281 0.3610 50
60 0.1678 0.2144 0.2542 0.2997 0.3301 60
70 0.1550 0.1982 0.2352 0.2776 0.3060 70
80 0.1448 0.1852 0.2199 0.2597 0.2864 80
90 0.1364 0.1745 0.2072 0.2449 0.2702 90
100 0.1292 0.1654 0.1966 0.2324 0.2565 100
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Table 9: Critical Values of Spearman’s Rank Correlation Coefficient

The table gives the critical values, for different significance levels, of Spearman’s rank correlation 
coefficient, rs, for varying sample sizes, n.  Since rs is discrete, exact significance levels cannot be obtained 
in most cases.  The critical values given are those with significance levels closest to the stated value.

One tail 10% 5% 2.5% 1% 0.5% One tail
Two tail 20% 10% 5% 2% 1% Two tail
n n
4 1.0000 1.0000 1.0000 1.0000 1.0000 4
5 0.7000 0.9000 0.9000 1.0000 1.0000 5
6 0.6571 0.7714 0.8286 0.9429 0.9429 6
7 0.5714 0.6786 0.7857 0.8571 0.8929 7
8 0.5476 0.6429 0.7381 0.8095 0.8571 8
9 0.4833 0.6000 0.6833 0.7667 0.8167 9
10 0.4424 0.5636 0.6485 0.7333 0.7818 10
11 0.4182 0.5273 0.6091 0.7000 0.7545 11
12 0.3986 0.5035 0.5874 0.6713 0.7273 12
13 0.3791 0.4780 0.5604 0.6484 0.6978 13
14 0.3670 0.4593 0.5385 0.6220 0.6747 14
15 0.3500 0.4429 0.5179 0.6000 0.6536 15
16 0.3382 0.4265 0.5029 0.5824 0.6324 16
17 0.3271 0.4124 0.4821 0.5577 0.6055 17
18 0.3170 0.4000 0.4683 0.5425 0.5897 18
19 0.3077 0.3887 0.4555 0.5285 0.5751 19
20 0.2992 0.3783 0.4438 0.5155 0.5614 20
21 0.2914 0.3687 0.4329 0.5034 0.5487 21
22 0.2841 0.3598 0.4227 0.4921 0.5368 22
23 0.2774 0.3515 0.4132 0.4815 0.5256 23
24 0.2711 0.3438 0.4044 0.4716 0.5151 24
25 0.2653 0.3365 0.3961 0.4622 0.5052 25
26 0.2598 0.3297 0.3882 0.4534 0.4958 26
27 0.2546 0.3233 0.3809 0.4451 0.4869 27
28 0.2497 0.3172 0.3739 0.4372 0.4785 28
29 0.2451 0.3115 0.3673 0.4297 0.4705 29
30 0.2407 0.3061 0.3610 0.4226 0.4629 30
31 0.2366 0.3009 0.3550 0.4158 0.4556 31
32 0.2327 0.2960 0.3494 0.4093 0.4487 32
33 0.2289 0.2913 0.3440 0.4032 0.4421 33
34 0.2254 0.2869 0.3388 0.3972 0.4357 34
35 0.2220 0.2826 0.3338 0.3916 0.4296 35
36 0.2187 0.2785 0.3291 0.3862 0.4238 36
37 0.2156 0.2746 0.3246 0.3810 0.4182 37
38 0.2126 0.2709 0.3202 0.3760 0.4128 38
39 0.2097 0.2673 0.3160 0.3712 0.4076 39
40 0.2070 0.2638 0.3120 0.3665 0.4026 40
41 0.2043 0.2605 0.3081 0.3621 0.3978 41
42 0.2018 0.2573 0.3044 0.3578 0.3932 42
43 0.1993 0.2542 0.3008 0.3536 0.3887 43
44 0.1970 0.2512 0.2973 0.3496 0.3843 44
45 0.1947 0.2483 0.2940 0.3457 0.3801 45
46 0.1925 0.2455 0.2907 0.3420 0.3761 46
47 0.1903 0.2429 0.2876 0.3384 0.3721 47
48 0.1883 0.2403 0.2845 0.3348 0.3683 48
49 0.1863 0.2377 0.2816 0.3314 0.3646 49
50 0.1843 0.2353 0.2787 0.3281 0.3610 50
60 0.1678 0.2144 0.2542 0.2997 0.3301 60
70 0.1550 0.1982 0.2352 0.2776 0.3060 70
80 0.1448 0.1852 0.2199 0.2597 0.2864 80
90 0.1364 0.1745 0.2072 0.2449 0.2702 90
100 0.1292 0.1654 0.1966 0.2324 0.2565 100
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p 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 p
x n 20 x
0 0.8179 0.6676 0.5438 0.4420 0.3585 0.2901 0.2342 0.1887 0.1516 0.1216 0.0388 0.0115 0.0032 0.0008 0.0002 0.0000 0.0000 0.0000 0
1 0.9831 0.9401 0.8802 0.8103 0.7358 0.6605 0.5869 0.5169 0.4516 0.3917 0.1756 0.0692 0.0243 0.0076 0.0021 0.0005 0.0001 0.0000 1
2 0.9990 0.9929 0.9790 0.9561 0.9245 0.8850 0.8390 0.7879 0.7334 0.6769 0.4049 0.2061 0.0913 0.0355 0.0121 0.0036 0.0009 0.0002 2
3 1.0000 0.9994 0.9973 0.9926 0.9841 0.9710 0.9529 0.9294 0.9007 0.8670 0.6477 0.4114 0.2252 0.1071 0.0444 0.0160 0.0049 0.0013 3
4 1.0000 0.9997 0.9990 0.9974 0.9944 0.9893 0.9817 0.9710 0.9568 0.8298 0.6296 0.4148 0.2375 0.1182 0.0510 0.0189 0.0059 4
5 1.0000 0.9999 0.9997 0.9991 0.9981 0.9962 0.9932 0.9887 0.9327 0.8042 0.6172 0.4164 0.2454 0.1256 0.0553 0.0207 5
6 1.0000 1.0000 0.9999 0.9997 0.9994 0.9987 0.9976 0.9781 0.9133 0.7858 0.6080 0.4166 0.2500 0.1299 0.0577 6
7 1.0000 1.0000 0.9999 0.9998 0.9996 0.9941 0.9679 0.8982 0.7723 0.6010 0.4159 0.2520 0.1316 7
8 1.0000 1.0000 0.9999 0.9987 0.9900 0.9591 0.8867 0.7624 0.5956 0.4143 0.2517 8
9 1.0000 0.9998 0.9974 0.9861 0.9520 0.8782 0.7553 0.5914 0.4119 9
10 1.0000 0.9994 0.9961 0.9829 0.9468 0.8725 0.7507 0.5881 10
11 0.9999 0.9991 0.9949 0.9804 0.9435 0.8692 0.7483 11
12 1.0000 0.9998 0.9987 0.9940 0.9790 0.9420 0.8684 12
13 1.0000 0.9997 0.9985 0.9935 0.9786 0.9423 13
14 1.0000 0.9997 0.9984 0.9936 0.9793 14
15 1.0000 0.9997 0.9985 0.9941 15
16 1.0000 0.9997 0.9987 16
17 1.0000 0.9998 17
18 1.0000 18
x n 25 x
0 0.7778 0.6035 0.4670 0.3604 0.2774 0.2129 0.1630 0.1244 0.0946 0.0718 0.0172 0.0038 0.0008 0.0001 0.0000 0.0000 0.0000 0.0000 0
1 0.9742 0.9114 0.8280 0.7358 0.6424 0.5527 0.4696 0.3947 0.3286 0.2712 0.0931 0.0274 0.0070 0.0016 0.0003 0.0001 0.0000 0.0000 1
2 0.9980 0.9868 0.9620 0.9235 0.8729 0.8129 0.7466 0.6768 0.6063 0.5371 0.2537 0.0982 0.0321 0.0090 0.0021 0.0004 0.0001 0.0000 2
3 0.9999 0.9986 0.9938 0.9835 0.9659 0.9402 0.9064 0.8649 0.8169 0.7636 0.4711 0.2340 0.0962 0.0332 0.0097 0.0024 0.0005 0.0001 3
4 1.0000 0.9999 0.9992 0.9972 0.9928 0.9850 0.9726 0.9549 0.9314 0.9020 0.6821 0.4207 0.2137 0.0905 0.0320 0.0095 0.0023 0.0005 4
5 1.0000 0.9999 0.9996 0.9988 0.9969 0.9935 0.9877 0.9790 0.9666 0.8385 0.6167 0.3783 0.1935 0.0826 0.0294 0.0086 0.0020 5
6 1.0000 1.0000 0.9998 0.9995 0.9987 0.9972 0.9946 0.9905 0.9305 0.7800 0.5611 0.3407 0.1734 0.0736 0.0258 0.0073 6
7 1.0000 0.9999 0.9998 0.9995 0.9989 0.9977 0.9745 0.8909 0.7265 0.5118 0.3061 0.1536 0.0639 0.0216 7
8 1.0000 1.0000 0.9999 0.9998 0.9995 0.9920 0.9532 0.8506 0.6769 0.4668 0.2735 0.1340 0.0539 8
9 1.0000 1.0000 0.9999 0.9979 0.9827 0.9287 0.8106 0.6303 0.4246 0.2424 0.1148 9
10 1.0000 0.9995 0.9944 0.9703 0.9022 0.7712 0.5858 0.3843 0.2122 10
11 0.9999 0.9985 0.9893 0.9558 0.8746 0.7323 0.5426 0.3450 11
12 1.0000 0.9996 0.9966 0.9825 0.9396 0.8462 0.6937 0.5000 12
13 0.9999 0.9991 0.9940 0.9745 0.9222 0.8173 0.6550 13
14 1.0000 0.9998 0.9982 0.9907 0.9656 0.9040 0.7878 14
15 1.0000 0.9995 0.9971 0.9868 0.9560 0.8852 15
16 0.9999 0.9992 0.9957 0.9826 0.9461 16
17 1.0000 0.9998 0.9988 0.9942 0.9784 17
18 1.0000 0.9997 0.9984 0.9927 18
19 0.9999 0.9996 0.9980 19
20 1.0000 0.9999 0.9995 20
21 1.0000 0.9999 21
22 1.0000 22
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p 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 p
x n 30 x
0 0.7397 0.5455 0.4010 0.2939 0.2146 0.1563 0.1134 0.0820 0.0591 0.0424 0.0076 0.0012 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0
1 0.9639 0.8795 0.7731 0.6612 0.5535 0.4555 0.3694 0.2958 0.2343 0.1837 0.0480 0.0105 0.0020 0.0003 0.0000 0.0000 0.0000 0.0000 1
2 0.9967 0.9783 0.9399 0.8831 0.8122 0.7324 0.6487 0.5654 0.4855 0.4114 0.1514 0.0442 0.0106 0.0021 0.0003 0.0000 0.0000 0.0000 2
3 0.9998 0.9971 0.9881 0.9694 0.9392 0.8974 0.8450 0.7842 0.7175 0.6474 0.3217 0.1227 0.0374 0.0093 0.0019 0.0003 0.0000 0.0000 3
4 1.0000 0.9997 0.9982 0.9937 0.9844 0.9685 0.9447 0.9126 0.8723 0.8245 0.5245 0.2552 0.0979 0.0302 0.0075 0.0015 0.0002 0.0000 4
5 1.0000 0.9998 0.9989 0.9967 0.9921 0.9838 0.9707 0.9519 0.9268 0.7106 0.4275 0.2026 0.0766 0.0233 0.0057 0.0011 0.0002 5
6 1.0000 0.9999 0.9994 0.9983 0.9960 0.9918 0.9848 0.9742 0.8474 0.6070 0.3481 0.1595 0.0586 0.0172 0.0040 0.0007 6
7 1.0000 0.9999 0.9997 0.9992 0.9980 0.9959 0.9922 0.9302 0.7608 0.5143 0.2814 0.1238 0.0435 0.0121 0.0026 7
8 1.0000 1.0000 0.9999 0.9996 0.9990 0.9980 0.9722 0.8713 0.6736 0.4315 0.2247 0.0940 0.0312 0.0081 8
9 1.0000 0.9999 0.9998 0.9995 0.9903 0.9389 0.8034 0.5888 0.3575 0.1763 0.0694 0.0214 9
10 1.0000 1.0000 0.9999 0.9971 0.9744 0.8943 0.7304 0.5078 0.2915 0.1350 0.0494 10
11 1.0000 0.9992 0.9905 0.9493 0.8407 0.6548 0.4311 0.2327 0.1002 11
12 0.9998 0.9969 0.9784 0.9155 0.7802 0.5785 0.3592 0.1808 12
13 1.0000 0.9991 0.9918 0.9599 0.8737 0.7145 0.5025 0.2923 13
14 0.9998 0.9973 0.9831 0.9348 0.8246 0.6448 0.4278 14
15 0.9999 0.9992 0.9936 0.9699 0.9029 0.7691 0.5722 15
16 1.0000 0.9998 0.9979 0.9876 0.9519 0.8644 0.7077 16
17 0.9999 0.9994 0.9955 0.9788 0.9286 0.8192 17
18 1.0000 0.9998 0.9986 0.9917 0.9666 0.8998 18
19 1.0000 0.9996 0.9971 0.9862 0.9506 19
20 0.9999 0.9991 0.9950 0.9786 20
21 1.0000 0.9998 0.9984 0.9919 21
22 1.0000 0.9996 0.9974 22
23 0.9999 0.9993 23
24 1.0000 0.9998 24
25 1.0000 25
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p 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 p
x n 40 x
0 0.6690 0.4457 0.2957 0.1954 0.1285 0.0842 0.0549 0.0356 0.0230 0.0148 0.0015 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0
1 0.9393 0.8095 0.6615 0.5210 0.3991 0.2990 0.2201 0.1594 0.1140 0.0805 0.0121 0.0015 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 1
2 0.9925 0.9543 0.8822 0.7855 0.6767 0.5665 0.4625 0.3694 0.2894 0.2228 0.0486 0.0079 0.0010 0.0001 0.0000 0.0000 0.0000 0.0000 2
3 0.9993 0.9918 0.9686 0.9252 0.8619 0.7827 0.6937 0.6007 0.5092 0.4231 0.1302 0.0285 0.0047 0.0006 0.0001 0.0000 0.0000 0.0000 3
4 1.0000 0.9988 0.9933 0.9790 0.9520 0.9104 0.8546 0.7868 0.7103 0.6290 0.2633 0.0759 0.0160 0.0026 0.0003 0.0000 0.0000 0.0000 4
5 0.9999 0.9988 0.9951 0.9861 0.9691 0.9419 0.9033 0.8535 0.7937 0.4325 0.1613 0.0433 0.0086 0.0013 0.0001 0.0000 0.0000 5
6 1.0000 0.9998 0.9990 0.9966 0.9909 0.9801 0.9624 0.9361 0.9005 0.6067 0.2859 0.0962 0.0238 0.0044 0.0006 0.0001 0.0000 6
7 1.0000 0.9998 0.9993 0.9977 0.9942 0.9873 0.9758 0.9581 0.7559 0.4371 0.1820 0.0553 0.0124 0.0021 0.0002 0.0000 7
8 1.0000 0.9999 0.9995 0.9985 0.9963 0.9919 0.9845 0.8646 0.5931 0.2998 0.1110 0.0303 0.0061 0.0009 0.0001 8
9 1.0000 0.9999 0.9997 0.9990 0.9976 0.9949 0.9328 0.7318 0.4395 0.1959 0.0644 0.0156 0.0027 0.0003 9
10 1.0000 0.9999 0.9998 0.9994 0.9985 0.9701 0.8392 0.5839 0.3087 0.1215 0.0352 0.0074 0.0011 10
11 1.0000 1.0000 0.9999 0.9996 0.9880 0.9125 0.7151 0.4406 0.2053 0.0709 0.0179 0.0032 11
12 1.0000 0.9999 0.9957 0.9568 0.8209 0.5772 0.3143 0.1285 0.0386 0.0083 12
13 1.0000 0.9986 0.9806 0.8968 0.7032 0.4408 0.2112 0.0751 0.0192 13
14 0.9996 0.9921 0.9456 0.8074 0.5721 0.3174 0.1326 0.0403 14
15 0.9999 0.9971 0.9738 0.8849 0.6946 0.4402 0.2142 0.0769 15
16 1.0000 0.9990 0.9884 0.9367 0.7978 0.5681 0.3185 0.1341 16
17 0.9997 0.9953 0.9680 0.8761 0.6885 0.4391 0.2148 17
18 0.9999 0.9983 0.9852 0.9301 0.7911 0.5651 0.3179 18
19 1.0000 0.9994 0.9937 0.9637 0.8702 0.6844 0.4373 19
20 0.9998 0.9976 0.9827 0.9256 0.7870 0.5627 20
21 1.0000 0.9991 0.9925 0.9608 0.8669 0.6821 21
22 0.9997 0.9970 0.9811 0.9233 0.7852 22
23 0.9999 0.9989 0.9917 0.9595 0.8659 23
24 1.0000 0.9996 0.9966 0.9804 0.9231 24
25 0.9999 0.9988 0.9914 0.9597 25
26 1.0000 0.9996 0.9966 0.9808 26
27 0.9999 0.9988 0.9917 27
28 1.0000 0.9996 0.9968 28
29 0.9999 0.9989 29
30 1.0000 0.9997 30
31 0.9999 31
32 1.0000 32
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p 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 p
x n 50 x
0 0.6050 0.3642 0.2181 0.1299 0.0769 0.0453 0.0266 0.0155 0.0090 0.0052 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0
1 0.9106 0.7358 0.5553 0.4005 0.2794 0.1900 0.1265 0.0827 0.0532 0.0338 0.0029 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1
2 0.9862 0.9216 0.8108 0.6767 0.5405 0.4162 0.3108 0.2260 0.1605 0.1117 0.0142 0.0013 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 2
3 0.9984 0.9822 0.9372 0.8609 0.7604 0.6473 0.5327 0.4253 0.3303 0.2503 0.0460 0.0057 0.0005 0.0000 0.0000 0.0000 0.0000 0.0000 3
4 0.9999 0.9968 0.9832 0.9510 0.8964 0.8206 0.7290 0.6290 0.5277 0.4312 0.1121 0.0185 0.0021 0.0002 0.0000 0.0000 0.0000 0.0000 4
5 1.0000 0.9995 0.9963 0.9856 0.9622 0.9224 0.8650 0.7919 0.7072 0.6161 0.2194 0.0480 0.0070 0.0007 0.0001 0.0000 0.0000 0.0000 5
6 0.9999 0.9993 0.9964 0.9882 0.9711 0.9417 0.8981 0.8404 0.7702 0.3613 0.1034 0.0194 0.0025 0.0002 0.0000 0.0000 0.0000 6
7 1.0000 0.9999 0.9992 0.9968 0.9906 0.9780 0.9562 0.9232 0.8779 0.5188 0.1904 0.0453 0.0073 0.0008 0.0001 0.0000 0.0000 7
8 1.0000 0.9999 0.9992 0.9973 0.9927 0.9833 0.9672 0.9421 0.6681 0.3073 0.0916 0.0183 0.0025 0.0002 0.0000 0.0000 8
9 1.0000 0.9998 0.9993 0.9978 0.9944 0.9875 0.9755 0.7911 0.4437 0.1637 0.0402 0.0067 0.0008 0.0001 0.0000 9
10 1.0000 0.9998 0.9994 0.9983 0.9957 0.9906 0.8801 0.5836 0.2622 0.0789 0.0160 0.0022 0.0002 0.0000 10
11 1.0000 0.9999 0.9995 0.9987 0.9968 0.9372 0.7107 0.3816 0.1390 0.0342 0.0057 0.0006 0.0000 11
12 1.0000 0.9999 0.9996 0.9990 0.9699 0.8139 0.5110 0.2229 0.0661 0.0133 0.0018 0.0002 12
13 1.0000 0.9999 0.9997 0.9868 0.8894 0.6370 0.3279 0.1163 0.0280 0.0045 0.0005 13
14 1.0000 0.9999 0.9947 0.9393 0.7481 0.4468 0.1878 0.0540 0.0104 0.0013 14
15 1.0000 0.9981 0.9692 0.8369 0.5692 0.2801 0.0955 0.0220 0.0033 15
16 0.9993 0.9856 0.9017 0.6839 0.3889 0.1561 0.0427 0.0077 16
17 0.9998 0.9937 0.9449 0.7822 0.5060 0.2369 0.0765 0.0164 17
18 0.9999 0.9975 0.9713 0.8594 0.6216 0.3356 0.1273 0.0325 18
19 1.0000 0.9991 0.9861 0.9152 0.7264 0.4465 0.1974 0.0595 19
20 0.9997 0.9937 0.9522 0.8139 0.5610 0.2862 0.1013 20
21 0.9999 0.9974 0.9749 0.8813 0.6701 0.3900 0.1611 21
22 1.0000 0.9990 0.9877 0.9290 0.7660 0.5019 0.2399 22
23 0.9996 0.9944 0.9604 0.8438 0.6134 0.3359 23
24 0.9999 0.9976 0.9793 0.9022 0.7160 0.4439 24
25 1.0000 0.9991 0.9900 0.9427 0.8034 0.5561 25
26 0.9997 0.9955 0.9686 0.8721 0.6641 26
27 0.9999 0.9981 0.9840 0.9220 0.7601 27
28 1.0000 0.9993 0.9924 0.9556 0.8389 28
29 0.9997 0.9966 0.9765 0.8987 29
30 0.9999 0.9986 0.9884 0.9405 30
31 1.0000 0.9995 0.9947 0.9675 31
32 0.9998 0.9978 0.9836 32
33 0.9999 0.9991 0.9923 33
34 1.0000 0.9997 0.9967 34
35 0.9999 0.9987 35
36 1.0000 0.9995 36
37 0.9998 37
38 1.0000 38
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