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Abstract

The thermofield dynamics, a real-time formalism for finite temperature
quantum field theory (TFD), is used to calculate the rates for ete™ reac-
tions at finite temperature and for the pion production. The results indicate
that temperature plays an important role in defining the possible hadronic
state after the plasma has cooled down. It is also utilised to define the
fragmentation function at high energy experiments. The definition of the
fragmentation is extended to finite temperature. The results at T = 0 and
T # 0 are compared. In general, we find that the fragmentation function
decreases in magnitude. At the end, this formulation of Quantum field
theory (TFD) as well as LvN approach are extended to define two-point
correlators at finite ¢ and 7', and time-dependent Green-functions for open
systems. We obtain results for two-point correlators, the Green-functions
for scalar field and ¢* field theory to second order and for Green-functions

for fermions.
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Introduction.

Nowadays, it is not clear whether a form of deconfined hadronic matter exists in the
universe. Such a state could be probably investigated in the laboratory (RHIC ex-
periments) to detect this new hadronic matter called the quark gluon plasma (QGP
for short). This is some sort of a soup of quarks and gluons moving at hight temper-
ature[1],[2]. Usual predictions for such a state of matter is performed, using pertur-
bative quantum chromodynamics (QCD) and statistical mechanics models[3],[4],[5],[6]
. All experiments with colliders have been carried out within this theoretical frame-
work of quantum field thory. Such experiments are for instance: (i) pp collisions [7];
(ii) Drell-Yang processes [7].(iii) The e*e™ annihilation process[8][9][10][11][12][13][14].
The latter could be considered as a huge factory of information to investigate quark
interaction. It provides us with a good test for QCD at hight energies. For other energy
scales, some insight is obtained on the phenomenological models of quark interactions.
Moreover, it is the cleanest arena in where we can study in detail electroweak annihi-
lation with an almost asymptotically free initial quark-antiquark pair at very large Q2
with a QCD color field appropriate for the production of various light quark mesons,
the most fundamental and elementary tests of the color field behaviour. Experimen-
tally, the large electron-positron machine (LEP) which was running recently due to its
success through a decade of successful operation, providing a wealth of precise data
on the electroweak and the strong interactions using multipurpose detectors ALEPH,
DELPHI, L3 and OPAL [15][16]. The LEP colliders operated at energies above the Z°

resonance threshold :

Vs = Eem = Myo.c?
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where Mo is the Z° boson mass and c is the velocity of light. Mainly, the basic
prediction of the standard model of electroweak interaction, for fermion-antifermion
production annihilation around the Z° resonances are sketched in this process. The
measured cross section for W-pair production ete™ — WTW ™ (v) is pursued. Using
QCD events in eTe™ annihilation, jet events were also studied within the framework of
hadronization. Annihilation ( eTe™ ) process is the most reliable and suitable process
for the study of multiparticle production in jet physics. In accordance with QCD, it

can be realized throught the production of v or Z° boson into two quarks
efe” = (2°/) > aq

Some hadronisation models were proposed [8]. In such models, hadronization occurs
through the ete™ annihilation process. They then undergo Q? evolution via a virtual
photon and fragment into hadrons. Light hadron physics at the B factories gives a
good account of clusters of hadronic matter that are obtained in different channels
[13]. Annihihilation and QCD give different fragmentation processes (7 production
for instance) in the Z° channel [11],[12]. A measurement of the total cross section for
ete™ — hadrons at /s = 10.25 Gev was made using the CLEO detector at the Cornell
Electron Storage Ring (Ref. [17] of chapter 6). The last but not the least, new results
from Novosibirsk and Beijing on the low energy eTe™ annihilation into hadrons have
been described [12]. Brief reviews on e*e™ annihilation process are given in the books
by Kapusta [6], Le bellac [5].

The effect of temperature arises in a number of questions concerning details of the
production mechanisms and have been already treated, extensively in ultrarelativistic
heavy ion collisions [17],[18],[19]. The first order correction to the decay rate of dilepton
pair produced in a thermalized medium are examined using the real time formalism
proposed by Baier, Pire,Schiff [20],[21]. A vanishing chemical potential has been as-
sumed for simplicity. Our focus is to analyse the effect of temperature on the decay
rate, particularly, for hadron production and 7% production using real time formalism
at the tree level.

Indeed, the motivation is the following :

-our work, first of all, follows Rakhimov and Khanna original work [22] on calcu-
lating decay rates for different reactions using the real-time formalism. The plotting

of graphical representations (Fig. 1, Fig. 2, of chapter 5; Fig. 4 of chapter 6) of



different decay rates phenomena, when temperature increases for each process. Nu-
merous attempts have been made using to account for thermal effects during dilepton
production [20],[21]. There is a need to develop of a finite temperature field theory
which could provide such answers. Several methods has been proposed. One formalism
using Wick rotation was proposed by Matsubara [23],[24],[25],[26], the imaginary-time
formalism. An extension of Matsubara work to quantum field theory was carried out
by Ezawa,Tomozawa and Umezawa[23],[24]. A real-time formalism, the closed-time
path formulation,was proposed by Schwinger [27], Mahanthapa and Bakhshi [28], and
Keldysh [29]. This approch uses a closed contour in the complex plane. This requires
a doubling of the degrees of freedom of the theory such that the green function is
represented by a 2*2 matrices. Umezawa and Takahashi introduced the method of
Thermo-field Dynamics (TFD) that introduced a second Hilbert space. Bogoliubov
transformation is used to mix states in the two Hilbert spaces. In equilibrium, all three
methods are equivalent. Howeve, the objective of real-time theories was to extend the
formalism to non-equilibrium processes.This has not been achieved as yet. Our calcu-
lation is directed to study total non-polarised decay rates at finite temperature in the
laboratory frame for ete™ annihilation process giving rise to hadronique matter within
a heat bath ( QGP). We have obtained results for various centre of mass energies and
different chemical potentials. The nature of the hadrons is specified by the value of
centre of mass energy /s. Two areas are considered : the production of bound states
heavy quarks which can be treated by an effective field theory ( EFT) (Refs. [8],[15] of
chapter 8). The technical calculation uses Wick’s theorem developed in [31],[32]. We
also consider an example of hadronisation into 7% (light mesons).

To further investigate the hadronization phenomenon of quarks in QGP, we study
specific fragmentation functions at finite temperature. The latter are determined in a
universal manner by the direct calculation of appropriate Feynmann diagrams (Refs.
[1],[2],[3],[4],[8],[15] of chapter 8). Using this definition, we find anultraviolette diver-
gence in Wilson line during the calculation which can be handled by a renormalisation
procedure. We interpret this divergence due to a thermal bath of quarks and gluons
moving freely in a quenched medium.The fragmentation function is in part the same
as the one found by Ma (Ref. [8] of chapter 8). In the sequence, we perform a direct
calculation using Wilson lines (Refs. [32],[34] of chapter 8) in a general gauge and plot
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the curve in the light cone gauge (Ref. [5] of chapter 8). The results satisfy zero limit
(Fig. 8 of chapter 8).

In conclusion, and in the entire analytic work, together with the results obtained
for the curves,we beleive that, the probability of hadronisation of quarks and gluons
within a QGP is diminishing as the temperature goes up (Fig. 1,Fig. 2 of chapter 5;
Fig. 4 of chapter 6; Fig. 8 of chapter 8).

The thesis is organized as follows :

Chapter 1 : we give a brief introduction about our work and the organization of
the chapters.

Chapter 2 : in the introductory chapter, we examin the fundamental and remar-
quable aspect of TFD which is the doubling of the Hilbert space and the corresponding
degrees of freedom of the thermal field quantized. It has been suggested by the intro-
duction of the density matrix related to Gibbs ensemble in the introductory chapter
of TFD [3],4],[5],[6]. Our work requires the evaluation of statistical mean values which
leads us to the calculation of causal green functions using T-products at finite tem-
perature. Because of doubling of the degrees of freedom, these functions transform as
matrices [3],[4],[5],[6],[23],[24],[25],[26].

Chapter 3 : we give classical examples of T.F.D : the thermal oscillators based on
Umezawa original paper [24]. The material can also be found in [3],[4],[5],[6].

Chapter 4 : this chapter deals essentially with an introduction to TFD stressing on
the use of Wicks theorem [5],[25],[31].

Chapter 5 : an introductory chapter about scattering processes at finite temperature
is provided. The main material could also be found mainly in [3],[4],[5],[6],[22],[23],[24],[25],[26].

Chapter 6 : We have examine the hadronization phenomenon of quarks and gluons
within a heat bath (QGP medium with color confinment). We have elaborated a tech-
nique for calculation of the total non-polarized cross section of hadronization of the
eTe annihilation process using one photon annihilation at finite 7" and for different
centre of mass energies :1/s = 2¢g = 10GeV,100GeV and different chemical potential
values ;i = 0,400Mev . The technique uses Wick’s theorem. The medium is non-
abelian and without emission of gluons. We work in the light cone region: z? ~ 0.
To calculate oy at T # 0, we follow the lines of reference [22] using Wick’s theo-
rem method. Then the total cross section will be redefined over the thermal vaccum

|0(8)).Then the whole machinary at 7' = 0 can be reproduced at T' # 0.The results



during the hadronization phenomenon allow us to exhibit the nature of the hadrons.The
curves can be plotted in two dimensions with MATHEMATICA (Figs. 3a-3e of chapter
6). The hadronsformed could be heavy hadrons or light hadrons depending on the
energy regimes. The secondremark is that the formation of hadrons is diminished more
or less when temperature increases compared to the formation of hadrons within the
heat bath. The heavy quarks are distributed over the curves far from the axis and
hadronise for centre of mass of high energy far from the axis.

Chapter 7 : we examine an example of hadronization with the formation of a bound
state gq of a meson. The method used is the real-time method at finite temperature, in
other words the canonical method. The result obtained shows as previously that when
the temperature increases, the hadronization of quarks into a m meson is lowered. This
result is in accordance with the general case.

Chapter 8 : the hadronization phenomenon of quarks is examined within a QGP. We
use an analytic model where we elaborate an algebraic method relying on the definition
of the fragmentation function of a rapid quark to a hadron, ¢g, without spin.The
Feynman diagram technics (Refs. [8],[15] of chapter 8) is used to derive fragmentation
functions for heavy quarks and heavy quark effective field theories (HQET) (Ref. [15]
of chapter 8). We attempt to give an expression for the fragmentation function at
finite T" for a hadron as a bound state of two heavy quarks without spin. We inside the
case of a fast moving quark with an exchange of a hard photon. It should be stressed
that in the case of finite temperature, the statistical weights of thermal distributions of
Bose-Eimstein and Fermi-Dirac statistics arise naturally in the calculation without need
to define them in the hadronic tensor formula [30]. We note that the fragmentation
function decreases with the temperature. This result is in accord with the preceding
calculations.This result is to be confirmed experimentally. Limit cases are discussed for
low and high temperatures in a general gauge and a curve is plotted for the light cone
gauge.

Chapter 9 : In this chapter, A real-time-dependent finite-temperature formulation
of Quantum field theory (TFD) as well as Liouville von-Neumann approach are utilised
to define two-point correlators at finite ¢ and 7', and time-dependent Green-functions for
open systems. Nonequilibrium TFD is used to obtain results for two-point correlators

and the Green-functions for scalar field, ¢* field theory and for fermions.
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2

Introduction to the Formalism of Thermofield
Dynamics (TFD)

In this chapter we present a review of the real-time formalism for quantum field theory
at finite temperature. This review is based on the references [1],[2],[3],[4],[5],[6],[7]. We
emphasize in the presentation some aspects of the formalism that will be useful in the
following chapters. Other aspects of this method can be found in the references above

mentioned.

2.1 Introductory TFD.

The essential quantity in the statistical mechanics in thermal equilibrium is the statis-

tical average of a quantity A, say, over the grand canonical ensemble at temperature

T given by
(A) = Z7Y(B)Tr [Ae—/ﬂ , (2.1)
where
N = H—uN,
Z28) = Tr(e™),
with

B = (kBT)_l.

Here H is the total hamiltonian of the system, p is the chemical potential and kg

is the Boltzmann constant. Thermofield dynamics is the operator formalism, which

13



>, INTRODUCTION TQ THE FORMALISM
OF THERMOFIELD DYNAMICS (TFD)

reproduces the thermal average of a statistical ensemble as an expectation value with
respect to ”temperature dependent vaccum”. Our aim will be achieved if we can con-
struct a field theory in which the statistical average of a quantity A is given by some
sort of expectation value rather than the trace operation. In other words, we try to
construct a representation in which the ”vaccum” expectation value coincides with the

statistical average defined by

(4) = 271 (B)Tr [e=™ 4] = (0(8)|4]0(8)) (2.2)

where, | O(3)) is the temperature dependent ”vaccum” state in a new space to be
constructed. We will give a general construction and general examples for this state in

the next sections.

2.2 Doubling of degrees of freedom and its meaning in

thermofield dynamics.

We will examine one fundamental and remarquable aspect of TFD which is the doubling
of degrees of freedom of the thermal fields quantized with the introduction of non-
physical fields ”the tilde fields” for each thermal field. Our suggestion is to interprete
this fictitious field as a hole in the heat bath. This has been suggested by the following
definition of the density matrix related to the Gibbs ensemble :

ps = alpa

pg = a,&aJf

which is a hermitian operator, and where a and a' are respectively the creation and
annihilation operators. Here, p is no more than the projector p =|){| of a state, say,
| n). We can find a similar interpretation from The Dirac field (the Dirac sea is full of
positive holes) or in the semi-conductor theory where the hole liberated by the electron
can be considered as a positive charge. The introduction of the thermal ” fields” is nec-
essary taking into account the fact that the energy spectra of the system in equilibrium
belong to an invariant hamiltonian by a symmetry operation called BOGOLIOUBOV
transformation. Under this transformation, MATSUBARA has shown that we should

introduce a thermal vacuum to describe statistical mean values. Therefore, we convert
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2.2 Doubling of degrees of freedom and its meaning in
thermofield dynamics.

a statistical mean value of an operator over different states |) to the mean value over

the thermal vacuum
(A)g=(0B) [A1OPB)=2"(B)>_ e (n|Aln) (2.3)

where, Z () =T'r (e*m) is the partition function allowing to describe a statistical
system in equilibrium and | n) the state of energy E,,.

The introduction of the BOGOLIOUBOV transformation allows one to write ther-
mal fields under the prescription of a vector of two dimensions (the matter was discussed
during a seminar on degree of freedom doubling : CNPDP, Tizi-Ouzou, Algiers : 29-30
Mai 2007).

2.2.1 General Consideration.

The doubling interpretation of the Hilbert space could be seen as follows. We define
the thermal vacuum by Eq.(2.3)

O@)1A10B)=2""(B)) (n| Aln)e " (2.4)

n

for an arbitrary observable A, where
N[ n)=Ep|n)

(n|m)=pm.

To construct the thermal vacuum | O (3)), we need to expand it in terms of | n) as
|OB) =Y fn(B) ] n). (2.5)
n
Substituting Eq.(2.5) into Eq.(2.4), we obtain

Fr(B) fn (B) = Z71(B) € Fn Gy (2.6)

which is impossible if we considere f, () as complex numbers. We observe that this
relation could be interpreted as an orthogonality condition in a Hilbert space in which
these coefficients could be considered as vectors. In other words, the state | O (5)) is a

vector in a space spanned by | n) and f,, (8) .So, in order to realise such a representation,

15
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we introduce a fictitious system, composed by the ”tilde fields”. The non-physical

system is characterized by the Hamiltonian H and the state vectors | 72)
N|7)=E,|n)
(n | m) = dpm.-
The matrix elements of the operator A is
(m,n | A|n';m'y=n|A|n)omm

and that corresponding to A is

Now, if we put
fn (B) =| )e PER2 2712 (), (2.7)
then, Eq.(2.6) is satisfied
Fi (B) fm (B) = Z7 (B) e PEn/2e™PEm/2 (i | i) (2.8)
=771 () e PEns,,,.

The state | O (/3)) can be constructed if we substitute Eq.(2.7) into Eq.(2.5)

10(B)) =272 (B)> e PE/2 | n i), (2.9)

n

We may then verify relation (2.4) directly as

O@) | A10(B) =271 (B)Y_ e P22 x (i, | A | m, i) (2.10)

n,m

=Z71(8)) e P x (n] Al n).

2.2.2 The meaning of the duplication of degrees of freedom
in TFD: thermo-algebras.

The doubling interpretation requires the introduction of an operation of symmetry to

the theory. This will provide an algebraic structure to TFD from the point of view of

symmetry. The introduction of a new state called the thermal vaccum state, | O (5)),

is necessary.

16
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2.2.3 Symmetry generators and observables.

The set of kinematical variables, say V | is a vector space of mappings in a certain
Hilbert space. The space V' is composed of two vector spaces : V = Vs @ Vyep, where
Vobs stands for the observables operators and Vg, for generators of the symmetry.
In classical theory, both operators describe the same quantity and are identical. In
quantum field theory, the symmetry generators and observables are quite different. For
instance, as we know, the generators of rotation L3 = ix10/0x9—ix20/0x1 and of space
translation P, = —id/0x; are considered as observables, the angular momentum and
linear momentum respectively. An infinitesimal rotation « around the x3 axis applied

to the momentum P; is
eliols) pre(=ials) ~ (1 4 jaLs) Py (1 — iaLs) = P) + ia[Ls, P1].

The commutator, expressing the effect of the rotation on the momentum is given
by
[Ls, P1| = LsPy — Py L3 = iPs.

Similarly, we write in general,

This shows that the generator of rotation changes the observable to another observ-
able i¢;;;P. This operator should be thought of as a generator of symmetry not as an

observable. An another example is the Lie algebra of the rotation group
[Li, L] = i€ijk L. (2.12)

In this case, the operator L; has a double meaning : a generartor of rotation and
angular momentum. Actually, there is no dynamical constraints as to consider the
observable and the generator of symmetry by the same variable. We are free to consider
the separation between the two different objects. An example for this separation may
be quoted in the following : H may be considered as the Hamiltonian of the theory ,

and H as the Liouvillian, the time evolution operator.
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2.2.4 Doubling of the Lie Algebra.

Let us denote by | = {a;,i = 1,---, s} the set of generators that span a Lie algbera over

R, the real field. In this set, there exists a Lie product denoted by
[ai,aj] = ijak,

where the sum over repeated indices is assumed. The c-numbers C’ikj characterize
the nature of the symmetry group. Further, the Lie product fulfills the condition of

antisymmetry
[ai7 a]] = _[aj7 ai}a

and the Jacobi identity,
[ai, [aj, ar]] + [ak, [ai, a5]] + [, [ar, ai]] = 0.
For the space of generators of [ , we write
[A;, Aj] = iCE Ay, (2.13)

where A; € Vgen-Althought Eq. (2.13) provides a representation for I the hat operators,
operators A have to be taken into account as well. Therefore we have additional

commutation relations among A and A

(A, Aj] = iDJ; Ap, (2.14)
(A, Aj] = z’EfjAk, (2.15)

Whereij ,

and (2.15) denote a Lie algebra [p which is a semidirect product of two subalgebras,

ij and Ef; are the structure constants to be fixed. Equations (2.14)

lr = Vyen ® Vops. The hat operators fll act on the observables A; as an infinitesimal
action of a symmetry resulting in another observable given by Z'DijAk.We can see this

by the following reasoning. The action of symmetry is specified by
eiaAiAje_io‘Ai =Aj(a).

Taylor expansion around « =~ 0 to first order, gives

A;(a) = Aj +a (‘%;’(i‘”)a_o

18
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moreover

emAiAjeimAi ~ Aj + ia[fli, AJ]

Taking « — 0 , we have
- [ 0A; (o)
[Ai, Aj} = —1 (aja )

Therefore, the action of symmetry is specified by the term

04; (0)

Jda
which is another observable. This allows us to determine the constants ij thus spec-
ifying the commutation relations between the hat operators of symmetry and the ob-

servables. Let’s take the angular momentum algebra of a spin system. We know that

a representation of sur (2) is given by
[gi, S’]] = ieijkgk
[SZ', S]] = ieiijk
[SZ‘, Sj] = iEiijk

where S; are the hat operators of symmetry and S; are the operators of spin. As a
consequence of the commutation relations, we have ij = ij = Ezk] = efy With this
example, we can assume that for our algebra I : Cikj = ij = Ezkj Gathering these

results , we write :

[Ai, Aj) = iCfAy,
[Ai, 45] = iCEAy,
[Ai, 45] = iCAy. (2.16)

These relations define a new representation in a thermal Hilbert space Np. This repre-

sentation will be called Thermal Lie algebra [1].

2.2.5 Tild conjugation rules.

In our work, we need, in most cases, to evaluate causal green functions at finite tem-
perature. Because of the doubling of degrees of freedom, these functions have matrix

representations in two dimensions of Nambu fields.
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Heisenberg fields are dependent on temperature via Bogoliubov transformations.
The calculation is done through additionel dual fields called the tild conjugation fields

as introduced above. The tild conjugation is introduced in the following manner. Let :

£(@)=£ (v (@),0 @)
the classical lagrangian. It is defined under the following rules :
élvOz =010,
010/1:—/0202 = cfél + 0302

= —1 for fermions
O:nFO,wherenF:{ 1 for bosons }

and ,

E(@) = £ @i (@), 0 @) = £ (91 @, 9" @)

The lagrangian density is :
and the total hamiltonian :

the dynamical equations for the fields are :

A@) ¥ (@) = j (v (@),0 ()

N @) (@) = j (0 (@) 0 @)
In the infinit past, the fields behave like quasi-particle fields ¢ (z) in the following
manner :
¥ (1)t — —00—27 (=iv7) ¢ (1)

G (2)t = —00—27 (—ivy) § (x)

with ,
A (9) ¢ (z) = OandA (8)* ¢ (z) = 0.
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where v/ is the Laplacian and A (0) is an operator to be described in the next subsection.
Now, to complete the formalism we go to the general case for our thermo-algebra. If
we define

A=A— A,
we find that the thermal algebra may be written

(4, Aj] = iC} Ag,

[A;, Aj] = —iC Ay,

This shows that a doubling has been introduced as a direct product in the vector
space of the thermal Hilbert space Nr describing the observables and the generators of
symmetry. This tild conjugation rule can be considered as a mapping in V' = V3, ®Vyen,
say, J : V. — V, such that

JAJ = A,

fulfilling the following conditions

(2.17)

These properties are called tild conjugation rules.

2.2.6 Thermal propagators and Green Functions in TFD.

The finite temperature field theory has been used to define response functions in many-
body systems, particularly mean value of physical observables such as energy, free
energy, entropy,etc . This requires the development of a technical calculation for phys-
ical mean values, therefore we should use, for instance, thermal propagators in real
time formalism to calculate the forward scattering at two loops. We consider in the

following, the causal green function :
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G2 (x —y) =0 (x0 —y0) (O (8) | 6* () 6™ () | O (8))FH (w0 — 90) (O (B) | 7" () ¢ (x) | O (B))
(2.18)
where 6 (z) is the heavisid function and | O (f)) is the vaccum at finite temperature.

The momentum representation of the green function is :

(2m)*

Most of the material of this section rely on references [6],[7],[8]. Further develop-

G (z—y) = /d4p exp (—ip (z — y)) G* (p) . (2.19)

ments could be found in references [1], [2] ,[3],[4].
We turn our attention to the Heisenbeg equation. Let H () denote the Hamiltonian
of the system which consists of an interacting Heisenberg field . Then, H is obtained

from H by the tild operation

H=H* <1/1> .
The total Hamiltonian H is given by
H=H-H.
The canonical equation 5
it = [, H]

leads to 5
it = = 0.4

which implies that H is the Hamiltonian of the fields ¢ and ¢. When £ (1) is the
Lagrangian which, throught the canonical formalism, leads to the Hamiltonian H, then
£=£* <1ﬁ*> is the lagrangian which leads to the Hamiltonian H. The total lagrangian
is: £L=£—£

When the system contains a large number of particles described by the field ¢, £ has
the form £ = £54 uN where p is the chemical potential and N is the number operator
of the original particles. Thus, the Hamiltonian H also contains the chemical potential
term (uN), and the energy is affected by temperature. Let’s consider some simple
examples and examine the Heisenberg equation of free fields at finite temperature.
Suppose a free field ¢ satisfying A (9) ¢ = 0, where the operator A (9) appears to have

three forms. Therefore, we distinguish three cases of free fields.
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O w(-iv)

=i —w

Fermion field. For the fermion field, the Heisenberg operator is
A (0
0) =iz,

and the doublet representation of the fields is
¢' () ) _ ( ¢ (x) )
o €)) o' (z)

(

(p)t +ipz)

where
1

¢ () =
(2m)

[t {awe@m)+a md@ @)} e

[ {awet@m)-a @)@ ) }exp i @)t - ipr)

($) = 3
(2m)>
the annihialtion and creation operators satisfy the following commutation relations
/

{a(p%aT (p’)} = {fi(p),dT (p)} =6(p-7)

The operators « (p) and & (p) are related to a (5, p) and a (5, p) throught the Bogoliubov
transformation. The energy w (p) is positive definite for bosons. For fermions, it could

be negative for certain values of p
a(p) = a(B,p)0(w (p)) —b(8,p) 0 (~w (p))
al (p) = a" (8,p) 0 (@ (p) + ' (8,p) 0 (= (p)) -

The causal green function is given by

Set(p) 52 (p) >

8% (p) = ( ;

st s
A remarquable fact is that the last equation can be cast in the following simple form
1 __ 9

po- e p)Fid 1 ) Ut (w (p)) (2:20)

po—w(p)—id

527 () = U (w (p)) ( ?

where the elements of the matrix are
11 (@ (p)) &> (w (p))
e ) e h () ib
12,y _ —c(@®)d(w(p)  c(@(p)d(=@(p))
) e s T - m () -
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o el @) d(@ @) | o) d@ ()
S W)= o6 T pow() —id

C@@) =)

22\ _
S )t =)0
and
_( c@@) d=p)
vl = Ty (Eon ) 220
¢(w (p)) and d (w (p)) satisfy Fermi-Dirac statistics
ePw(p)

@ 0) = gy @) = o 2:22)

Real Boson field. In the case of a boson field of real type, the Heisenberg

operator becomes

A@9) = z’% — @ (—iv) with,w (7) = 0,nF = 1.

and we introduce the same notation as before for the doublet field :

(26)=(50 )

Under the bogoliubov transformation , the fields are

6(0) = — [ @ {en (@) ) +ds (@ (1)) &' ()} exp (i () 1+ i)
(o)}

5(0) =5 [ @ {ea(@m)al)+da(@@)al )} exp i () - ip)
(2m)?

where w (p) is positive definite as in the first case.The causal green function is given

by :
11 12
s =( 500 250))

where the matrix elements are

h A @)
Lo D)= o+ % m-w) B

12, _ cs(@)dp(w(p) cp(w(p)ds(=(p))
A (p) = po — w (p) +1i6 po— @ (p) —id
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A2 (p) = CB (@ (p))ds (@ (p)) _ c5(@p)ds (@ (p)
‘ po— @ (p) +id po— @ (p) —id
Ag? (p) — dQB (w (p)) S C2B (?D (p)) :
po—w(p)+id po—w(p)—id
and the causal green function can be put in a simple form throught the Bogoliubov

transformation
D SR
A%@%%%@@»(ﬁw@m . )Uyw@> (2.23)
po—w(p)—id
where
cg (@ (p)) dp(w@(p) >
U = . 2.24
p@o= (20 o) 224
cg (w(p)), and dp (w (p)) are related to Bose-einstein statistics throught
B=(p) 1
2 __° 2 _
CB (LTJ (p)) - eﬁw(P) 1 ) dB (w (p)) - eﬁw(p) 1 : (225)

Complex Boson field. 1In this case, the free bosonic field is complex, there-
fore the energy w (p) could be either positive definite or negative and the Heisenberg

operator becomes

3
0@ = s [ S (pwe im o)+ inn) + 8 e ()~ i)}

~ 3 ~
¢ (x) = ! 3 / P T {b(p) exp (iw (p) t — ipx) + bf (p) exp (—iw (p)t+ip:v)}
(2m)2 /(2w (p))?

where the physical operators b(p) and l;(p) transform throught the Bogoliubov
transformation with thermal operators B (p) and B (p)

b(p) = cp (w@ (p)) B (p) + dp (w (p)) B (p)
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b(p) = cp (w (p)) B (p) + dp (w (p)) B (p),

and the anticommutation relations for the annihilation and creation operators are,

{Bw), B ()} ={Bw B ()} =6

We introduce the column vector notation

(20 )-(50)

therefore the causal green function is given in a simple form via Bogoliubov tans-
formation as
— L9
227 (p) = Up (= (p)) ( pi (=) 1 ) Ub(@(p)  (226)
pi—(w(p)+is)?

where ,

(@) dp (@)
U3<w(p)>—<d3<w<p>> cB<w<p>>) (2:27)

and cp (w (p)) and dp (w (p)) satisfy Bose-einstein statistics

) eP@(p) 1

cp (@ (p)) = Be) — 1’ dQB (@ (p)) (2.28)

T e — 1

In QCD, It should be pointed out that it is convenient to rewrite the standard
propagators in TFD, A (k) for bosons (gluons) and S (p) for fermions (quarks) , as
follows [7]

for bosons a matrix form could be

G _ (1=A"1)kyky 0
A (k) = ( . (ke g (1=A")kuk, )
0 TR T i
Blkq
—2mis (k?) 65&% ( iﬂ;col i 2 >

which could be put in a simple form throught Bogoliubov transformation

A (k) = Up (ko, B) A (k) UL (Ko, ) (2.29)
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where

A k) =

. (1- A1) ks 250
(ko +iom)2 — 2 | ™™ " (ko +ior)? — k2| '

_( cosh@ (ko,B) sinh6 (ko, )
Ug (ko, B) = < sinh @ (kg, 3) coshf (ko, B) )’ (231)

the thermal Bose-Einstein distribution is

1
. 2 _
sinh® 0 (ko, B) = Bkl 1’ (2.32)
8= ,@%, kp and T are the Boltzmann constant and the temperature of the quark gluon
system respectively;
for quarks The Green function can be obtained as
S(p)={®+m) (p_"”“ 1 )
0 o pens S
p2—m?—ie
Blpol
. 1 1 —e(po)e 2
+27i6 (p* — m?) ————
(p ) €B|po\ +1 e (p[)) eﬁ\go\ 1
which can be simplified throught the Bogoliubov transformation as follows
S (p) = Ur (8,8) S (n) Uk (5. 5) (2.33)
where
- 1 10
S = " I =
S <o 1)’
» cosd (|, 3) ¢ (po) sinf (171, £) )
Ur (P, B) = : : 2.34
P8 = (TG a.0) nbi ) (239
where the thermal Fermi-Dirac distribution is
. 9 1
sin” 6 (|p], B) = oo 11 (2.35)

27



>, INTRODUCTION TQ THE FORMALISM
OF THERMOFIELD DYNAMICS (TFD)

and

6(290)29(}?0)—9(—290)ae(pO):{ (1): 22:8’ }

The matrices Ug and Up are the Bogoliubov transformation matrices for bosons

and fermions respectively.
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3

Thermal Oscillators: Bosons and Fermions

In this section, we present two elementary examples to consider how the thermal vaccum
| O(B)) is constructed. We construct a complete set of orthonormal vectors showing
that the doubling of the Hilbert space. The thermal states transform under BOGO-
LIOUBOV unitary transformations. A matrix notation is introduced for both bosonic

and fermionic systems.

3.1 Real scalar field in TFD.

First, we consider the case of a real scalar field alnd later, we will proceed to fields with
spin, in particular the fermion field. This would establish a general procedure to study
fields at finite temperature. The case of fields with interactions will be introduced later

on.

3.1.1 case of a boson field with frequency w.

The Hamiltonian of an ensemble of free bosons with frequency w is
H = wa'a
with the operators a and a' satisfy the relations
[a,al] =1

[a,a] = 0.
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3. THERMAL OSCILLATORS: BOSONS AND
FERMIONS

The Fock space is spanned by the set of orthonormal vectors
1 n
|O),aHO>,...,—<aT) 10),....

where the vacuum state, | O, 0), is simply denoted by | O).The eigenvalues and
eigenstates of H are specified by

H|n)=nw|n)n=0,1,2,...,00.
The system at finite temperature is defined by

Let’s introduce the tilde field

with annihilation and creation operators obeying

[a,al] =1
[@,a] =0
la,d] = [a,al] = 0.

It is clear that the scalar field in the usual and in the tilde space are distinct. This is

clear from the commutation rules.

3.1.2 Thermal vacuum and Bogoliubov transformation.

Since the Hilbert space is doubled, any bosonic state is represented by the thermal
vacuum and the states | n,n). The thermal vacuum is spanned by these states as

follows

| 0 (,B)) _ 271/2 (/8) ZefﬁEn/Q | n,ﬁ) _ 271/2 (/B) Zefﬁnw/Zl <aT>n (dT)n ’ O>

n!
n n

_ m exp (e—,@w/zafat) 1 0). (3.1)

Then we use the Boson distribution function, ng (), to define
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3.1 Real scalar field in TFD.

1/2

@ = (1= = i ns ()
G (8) = —if(B) (aa—alal)

where ng (8) = (1+ eﬁ‘”)_l and the angle 6 (3) is defined as

cos 0 (8) = u(f).

Then, we write relation (3.1) as

10(8)) =u " (B)exp (Zégioﬁd*) | 0) = e ¢B8) | 0). (3.2)

Hence, the unitary operator, transforming | O, O) into | O (8)) is given by
U (B) =e @80, (3.3)

The operator U (3) is called the Bogoliubov transformation.

3.1.3 Thermal operators for the system.

The temperature dependent operators are defined in terms of the zero temperature

creation (af,a’) and annihilation (a,a) as follows

a(f) = e 'PPDacB) =y ()a—v(s)al
a(B) = e 'Pac’l) —u(B)i—v(B)d
at (B) = BBl 0) =y (B)af —v(B)a
a' () = e rPaled®? —u(B)al —v(B)a (34)

Then, the non-thermal operators a and a' are written in terms of the thermal ones

by inverting these relations to set

a = u(B)a(B)+v(p)a (8).
i = u(B)ad)+v(B)a (8)),
af = w(B)a (B)+v(B)a(h),
it = w(B)a (B)+v(B)a(B). (3.5)
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FERMIONS

Such relations are useful in expressing the zero temperature operators in terms of
the temperature dependent operators. The physical observables are written in terms
of a and a' and it is then convenient to write these operators in terms of thermal ones
to get temperature dependent expressions and relations.

The relations for annihilation operators at finite temperature to the vacuum state

| O(B)) are
a(B)[O(B)) =a(B)[O(B)) =0.

The number operator gives the statistical average

1

gy W)

(O(B)|a'a] O(B)) =v*(8) =

which is the Bose-Einstein distribution. The Fock space is spanned by

0(8).al (8) | 0Nl (8) [ 0B —= == (o (8)" (& (1) " 1O @))....

3.1.4 Matrix notation. Commutation relations.

A matrix notation can be introduced by writing the operators as

(i )=rw ()
po= (0 06

]. e_ﬁw/2

—_— = sinh # =
") #=——=

where

and

w(B) = cosh 6 (8) =

with
u® (B) — v? (B) = cosh? @ (B) — sinh? 6 (B) = 1.

Since this transformation is unitary, the algebra of the original operators a and
a is kept invariant, i.e. the thermal operators a (f) and a (/) satisfy the following

commutation relations

[a(B).a" (B)] =1,[a(B),a' (B)] =1, (3.6)

with all other commutation relations being zero.
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3.2 Dirac field in TFD.

3.2 Dirac field in TFD.

Now we turn to a study of the Dirac field. The procedure to obtain temperature
dependent operators and the Fock space are similar. The notion of spin has to be

considered in order for the T'= 0 and T # 0 theories are defined consistently.

3.2.1 Case of a fermion field with frequency w.

The Hamiltonian of an ensemble of free fermions with frequency w is defined by
H=wd'a

where the operators a and o' satisfy the algebra

{a,aT} =1, {aT,aT} ={a,a} =0.

where {A, B} = AB + BA is the anti-commutator. Using last equations and the
fact that (n | n) = 1, it can be shown that n = 0,1. Further, if we introduce the tilde

Hilbert space and the corresponding operators, we get
H=wa'a

with
{a, aT} —1,{a,a) = {a,d) = {a,d*} ~0.

Again the creation and annihilation operators in the normal and tilde Hilbert space
are distinct and they anticommute. The Fock space will be spanned by the set of

orthonormal vectors

|0),a" | 0),a" | 0),da" | O),

where | O) denotes the state | O, 0).The energy eigenvalues of H are then
H|n)=¢,|n)=nw|n)n=0,1.

The system at finite temperature is defined by the Hamiltonian, H = H — H. The

commutation relations will be useful to defining matrix elements at finite temperature.
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3.2.2 Thermal vacuum and Bogoliubov transformation.

In order to construct a system at finite temperature, the Hilbert space is doubled. Any

fermionic state is then represented by the basis
|0,0),a" | 0) =| 0,1),d" | O) =| 1,0),a’a’ | O) =| 1,1).

The thermal vaccum can be spanned by these states as follow

| O(ﬁ 1/2 Ze 5en/2 n,ﬁ) \/72 <| 0, O _1_6—661/2 ‘ 1 1>)

]' w
- 5 <1+€ Bw/2 4t T) | 0). (3.7)

We obtain | O (8)) from | O) by a Bogoliuobov transformation. Indeed, If we denote

coshf (B) = u(ﬂ):<1+e_ﬁ”)_1/2: (1 —np (w)).
sinhf(8) = v(8)=(1+¢*) " = /g (@),
Ge(8) = —i0(8) (aa—alal),

where ng (w) is the fermion distribution function, ng (w) = [’ + 1]_1 .Then we

find that
u? (8) +v* (B) =1

10(8) = {u(® +v(Balat} | 0)
then, we can write the relation (3.7) in a canonical form as
[0(8)) = ™) | 0) = (co38(8) +sinf (8)a'al ) | O). (3.8)

where
Gr (8) = 0 (8) (da - ata')

and G () defines the Bogoliubov transformation as

Ur (B) = GF(B)
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3.2 Dirac field in TFD.

3.2.3 Thermal operators for the system.

The thermal operators are defined in terms of the zero temperature operators, as in

the boson case, by using the Bogoliubov transformation as

a(p) e " r el (B) =y (B)a —v (B)a!
a(B) = e CrPlaelorB) =y (B)a+ v (8)al
ot (B) = eOFBlate=iGR®) — y(8)at — v (B)a
a' (B) TP Pgteir(®) =y (B)al + v (B)a (39)

Non-thermal operators a and a! are obtained from the thermal ones by inverting

these relations

a = u(B)aB)+v(Ba (8).
a = u(Ba(B)—v(P)al(p),
at = w(B)a B+ a),
i = u(@)a (B)—v(B)a(B). (3.10)

Often, as for the bosonic case, physical observables are written in terms of T = 0
operators a and a', and it is then convenient to write them in terms of thermal ones to
get the temperature dependent expressions.

The fermionic annihilation operators acting on the thermal vaccum give

a(B)|0(B))=a(P)|O(B) =0.

The number operator gives the statistical average

(O@B) | N|O®B)=(0(B)|aalO(B))

1 ~ ~
= m<0, (0] | (1 + €_ﬁw/2(~1(l) aTa (1 + €_Bw/2aT(~IT) | O, O)
1

which is the Fermi-Dirac distribution. The Fock space is constructed from the

vacuum | O (/)) and is spanned by the set of states

{lo®).a" @) 10 @)at (8) | 0(8).a (B)a (8) 108}
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3.2.4 Matrix notation. Commutation relations.

A matrix notation is introduced from the equations (3.9) and (3.10) and is written as

(46 ) =2 (),

where
C(u(B) —v(d)
Bm‘(wm u(ﬁ))
and
w(B) = cosf(B) = ———— v (8) = sinf (8) = ————
- BV O N
with

u® (B) +v? (B) = cos? 0 (B) +sin? 0 (B) = 1.

Since this transformation is unitary, the algebra of the original operators a and a
is kept invariant, that is the thermal operators a () and a () satisfy the following

anticommutation relations

{a),at @} =1.{a@.a" @)} =1, (3.11)

with all other commutation relations being zero.

3.3 Thermalization of a bosonic and fermionic oscillator

using the Bogoliubov transformation

Let’s recall that TFD is a real time formalism. To describe a statistical system at

equilibrium, we need to introduce the partition function of the system given as

Z(B)="Tr (6_6N>

where, R is the hamiltonian of the system. MATSUBARA has shown that the
statistical average of an operator is the same as the mean value of this operator in the

vaccum at finite temperature If we define the mean value of an operator as

(Ap=(0@)A10@)=27"(B)Y e (n|Aln)
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3.3 Thermalization of a bosonic and fermionic oscillator
using the Bogoliubov transformation

where | n) is a specific state corresponding to the energy E,,.Then the finite temper-
ature formalism will be completely parallel to the zero temperature field theory. The
Lagrange formalism may be set up for the total system involving the physical and tilda
fields [1],]2],[3],]4],[5],6]. If we introduce the free fields by

1 ikx ,—iext
x) = g e Fe kg
1/1() \/‘7 . k

Y () = \1FV ; e~ xgiertyy (ex = k2/2m)

the Hamiltonian H becomes
H=H-H

with

H = Zekaiak

k

H = Y edja
k

and k is the the momentum of the oscillator. Then we observe that the total

hamiltonian H = H — H is invariant under the bogoliubov transformation

ary — ai (0) = apcosb — dL sin 0y,
ay —> a, (0) = aycosfy + aj siny, (3.12)
for fermions, and
ar — ai (0) = aycoshby — dL sinh 0y,
ar —> a (0) = aycosh), — al sinh gy (3.13)

for bosons. These relations are written in a matrix form as

(a0)-vo (%)= () mmwd ) () e

for fermions, and

(o ) =ve (o ) =( Sy mmmer ) (o) w6

39
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for bosons where U (6;) is a unitary transfomation and,

1
(elg‘k0| — 1)

1
(1 + eﬁ|k0|)

being bose and fermion distributions, kg being the energy associated with the four-

sinh? 6y, = np (k) = ,sin? 0, = np (k) =

vector k. The generator of the transformation can easily be found to be
G = Zikek {GL&L — dkak} y
Kk

where, as stated before for the one particle oscillator

i (0) = e Cagei® (3.16)

the transformation (3.12) and (3.13) leave the total Hamiltonian invariant, the
generator G is conserved
[G,H] =[G, H—-H =0
The freedom of this transformation allows us to write the transformed Fock space

for the vacuum as

10(0)) =e9|0)

and the one particle states

Q

0) | 0(8)=e "% |0)
©) | 0(9)=e"Cal |0)

=}
=t N —+

and so on. Using the explicit form of G, and the property
ax | O) = ax | 0) =0

The temperature dependent vaccum is introduced using a bogoliubov transforma-

tion, then it can shown [1],[2],[3],[4],[5],[6] that

oo =11 (cos Oy + sineka;a,t) | 0) (3.17)
k
for fermions and
1
_ T~1
10(0)) = ];[ (Cosh 0k> exp (tanh Gkakak> | 0) (3.18)
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for bosons. As for the one particle system, from equation (3.16), we have
ax (0) | O (0)) = ax (0) | O (0)) = 0.

The new vacuum has many properties. After some algebra, we obtain

@100y = () 1o®) =~ (i) acl o)

cos Oy sin Oy

for fermions, and

k100 = (g ) k1000 = (g a0 0)

cosh Oy sinh 0y
for bosons. Similarly, we have

1
cos Oy

. ®100) = (5 )ak100)

<Sml€k) ax | 0(6))

for fermions, and

k100 = (g ) 31000 = (ge ) ax 100

cosh 0y sinh 6y

for bosons. As seen in the last equations, there are equal number of physical particles
and tielda particles (fictitious particles) in the vacuum state | O (0)).The last four
relations show that the addition of one particle without tielda (the physical state) to
the vacuum is equivalent to the elimination of one particle with tielda. Therefore, the
fictitious state may be interpreted as a hole for the physical state, a matter already
discussed earlier in the introduction [1],[2],[3],[4],[5],[6]. Tield operation is introduced

and to each zero temperature field ¢ (x) an vector column of fields is attached :

(5%)

whose dynamics is described by the following thermal hamiltonian :

H = H(6)— H (¢) = H(¢) - H" ()

where , H (¢) = H (¢) — uN and N is the particle number operator.
The temperature dependent vacuum state described above is annihilated by the

temperature dependent physical annihilation operators :

ax (0) | 0 (9)) = ax (8) | O (8)) = 0.
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Also, the creation and annihilation operators satisfy ordinary commutation relations

[ak,s 0),af, o (9)} ) (E - ;27) Jsst (3.19)

+

(s (0).a g (0)] | =6 (F=F') o,y (3.20)

all other commutators (anticommutators) vanish.
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4

Wick’s theorem and Renormalization.

4.1 Wick’s theorem.

At non-zero temperature and at thermal equilibrium, we have to take a thermal av-
erage rather than an expectation value. In order to define Feynman’s rules from the
thermal average (see for example [1],[2],[3] for further reading), we need some equiv-
alent of Wick’s theorem. We should refer to it as an operator identity rather than
a relation between expectation values. But fortunately one can derive the necessary
result for thermal averages at equilibrium (see next chapter) : this result will be called
the 7 thermal Wick’s theorem”. It relates time ordered products of fields to normal
ordered products and contractions. At zero temperature, normal ordered products of
operators are defined such that annihilation operators are always placed to the right
of creation operators. This ensures that vacuum expectation values of normal ordered
products N [...] always vanish. However, in thermal field theory, thi is no longer true :
ne” " (n |aTa} n) # 0. But imposing some conditions on the fields as done by Thouless,
one can prove that thermal expectation values of normal ordered products can be set
to be zero. In the case of high energy, the split of fields which gives zero normal ordered
products at finite temperature is tending to be the same as the traditional T' = 0 one
giving the same behaviour of Wick’s theorem in both cases.

Normal ordering is defined in terms of arbitrary split, generalising the traditional
T = 0 definition which is expressed in terms of annihilation and creation operators.
For example, we define for two-point functions regardless of the nature of the fields and

volume of the system :
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N [] = Nup = 9705 + 9743 + oty v + ¥y
for normal ordering and,
T [11ho] := T1 2 = Y1920 (t1 — t2) + o1 (t2 — t1)
for time ordering and,
D [14p2] :== D19 :=T1 2 — N1,

for the contraction of two fields where o = +1 for either bosonic or fermionic field.

To higher order, Wick’s theorem can be obtained from the generating functional :
T {exp {—z‘ [ i@y @)H _N [exp {—z‘ [ i @01 () H x

o { = [ atad'uii (2) D 1v: @)y )]s )}

where j; (x) are sources. Functional differentiation with respect to these sources
gives Wick’s theorem, and using symmetry properties of the time-ordered products, we

obtain :

"IN 1 |
a1,a2,...,a2m
M T (I

permutations m=0 j=m+1

(4.1)
The sum is over all permutations of 1,...,2n, of ay,..., a2, and p is the number of
pair interchanges of fermions in moving throught the permutations. For four bosonic

fields, the equation (4.1 ) gives the well known result :

Th234=Ni1234+ D12N3 4+ D13Noyg+ D14No3+ Do 3Nya+

+D24N1 3+ D3 s4N19+ D12D3 4+ D13D2 4+ D1 4Do 3.

A recursive formula to 2n order gives :
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4.2 Dimensional Regularization.

Ti2.2n = Nip,. . on
+D12N3 4. 2n + allothertermswithonecontraction

+D12D34N56.... 2n + allothertermswithtwocontractions

+D12D3 4 ... Dayp_12, + allotherpossiblepairings .

It holds whatever the nature of the fields.

4.2 Dimensional Regularization.

The infrared and UV singularities encountered in the last cha pter dealing with the ana-
lytic determination of the fragmentation function at finite temperature can be handled
with in dimensional regularization. These divergences are represented by the terms 3¢
where e = D — 4.

A brief overview on how this works is given by the following [4],[5]. The divergent
loop integrals of field theory are four dimensional in energy-momentum phase space. To
make these integals finite, we modify the dimensionality of these integrals using Dimen-
sional Regularization. We change from a four-dimensional space to a D-dimensional

one where one should redefine the metric tensor as:
¢ =—¢"% i=1,2,....,D—1,

g*" =0,a # 5.

A four vector k¢ is replaced by a vector with D components :
k= (K%K kPTY)

and,
D-1

K = k%, = k:o Z

=1
Loop integrals now become integrals in D dimensions with the volume element
dPk = dk%dk! . ..dkP~! For example, the integral :
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/ d*k
(k2 4+ m?2 + ie)"

becomes :
/ dPk _oT'(n—3%iD) 1
= 2
(k‘2 + m2 + iE)n . r (TL) (mg)n—%
for integer values of n > %. For n = %, the left hand side of this equation is

logarithmically divergent, and the right hand side is singular at n = 0. However, for
non-integer values of D , the right hand side is perfectly finite. Therefore, we should
use the last property to define the integral in D-dimensions for non-integer values of D

and put :
D:4_na

where, 7 is a small positive parameter. We should then take the limit n — 0 to

restore the four-dimensinal space. That’s what we used in chapter 8.
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Scattering Process at Finite Temperature.

Over the years, scattering processes have been extensively used to study properties of
matter throught collision of fragments of particles. The results obtained during the
fragmentation of debries of matter during collision could give some information about
the properpties of paricles. such properties could include the study of decay rates and
transition amplitudes, and reaction rates at finite temperature [1],[2],[3],[4]. This leads
us to the use of Finite temperature field theory called TFD [1],[5],6],[7],[8],[9] described
in the introductory chapter. Therefore, to treat many body systems at equilibrium and
non-equilibrium, one uses the closed -time path method whereas the imaginary time

approch could be used to investigate systems at equilibrium [1],[3],[5],[6],[7].

5.1 Scattering Matrix in TFD.

Let us consider a process for which we have particles that may be considered free at
the beginning and end of the interaction, but that interact over some limited region
of space and time and with a heat bath.We denote the state vector in the interaction
representation by ® (—oo) for the remote past (in state) and ® (co) for the remote

future (out state), and look for an operator S such that
D (00) = 5P (—00).
The operator S is the limit of the time evolution operator U (¢, t()

S = lim U (t,to)

t—+o00,tpg——00
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where the unitary operator U (¢, ty) propagates the system from ¢ to ¢.Since in the

interaction representation

—V () D (L), (5.1)

where
V (t) = Hy (t) = etHot </ H}qd?’x> e~ Hot (5.2)

is the interaction Hamiltonian, we have by formal integration of (5.1)

P (t) =U (t, to) P (to) = exp (—i /tt Vv (t) dt) P (to) .

Now, the solution is to introduce a chronological or time-ordering operator T that

has the property
TV (t1),- -,V (tn) =0V (ta) V (tg) ... V(L5) V (o) , (5.3)

with to > tg > ...t; = t,.The factor 9, is 1 if only boson operators are involved.
If fermion operators must be permuted d, = +1, depending on whether the number
of permutations of fermion operators required for chronological ordering is even or
odd. That is, T applied to a product of operators orders them according to their time
arguments, with the earliest times standing to the right. This leads to the definition of
S in terms of the time-ordered exponential

S = lim U (t,to),

t—+o00,tg——00
with

U (tt0) =T [exp - a0 ol

to

=T [exp <—¢ /t: dt / d*zH; (x,t))] =T [exp <—i / d*zH; (m))] . (5.4)

The formal expression (5.4) is to be interpreted as the expansion series

S = Sp = li T|14+= [ V(@)dt+... V(t)dt

Z . im {—i—ito (t)dt + +z’”n!<t0 (t) >+ ],
(5.5)

which will be the starting point for a perturbation series calculation of the transition

probabilities. We note that for theories in which the interaction Lagrangian density £;
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contains no derivative couplings the interaction Hamiltonian density differs from £ by

only a sign so that
V() = Hy () = — Ly (t) = —/d3x£1,

and (5.5) may be written
S =Te,

where A is the part of the action coming from the interaction Lagrangian den-

A= /d4x£1.

The states ® may be expanded in a complete basis & = > | a){a | ®), and the

sity

amplitude for the transition from ® (—oo) to some basis state| o) at t = +o0 is
F=(0]®(+00))=(c|S|®P(-00))
=> (0| 5] a){a|®(—x0)) (5.6)
(6%
Thus the operator S can be specified by its matrix elements
Soa = (0| S| a) (5.7)

and is termed by the S-matriz or scattering matrix.

As is commonly the case in field theories, the S-matrix elements could be found by
considering asymptotic states which are the major difficulty in these calculations. In
Thermo-field dynamics, such in and out states are considered thermal states function

of temperature § and from (5.3)-(5.7) the form of the nth-order contribution to the

(b|S|a)~ /dtl/dtg /dt

(OB) b1 (B) b2 (B). ..oy (B)T (V (1) V (t2) ...V () a} (B) ab (B) ... al (B) | O (B))

S-matrix element is

where

| i) =al (B)a} (B)...af (B)| O(B)).| wy) =bl (B)bY(B)...bL(B) | O(B) (5.9)

represent initial and final k— and [—particle thermal states generated by successive

applications of appropriate creation operators to the thermal vacuum state | O (8)), T
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5. SCATTERING PROCESS AT FINITE
TEMPERATURE.

is the chronological operator,and V (t) is the interaction portion of the Hamiltonian in
the interaction representation (5.1).

The operator V' (¢) will contain products of creation and destruction operators for
the various fields interacting through each term and with the heat bath.

Symbolically Eq.(5.5), as an S—matrix, is written as

S = Zogn _ Zo (—ni')" /dmlda;g ..dz, T [Hy (z1) Hy (z2) ... Hy (z2)] -

Considering the doubling and the tilde-conjugation rules, the S-matrix for TFD is

S = ZS‘” = Z (_nll) /dmldxg .. .dmnT [I{I[ (ajl)[{[[ (ajg) ET[ (l‘n) y
n=0 n=0

where Hj (z) = Hy (z) — H; (z) . In particular at the tree level

—1—z/d4 H] ()}.

In order to calculate amplitudes, expressions for H; (z) and Hj (z) have to be
introduced explicitly. Then Wick’s theorem is used to obtain all the contributions
in any order of perturbation theory.To find temperature dependence, the Bogoliubov
transformations have to be used for the creation and annihilation operators. The cross

section and decay rates depend closely on the S—matrix elements.

5.2 Reaction rates.

Consider the process
pL+pet...+p—pi+ph+... +p.

The amplitude at T' = 0 for this process is obtained by the usual Feynman rules by

writing
o0
(fFISTiy=> (f15"]4)
n=0
where | i) = a},a} ab, | o) and | f) = a',af al, | o) with | o) being the
p1Qps - - - Op, 0, O, -+ Oy g

vacuum state. For T # 0, similar procedure may be used. The amplitude for the

process is given as
o0

(FISTD = {f15"]4),

n=0
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where

i) = ab, (8)ab, (8)...af, (8) [ 0(8))
| f) = al, (), (8)...al, (B) | 0(B))

Py

the state | o (3)) is the thermal vacuum. The differential cross section for the process
PLEP2 = PL Pyt D

is given as
do = (27)* 6* (p + Py + Dl ... + D) — p1 — p2)
l

1 H (2 ) H dgp;' ‘ M ‘2
X m; — 1
A Byvrq 0 L 2Py

where F; = 1/m§ + pjz and v, is the relative velosity of the two initial particles
with momenta p; and ps. The amplitude My; is related to the S—matrix element by

1810 =item 2, T (o) T[] 6" o = 0

ext ext

1
2

here p; and p; are the total 4-momenta in the final and initial state. The product
extends over all the external fermions and bosons, with E (M) and w (m) being the

energy (mass) of fermions and bosons respectively, and V' is the volume.
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Total cross section for e ' e annihilation at

finite temperature.

6.1 Introduction

The deconfined state of hadronic matter, a plasma of quarks and gluons, existed at the
early times of our universe. However, the conversion to hadronic state was quite rapid.
It is highly unlikely to find such a state in stars or galaxies. However such a state could
be investigated in the laboratory with experiments at Relativistic Heavy lon collider
(RHIC) with formation of the quark gluon plasma (QGP). This is some sort of a soup
of quarks and gluons moving at hight temperature [1],[2]. Usual predictions for such
state of matter are made using perturbation theory with the quantum chromodynam-
ics (QCD) and statistical mechanical models [3],[4],[5],[6]. Such experiments are for
instance: (i) pp collisions [7]; (ii) Drell-Yang processes [7].(iii) The eTe™ annihilation
process [8][9][10][11][12][13][14]. The latter could be considered as a huge factory of
information to investigate quark interactions. It provides us with a good test for QCD
at hight energies. For other energy scales, some insight is obtained on the phenomeno-
logical models of quark interactions. Moreover, it is the cleanest arena in which we
can study in detail since electroweak annihilation creates an almost asymptotically free
initial quark-antiquark pair at very large Q2, the most fundamental and elementary
tests of the color field behaviour. Experimentally, LEP machine has provided a wealth
of precision data on the electroweak interactions through a multitude of ete™ annihi-

lation states recorded by ALEPH, DELPHI, L3 and OPAL [15][16]. The LEP colliders
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operated at energies above the Z° resonance threshold :
Vs = Eem = Myo.c?

Mainly, the basic prediction of the standard model of electroweak interaction, for
fermion-antifermion production annihilation around the Z° resonances are sketched
in this process. The cross section for the W-pair production ete™ — WTW () is
measured. Using QCD events in the eTe™ annihilation, jet events have also been
studied.eTe™ annihilation process is a reliable and suitable process for the study of
multiparticle production in jet physics. In accordance with QCD, it is realized through

the production of v or Z° boson into two quarks :
ete” = (2°)y) = aq

Several hadronisation models were proposed [8]. In these models, hadronization occur-
ing in the ete™ annihilation is proposed where the quark pair and diquark pair are
produced. They then undergo Q2 evolution via a virtual photon and fragment into
hadrons. Light hadron physics at the B factories gives a good account of clusters of
hadronic matter obtained in different channels [13]. Another process for ete™ annihihi-
lation and QCD gives different fragmentation process (7 production for instance) in the
79 channel [11],[12]. A measurement of the total cross section for ete~ — hadrons at
Vs = 10.25 Gev has been made using the CLEO detector at the Cornell Electron Stor-
age Ring [17]. Finally, new results on the low energy ete™ annihilation into hadrons
from Novosibirsk and Beijing have been described [12].A brief review about e*e™ anni-
hilation process is also given in the books litterature by Le Bellac, Kapusta and Bailin
and Love [5],[6],[18].

The role of temperature in the annihilation process arises in considering details of
the production mechanisms and has been treated [19],[20]. It is extensively used in ul-
trarelativistic heavy ion collisions [21]. The hadron production in the e*e™ annihilation
process using real time formalism is proposed by Baier, Pire, Schiff [25],[34]. The first
order corrections to the decay rate of dilepton pair produced in a thermalized medium
are examined. A vanishing chemical potential has been assumed for simplicity. Our
focus is not to describe the realm of QCD hadronic interaction using temperature. We
do not wish describe temperature dependence for the cluster hadronic jets obtained

during eTe™ annihilation process of this deconfined phase. However, we do analyse the
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effect of temperature on the decay rate, particularly, for hadron production and 7+
production using real time formalism at the tree level. Indeed, the motivation is the
following :

-our work, first of all, follows Rakhimov and Khanna original work [24] on calcu-
lating decay rates for different reactions using the real-time formalism. -a graphical
representation of different decay rates as is function of temperature.

Numerous attempts have been made to study thermal effects in a quark-gluon
plasma using Born Approximation to calculate dilepton production [25],[26]. This
reinforces the need for the development of a finite temperature field theory which could
provide answers about the transition from hadronic matterto QGP. Several methods
have been proposed. One formalism using Wick rotation was proposed by Matsubara
[27], the imaginary-time formalism. The extension of Matsubara work to quantum
field theory was carried out by Ezawa,Tomozawa and Umezawa[28],[29]. Despite the
lack of such a theory to fully describe the interaction at nonequilibrium,a real-time
formalism was needed which is the closed-time path formulation due to Schwinger [30],
Mahanthapa and Bakhshi [31], and Keldysh [32]. The approch uses a closed contour
in the complex plane. This requires a doubling of the degrees of freedom of the theory
in a sense that the green functions are represented by a 2*2 matrices. Umezawa and
Takahashi introduced the method of Thermo-field Dynamics (TFD) that introduced
a second Hilbert space. Bogoliubov transformation is used to mix states in the two
Hilbert spaces. In equilibrium, all three methods are equivalent. Howeve, the objective
of real-time theories was to extend the formalism to non-equilibrium processes.This has
not been achieved as yet.

Our calculation is applied to total decay rates at finite temperature in laboratory
framework in non-polarised e*e™ annihilation process giving rise to hadronic matter
within a heat bath ( QGP). We obtain curves for different centre of mass energies and
different chemical potentials. The nature of the nucleus is specified by the value of

centre of mass energy /s.

6.2 Theoretical framework.

Field theory at finite temoerature has been studied long time ago with the pioneering

work of Umezawa at al.[28],[29]. In order to calculate decay rates at finite tempera-
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ture , one should apply real time formalism following Rakhimov and Khanna method
[24]. An operator approach formalism has been elaborated by Umazawa et al.[28],[29],
called THERMO-FIELD DYNAMICS to account for the thermal dynamic properties
of statistical field theory using a thermal vaccum. The main features of the theory are

presented before going to the main calculations.

6.3 General formalism.

6.3.1 Thermal fields, Thermal average and Bogoliubov Trans-
formations.
Thermo-field dynamics (TFD) provided a real time formalism at finite temperature. To

describe a statistical system at equilibrium, we need to introduce the partition function

of the system given by

Z(B)="Tr (e*’BH>

where, H is the hamiltonian of the system. MATSUBARA has shown that the statis-
tical average of an operator is the same as the mean value of this operator in vaccum

at finite temperature If we define the mean value of an operator as :

(A)g=(0@B) [ A10B)=271(8)) e P(n| Aln) (6.1)

where | n) is a specific state corresponding to the energy E,,.Then the finite temperature
formalism will be completely parallel to the zero temperature field theory. We observe
that the total hamiltonian is invariant under the Bogoliubov transformation (relativistic

case):
ar — a (0) = ap cos O — dL sin 0,

ax — ay, (0) = ax cos Oy + aL sin 0},

a}; — ‘12 0) = aL cos 0y, — ay, sin O,
EL}; — d,t (0) = dL cos 0y, + ay, sin O,

for fermions, and :
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ar — Qg (9) = ak cosh Qk — &L sinh 9k

for bosons, Therefore doubling of degrees of freedom is required. These relations can

be written in a matrix form as :

(a0 ) = (@)= (s ma oy (a) e

for fermions, and :

(a0 ) =von(o)=(omal) am® ) (o) oo

for bosons where U (6)) is a unitary transfomation,

T

1 1
(eﬁ\k(ﬂ — 1) (1 4 eﬁ|k0|)

being bose and fermion distributions. Here kg is the energy associated with the four-

sinh? ), = np (k) = ,sin? 0, = np (k) = (6.4)

vector k.Introducing a temperature-dependent vaccum using bogoliubov transforma-

tion, we can show that :

|O(B)) = H (cos 0y + sin 9;&2&2) | O) (6.5)
k

for fermions and,

10(8) = 1;[ (COS; 0k> exp (tanh Oyalal) | O) (6.6)

for bosons.Tilde operation is introduced and to each field ¢ (z) at zero temperature, a

column vector of fields is introduced :
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whose dynamics is described by the following thermal hamiltonian :

H = H(6)— H (¢) = H (¢) — H" (9)

where , H (¢) = H (¢) — uIN and N is the particle number operator. The temperature
dependent vacuum state described above is annihilated by the temperature dependent

physical annihilation operators :

ar (B) | O (B)) = ar () | O(8)) = 0. (6.7)

Also, the creation and annihilation operators satisfy ordinary commutation relations :

ks (8).afy g (8)], =3 (K= F) o (6.8)

s (8),al (B)], =0 (F=F) 0 (6.9)

+

all other commutators (anticommutators) vanish.

6.3.2 Thermal propagators in TFD.

In the following, we calculate the causal green function :

G2V (z —y) = 0(x0 —y0) (O (B) | % (2) 6" () | O (8))F0 (w0 —y0) (O (B) | 67" (y) 6* (x) | O (8))
(6.10)
where 6 (x) is the haveasead function and | O (5)) is the vaccum at finite temperature.

The momentum representation of the green function is :

(2m)*

In QCD, It should be pointed out that it is convenient to rewrite the standard

G (@~ ) =y [ dpesp (<ip(o — ) G (). (6.11)

propagators in TFD, A (k) for bosons (gluons) and S (p) for fermions (quarks) , as
follows [28],[29]; for bosons

A (k) = Ug (ko, B) A (k) U}, (ko, B) =

64



6.3 General formalism.

g (IATDkuky
. k2 +ie (k2 +ie)?

0 Guv +

T k2—ie

0

(1=A"Y)k,ky
(k2—ie)?

g 1 ew
—2mid (k) —r— < ikl ) (6.12)

e 2 1

where

_ T 1-2 Yk ky,
A (l{}) = - ) 7o g,uy - ( , )2 £ 79|
(ko +i07)" — k (ko +107)° — k

1

. 2 _
sinh® 6 (ko, B) = Aol 1’

where g = kE%T, kp and T are the Boltzmann constant and the temperature of the

quark gluon system respectively;and for quarks

S (p) = Ur (5.8) S (p) UL (5, 8)

—L 0
e[ )
pZ—m?2—ie
Blpol
. 1 1 —e(po)e 2
2mid (p* — m?) ———— 6.13
+2mid (p =) eflpol + 1 ( Ce(po)e P 1 (613)
where
- - 1 . (10 . 9 - 1
S(p)—m, I = < 0 1 > , sin 9(|ﬂ,5)—m
and

9 =0t 00t = { 1 )

The matrices Up and Up are the Bogoliubov transformation matrices [3],[28],[29] for

bosons and fermions respectively.
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6.4 Calculation.

We consider The ete™ annihilation process into hadrons through one photon annihi-
lation within a color confined QGP medium at finite temperature. Here we use real-
time formalism of TFD to calculate the total cross section of the annihilation process

Te~ — hX at finite temperature. Then, the cross section is calculated by taking

e
thermal average of the product of thermal Green functions. The center of mass energies
are fixed at /s = 2¢9 = 10Gev, 100Gev .and chemical potentials : u = 0Mev,400M ev.
(throught v and Zj channels).

In the following, we have to consider the quark-antiquark interactions without emis-
sion of a gluon in a hot non-abelian medium, a many body system at equilibrium. To
deal with such a system, we use the approach of TFD. In this formalism, we introduce
a temperature dependent vacuum state so that the average of any operator can be
identified with the expectation value of the operator in this state. Doubling of degrees
of freedom of all fields is required. That is to say, besides the normal operators, there

exists "tild ”operators : to each operator ¢ (x) at finite temperature there exists a dou-

blet of fields (¢ (x), @ (z)) .The dynamics of such fields is controlled by a lagrangian

L=L(p)—L"(¢)

It is important to remind that the advantage of the theory lies in the fact that all the
machinery of the zero temperature field theory can be introduced at 7' # 0 and Feynman
diagrams are well defined. Now, let us consider the process : eTe™ — q7 — hX. We
assume that we are working near the light-cone 22 ~ 0. The result of the calculation of

the scattering amplitude at 7" = 0 is given by the optical theorem [33] :

7T2a2 ;
T = e [ @501, 0] 0)

822

= Sz oo (i [ e T @) 10)| s

For a reminder, we write in a scattering process the scattering matrix formally in terms

of the decay rate
S=14:iT
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then,
Sts = (1 - z‘TT) (1+4T)
=1-i(T"=T) + 7T
in the other hand, the scattering cross section is
oo TTH =i (T' = T) = Im (T = T).
The operator T' is written in terms of a current, J,
T— (0] Ju|0)

therefore, in our case

oo (qq | T4 (x) JEC (0) | ete™)

To calculate otr at T # 0, we follow the developments in ref. [3],[24], using Wick’s
theorem [26] rather than the direct method. The theorem applies for fast quarks (hard
photons) and for high temperatures as in the T' = 0 case. We assume the following

expression calculated in the vaccum at finite temperature, 8 # 0 , and is :

87202
Otot = ——55
T 3(¢2)?2

2t (i [ ataem(00) | TGP O) 00))] (615

The physical current of quarks fragmenting into hadrons is : J,(z) = ¢(z)y.Qq(x) ,
where ¢(z) is the quark field and @ the fractional charge matrix. In the expression for
the current, we assume that the sum over the quark color is implicit. This introduces
a color factor of N, = 3 in the expression whereas the flavors are introduced in the
charge matrix. We assume the chemical potentiel ¢ = 0 in the Fermi-Dirac distribution

for the quarks. Then,

Tu(@)J(0) = Q* [q(x)yq(x)G(0)7"q(0)]

In the following, we are interested in taking the T- product on the vaccum at 8 # 0

and complete the calculation using the Wick’s theorem :

(OB) | T (Ju(x)J#(0)) | O(8)) = (O(B)Tr [T (a(0)a(x)) 7. T (a(2)q(0)) wQ?] | O(B))-
(6.16)
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The T-product is defined by :

(O(B) | T (q(0)g(z)) | O(B)) = iSp(—x,m) = (er)4 /d%e”’“%‘p(k,m) (6.17)

and,

1

() I T (a@)al0) | 0F) = iSr(e.m) = o

/ IK e oSk m)  (6.18)

and the Feynman propagator for the physical fermion field is given by (we drop The

subscript F' for the moment) :

S(k,m) = SO (k) + SP (k) = (k +m) ( + 2imnp (k)6 (k? — m2)>

k2 —m?2 + ie
Here np(k) represents the fermionic distribution function defined by :
1

= Bkl + 1
Substituting fo the T-products (6.17) and (6.18) and taking the trace , expression (6.16)

np(k) (6.19)

becomes :

(OB) | T(Ju(2)(0)) | OB)) = Tr [iSp(—2, m)y,iSp(z,m)3Q°] =

= (-1)Tr (Q*) Tr [(27104 / d4keikx(271T)4 / AU e % e S (k )y, S (K, m)

Substituting for the Feynman propagators, the latter becomes

OFB) | T(Ju(2),(0)) | O0)) =

1 | , ,
d*k ”“/d% S(k, S(k',m)y,
(271')4/ € (271')4 ( m)fyﬂ ( m)7

1 ) 1 "
— T 2 T /d4k ikx /d4kl —ik x
(—1) "”(Q) 7’(27T)4 e (271_)4 e
<[SO ke, m)7, SOk m)v, + SO (k, m)y, SO (K, m),
+S(ﬁ) (kv m)'Y;LS(O) (kla m)%/ + S®) (kv m)%ts(ﬁ) (k,a m)')’u] (6'20)

= (-1)Tr(Q*)Tr [
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6.5 Investigation of the formula

Therefore, the imaginery part of the T-product (6.20) is composed of a temperature

independent and dependent contribution as follow :

= Im

i (i [ dtac(0(8) | T (0,017,006
(0]

1 ) 1 -y
d4xequT7ﬁ (Q )TT‘ ( 1 /d4kjezkr 1 /d4k:’e_zk z
(27) (2m)

x SO (k, m)y, SO (K ,m)%+SW)(k,mmS(ﬁ)(k’,m)%>)
_ Im( d4xem“ (O | T (J,(x) V(o))yo>> n

1 L1 — ,
+Im ( /d4xe’qu'r (Q ) 1 /d4/~ce”m4/d4k e~k ey (iS(ﬁ)(k,m)vﬂéS(ﬁ)(k ,m)fyy)
(2m) (2m)

Now, returning to our total cross section (6.15), we can write it as two contributions :

\

/

8m . 4, . iqx T _
ol + o>—3(q)[2fm (i [ atact0(8) | T 01 ©) | 03N )
8 ? 2 4, 1qx "
= e [pmi [ ataem 0| TG00 1 0)] - ()
— (T = 0) — [ (T) (6.21)

6.5 Investigation of the formula

Let’s compute the temperature dependent contribution :

22T (Q? , , ik
f(T) = 83(2;)2(62)2177@(1’ / d*ze't” (27104 / d* ke’ (27104 / 'k (4n?)
XTT’{(E +m) v (l_fl + m) ’yl,} ng (‘ko‘) ng (‘ko - qo‘) 5 (k* —m?)¢§ ((k —q)? —(ﬁz%})

Try to calculate the trace. Upon a contraction with g,,, we get
Tr { (l_ﬂ + m) T <l_€/ + m) ’yy} g = 4 (kuk,'/ + k;ku — gm,k.k') g + 4ngw,g’“’
= 4 (k k"™ + Kk — 4kE") 4+ 4m* x 4
4 (kk' + kK’ — 4kK") 4+ 16m°
= —8kk' +16m? = 4 (¢* — 2m?) + 16m* = 4¢* + 8m>.
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Therefore the expression (6.21) becomes (we apply the properties of Dirac Delta func-

tions during different steps) :

/ d*zetr®

1
(2m)

812a’Tr (QQ)
3(¢*)?

f(T)

: / d4k€—ikx

(2m)

< (87%) (402 + 8m2) e (|K]) mr (80— ¢°]) 6 (43 -

—k+k)

402Tr (Q? ,
3(q2§2 ) /d4k/d4k5(q

< (4a? + 8m?) i (K]) e (80— o)) {5 (12 -

402Tr (Q?
ALY [k (a5 ) e () e (1
a2Tr (Q2

1

d (ko —€)
4€2

(5(]{50—6).

1
4/d4k/€+zkx

(o)) ()

(+ m2>>}2

—q

(6.23)

320%Tr (Q%) 5 ) )
73((12)2 /d k:(26 —|—m)<(

)

1+ efe)

4e?

Now , we know that the Fermi-Dirac destribution for the quark is :

, 1 1
ng (|K°]) = sin” 60 = (1+ePe) (1 4 BIF%)
and for the antiquark is :
0 o o 1 1
ng (K = ') = ng (k=) = sin®0 = 7255 = oy
0 o e 1 1
na [k = a7l) = nq (k= q) = sin” 6w = 755 = = amy

6.6 Result.

Let’s try to investigate the final formula (6.23). Here the chemical potential is assumed

to be : u=0. Furthermore, Fy =
kv (ml

mass of the photon of momentum ¢ . We set
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FEy = kY is the energy of quark ,and antiquark , and

) and k', (mg) their 4-momentum (mass) respectively. We work in the center of



6.6 Result.

B2 = s=¢=(k-¥)" = ((Br, F) = (- B2, -F) i

and its momentum is
P = (k=K)> =K+ K% = 2kk = 4
which implies
(—Qk‘k") = 4¢ — (k2 + k"2) = 4€? — (m% + mg) = 4¢? — 2m2.
The integration over the phase space volume is :

12 - - - — -
&Pk = ‘k’ d‘kz) Sy, = ‘k’ (’k’ d’k‘) Sy, = )k’ (Kodko) d2, = 1/ k2 — m2kodkod

since

k= (kol%') :(G,E>:> I Y. B

Moreover

oror (T = 0) = (4§;;2> Tr (Q%).

Therefore the relation (6.23) becomes on substituting the above relations :

— M 3 24 2 1 5(k0—€)_
AT) = /dk(2e+ )((1 ) -

3(¢%)? By’ ) ae
32ma’Tr (Q?) 1 0 (ko —¢€)
= 3(q2)2( /,/k:g — m?kodko (2€* + m?) <(1 n eﬁ€)2> Z2
_ 32ma’Tr (Q) my 2 1
- 3(¢?)? L= (?) (265 4 m%) ((1 + eﬁe)2> (6.24)
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Now gathering all the results we get the final result :

o 22O (5) (Y ey ()

- 1-4y/1— (%)2 <1+;<T>2> ((1+165)2> (6.25)

substituting for the centre mass energy we finally get :

1+e2

oSyl G (2GR ) s ) o

Our result Eq.(6.25) confirms the result obtained in Ref.[34] using Born approximation.

6.7 Examining the case for quarks with chemical potential

=400 Mev.

Following the same steps as before, we consider The eTe™ annihilation process into
hadrons through one photon annihilation at tree level at finite temperature. We assume
the chemical potential to be u = 400 Mev. The center of mass energy is fixed at /s =
2¢g = 1Gev . At the end, a graphical study of the total scattering cross section versus
temperature is shown at a center of mass energy. Now , the Fermi-Dirac destributions

for the quark are modified as

O .2 _ 1 _ 1
ng (|K°]) = sin® 00 = (1+ eF(e=100)) — (1 4 ¢B(IKI-400))

and for the antiquark as

0 oy — o a2 _ 1 _ 1
ng (|k° =) = ng (k — ) = sin® O = (1 + e a00)) ~ (1 AURI—400))

0 Oy — ., _ o a2 _ 1 _ 1
ng (‘k -4 D =TnNg (k q) = sin” O = (1+€B(5_400)) = (1+66(|k0‘_400)) (627)
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6.8 Result.

Let’s try to investigate the final formula (6.23). For the same centre of mass energy, the
chemical potential is assumed to be : u = 400 Mev. Formula (6.26) will be modified

as :

6.9 Annihilation Process throught Z, channel.

The same process for the e*e™ annihilation is seen throught Zy channel which dominates
for energies above /s = 100Gev. The annihilation process takes place for high energies
of /s = 10Gev where the Zy dominate. The formula remaines the same as for the =

channel

R(8,s) == 1-44/1 <2m>2 <1+ L <2m>2> ! (6.29)
)T T “\ s s\ /s , 2 :
where 4 is the chemical potential of the quark. All the curves are sketched in one

graphical plot for different channels and chemical potentials.

6.10 Conclusion and interpretation of the graph for =10
and p # 0.

1) for T~0(8~oc0), R(B,s)=1.

2) for T ~oc0 (~0), R(3,s) =0.

Therefore, for high temperatures, the probability of formation of states of hadrons
drops rapidely ((Fig. 1); (Fig. 2)). Now, we notice from the formula that it has a
branch cut that runs from ¢ = 4m? to oo and another from ¢ = 0 to —oo. This allows

us to say that R(f,s) is not defined for centre of mass energies such that : s > 4m?.
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This is obvious since the green functions show these discontinuities in the complex
plane (see analytic properties of Green functions in the complex plane). Therefore
we will work in the hard photon momentum region (¢? > 4m?,4u?).To allow for the
production of hadron states at high energies, one should fix the energy of the center of
mass (corresponding for short probing distances),say to /s = \/q>2 = 10Gev, 100Gev
and plot the corresponding curves for different chemical potentials 4 = 0Mev, 400M ev.
In the present calculation, we a been interested in computing the total cross section
oref the eTe™ annihilation process into quark-antiquark pairs at finite temperature. At
first sight, we can see that the production of hadrons at finite temperature is decreased
compared to that at zero temperature (probability of formation of states of hadrons is
diminished with increase of temperature). The curves have been plotted for different
centre of mass energy : a) for low energies (through « channel), the centre of mass
energies are fixed at : /s = 0.9Gev, 1Gev and chemical potential : = 0Mev, 400M ev
((Fig. 1);(Fig. 3a);(Fig. 3b)). b) for high energies (through Zy channel),The center
of mass energies are fixed at /s = 2¢9 = 10Gev,100Gev .and chemical potentials
: = 0Mev,400Mev ((Fig. 2);(Fig. 3c);(Fig. 3d)).The decrease as the temperature
increases implies that the probability of hadronisation into quark-antiquark bound state

pairs is low. This accounts possibly for asymptotic freedom and deconfinement.
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Differential cross section at finite temperature
for the qq bound state of a meson 777 .

Comparison to the zero temperature case.

We consider The qq bound state of a meson mwithin a thermal bath that is a color
confined QGP medium at finite temperature. We use the canonical formalism of TFD to
conduct step by step the calculation process: We compute the differential cross section
of the process q§ — 7" using S matrix expansion at first order at finite temperature
and apply bogoliubov transformations on state operators concerned to evaluate the
transition amplitude in the differential cross section. Finally, we compare with the

result at zero temperature [1],[2].

7.1 Calculation.

We propose to study the probabilité of formation of a qq bound state of a meson
7T at finite temperature in QGP. Much of the work on calculation of reaction rates
and decay of particles was given in references [3],[4], Where either Cutkosky rules or
calculation of module of elements of the S matrix was used. in this paper we try to
apply methods of calculation given in this article to QCD at finite temperature. We
consider a QGP medium at finite temperature and pick up a quark and antiquark
states, then calculate S matrix element at first order on the vaccum | O (8)) , and

finally evaluate the transition amplitude with the concept of T.F.D. For a reminder,

79



7. DIFFERENTIAL CROSS SECTION AT
FINITE TEMPERATURE FOR THE QQ

BOUND STATE OF A MESON r=.
COMPARISON TO THE ZERO
TEMPERATURE CASE.

we give useful relations of T.F.D in the appendix (see references therein).

let’s consider a quark-antiquark bound state of a meson 7*: the quark q is of
momentum kq,energy wiand spin s;. The antiquark q is of momentum ks,energy
woand spin sg.The minimal coupling in the interaction lagrangian (wihtout emission of
a gluon) is :
Lins = —igen® (2) 1 (2) 31350 () — igs7* () () grompd (@) (T1)
where ¢ () is either the up or down quark. The initial stateis: | i) = c;rl (B) d;; B) |
O (B)) and the final state is : | f) = a; (8) | O (B)). The S matrix element is :

ST o1 - N -
(1810 =i(ige) [atal | |7 @) a(o) grima(e) + 7 (0).2(0) gronsa (@) |9
(7.2)
In the center of mass frame of 7+ | we can write : (k; = —k»)
do 1 k
(%) - @y
c.om(i.ent) 647 (wl + WQ) ’ k1|
1
= 7 | My (T) (7.3)

3272 (wy + wa)
in the rest mass frame of 7 ,the meson has a mass M ,and each quark has a mass

of % The scattering amplitude is :
1 d3p

(2r)2 J /2w

X [Z/dgp/Np/ |:C;_/73'a (p/73) eip/x + dp’75’l_) (p/78) e_ip/x:|] v %7—4_’}/5
S

[ape*ipm + a;eipx]] X

<f|§\i>=gs/d4fv<0(ﬁ)Iak(ﬁ)x [

x [Z / d3p”va [Cp”,s’u (JU77 ) 8/) e T 4 d;,,vs,v (p”7 3’) eip”z}]
8/

~ _IpT ~+ —ipT
+ ape’? +afe }]x

1 / d3p [
(2m) ) V27
X [Z/d?’p/Np/ [5;’,5—11 (p’, S) o' + Jp/ﬁj (P/7 3) e_ip/z}] « %TJF%

S

’ [Z [Ny [t (7)€ 55 (57 5) }] o, (B)df, (B) ] O(8))
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7.1 Calculation.

7.1.1 Preliminary calculation of the first term of the sum.

Let’s drop out the integral signs for the moment and consider the bits :

Iip (,8) = (O (B) | ax (B) [ape™™" + ag ] | O (8))

and
- —in'x 1
Ik1k2 (x7 6) = <O (5) ‘ [C;_/,sﬂ (p/7 3) e’ + dp’,sT) (p/7 3) e P } X 57—4—75

« |:Cp”7S/’LL (pn7s/) e—ip”l" + d;r”’SIU (p”,Sl) eip”w] Cgl (B) dé (B) | 0 (5))

Applying the bogoliubov transformations (3.10) [5],[6] on bosons and fermions and the
related properties of the action of the annihilation and creation operators over the

thermal vaccum (see the appendix), we get
Iy (2, 8) = (O (B) | ax (B) (coshbya, (B) + sinh 8ya, (8)) e~
+ (cosh 0pay) (B) +sinh b,a, (8)) e | O (8))
= (0 () | ax (B) @ (B)sinhbpe™P" + ay (B) af (B) cosh e’ | O (B))
= cosh e™** (7.4)

Now the other bit :

Ty ke, ($7 /8) = <O (6) | dp’,sq_} (p/7 S) e_iplx%7—+75cp”,s’u (p”v S/) e_ip”xc;; (5) d;g: (6) ‘ ) (5»

1 ; / 99 ~
=0 (p,s) 3T (p”,s) e~ 0 (8) | (COS O_pdy,s (B) +isin e—p’d;,s (B)) X

X (COS Op cp s (B) +isinbpé (ﬁ)) e (BYdE (B) ] O(B))

=7 (p/’ 3) %T+f}/5u (p”’ S/) efi(p’er”)I COS 9_p/ cos 9}2775 (kl _ p”) 5 (l{}g i p/)

1 .
= v (ke, 5) S T+5U (k:l, s’) e kithk2)T (g 0_j, cos O, (7.5)

where we have used the properties and the action of the annihilation and creation
operators over the thermal vaccum as well as different commutation relations over the

fields (3.19) and (3.20).
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BOUND STATE OF A MESON r=.
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TEMPERATURE CASE.

7.1.2 Preliminary calculation of the second term of the

sum.

let’s compute the tilde (~) term :

1519-Sact (foef 22 fam, o)
1

<O (ﬁ) | ag (ﬁ) [&peipx + &;—e—ipl’] % |:~; o (p S) ip’a; + Jp’,s—ﬁ (p/’s) e—ip’x:| X 57_4»75
[ (47,9 7 855 (57, ) 7] 2, (8) 5, 9)| 09

we will consider the following two bits :

Iip (2, 8) = (0 (B) | ax (B) [ape’™ + @ e | O (8))

and

T (2,8) = (O(9) | [ 121 (0 5) €%+ dyp o () €7P7] x S
x [%w,yﬂ () e P dt o (p, ) e? m} ol (B)df (B) ] 0(B)).
Using Bogoliubov transformations [5],[6] the first bit becomes :
Iy (w, ) = (O (8) | ax () [(sinh Gy (B) + cosh b,dy (5)) e
+ (sinh Bpap (8) + cosh 6,7 (8)) e~ 7] | O (8))
= (0 (B) | ar (B) a; (B)sinh 6, | O (8)) = sinh ™ (7.6)

The second bit on developing the calculation becomes :
Tk (2, 8) = (0 (8) | [ (isin 065 (B) + cos 0y ,(8)) @ (o, 5) €'

+ (—i sin 9_p/dp (B) 4 cosO_pydyy (ﬁ)) o (p',s) e_iplz} X %Tyyg,
X [( isin 0,y cp s (B) 4 cos by s (6)) (p7,8') e #®
+ (isin0_yrdy o (8) + cosO_pd  (8)) & (07, ') €| x f (B)df, (8) 1 O (8))

= —sinfy sinf_, 6 (ka —p”) 0 (k1 - p’) ) (p’, s) ;T+'y5v (p” s') ' +p")z
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7.1 Calculation.

, 1
= —sin by, sinO_p,e " F1TR)T G (k) 5) §T+’)/51~) (k2, ") (7.7)

We used the properties of the action of the thermal operators over the thermal vaccum,
the Bogoliubov transformations (3.14) and (3.15) and the commutation relations (3.19)
and (3.20). Gathering all the bits (7.4)-(7.7), we come to the following scattering

amplitude

Myi=(f|8]4) = (2;3 (Qi)3 <2;k> (2;k1> (2;1@) <A24> g

1 . .
X Z Js ( (ka, s) 3 T+5U (k‘l, ) e iktha)w gika g 0_j, cos Oy, cosh by,

1 ) )
—_t (k1,s) 57’4;)/517 (]{72, s') e~ ikitha)e pika giy O, sin 0_j, sinh 0k> (7.8)

Now, due to the conservation of the 4- momentum and after some algebra, expression
(7.8) becomes :

Mo = (271r) (271r) <A24> <2;k> (2;k1> <2;’f2> "

1
X Z Js < (K2, s) T+75u (k‘l, ) cos _, cos O, cosh O

1
— T Y50 (kg, s’) sin O, sin 6_y, sinh 6k>

—u (kl, 8) )

Then, squaring the scattering amplitude and reorganizing the full expression of the
amplitude : we use the tild conjugation rules over the Dirac spinors u and v and take
the transpose of the product of these 4-vectors v* x u* and similar expressions, we

obtain a semi-final result

2
fi (271‘)9 64 W Wy Wy 2

1 1
X g5 Z cos® 0_ ks cos? Ok, cosh? 6, (v (ka, s) S TH5U (k;17 5’) i (k:l, 5/) 3TV (kao, s)>

SS

1 1
+ sin? Ok, sin? 0_k, sinh? 6y, (71 (k1,s) §T+’}/5'ﬁ (kg, s’) 0 (k:g, s’) 5757'_& (k1, s))

— (cos0_y, cos by, cosh @y sin by, sinf_;., sinh ;) x
2 1 1 2
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1 1 N 1 - N 1 -
X (17 (k2,s) ST+ (k1,s") u (1, 5) 57—751)(%2,8/) (k2,s") + i (k1,s) 5T+750 (k2,8") 0 (Ko, s) 575U (kbb‘/))

In the above, we use different normalization conditions given in the appendix for dif-
ferent Dirac spinors u and v, different thermal distributions Eq. (6.4) for the quarks,
and the properties: %T+7L = (1 —}—70) 752 = 1,75' = 75 . Therefore, the scattering
amplitude become

T ) e 812
AL (B

Therefore the differential ¢

s sectio .
() i~ a7 (5 ) ) (5) -
aq c.om(m ) 95 (471')11 W Wik Wky (wkl + Wkg)z 2

() ) G () ) () () e
(- (W ()T () (5) ]

To compare with the zero temperature case, we can write the final result in the

center of mass frame of 7+:

EU;E?Z; - [(nq <J‘24> - 1)2(% (M) +1) +ng <J\24) Nt (M)

—2 (1 —ny <J\24)) ng (j\;) Ve (M) (ng+ (M) + 1)]
- <<nq (f) - 1) (e (M) +1) +n, (f) - (M)>2(7.9)

Substituting for the bosonic and fermionic distributions , we get

& &.‘&

IS8
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7.2 Conclusion and interpretation of the graph.

do
aa 1 1 1 1

(30)(T750) _ = <5M o+ 1> e T T
(m)(T:O) (6/87 + 1) (6 - ) (657 + 1) (6 - )

M

_ol1- 1 1 1 e~ 2

(66% + 1) (eﬁ 2 + 1) (PM — 1)7 (M — 1)7
= tanh (6]?) = tanh <3;?> . (7.10)

for M = m + ~ 140 Mev.

7.2 Conclusion and interpretation of the graph.

We notice from the curve (Fig. 4) that the formation of 7 bound states build up does
diminish when temperature goes up. Beyond a certain temperature not high enough,
the probability of formation of 7 bound states is not decreasing rapidely. For high
temperatures , the plotting drops at a null value . We consider the centre of mass
energy of the pion.

7.3 Parity conserving part. Parity violating part.

For pseudo-vectors, the full current will be written as

Ju()J*0) = Q° [7(x) (Yu + avus) a(2)7(0) (4" + ar*~°) q(0)]

then
Ju(@)J*(0) = Q% [q(2)7uq(2)7(0)7"q(0)] + a*Q* [4(x) (vu5) a(2)q(0) (v*4°) ¢(0)] +

+aQ? [4(2)7,4(x)7(0)7"+°q(0)] + aQ? [q(z)yuy59(x)7(0)7"q(0)] (7.11)

the second line is the usual part already calculated, and the second line is the parity-
violating part. As for Eq.(6.24) for the total cross section of the parity-violating part

could be written as
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87202

AT 2 0 =5 2 (i [ atae () | T (000 [0(6)) | -

w

822

= @7 [2Imi/d4xeiqx(0 | T (Ju(x)J*(0)) | O}] — Thermaldependentcontribution
= oNO(T = 0) — Thermaldependentcontribution

w

Let’s compute the temperature dependent contribution :

16m2aa®Tr (Q?) 4 1 , 1 ik
T) = 2Im(i | d*ze'®® / P T — / d*k e
(1) 3(q?)? ( / (2m)? (2m)?

(47r2) Tr {(l% +m) v (l;:, —i—m) ’yl/y5}np (‘ko‘) ng (‘ko — qo‘) ) (k:2 — m2) ) ((k: . m2))
(7.12)

the latter contains a factor of two pieces of two equal terms of violating-part in the

third line of Eq.(7.11). Let’s calculate the trace
Tr {(l?: +m) v, (l% + m) wys} =Tr {(EW + my) (/?%75 + m%%) }

=Tr {];?’Yu];?,’h% + mfc’Yu’Yu% + m’yul;:/'yy% + m2’>’u’)’u’}’5}

=Tr (l?:yul_f:,’y,/yg,) = kokLTr (V7Y oVv) = 44 ppovk k. (7.13)

Upon replacing Eq.(7.13) in Eq.(7.12), the imaginery part of the temperature-

dependent parity-violating part is (in centre of mass frame)

16m2acTr (Qz) : 1 , 1 .y
T) = d'ze’—— / d'ke” ™ — / d'K' et (87%) (49" € puon kP k'
f( ) 3(q2)2 / (27_[_)4 (27‘(‘)4 ( ) ( g P )

na (K)o (K0 =) 6 (= (124 m) ) 3 (1 = (B2 +m2))

27, (02 5 ko — /(K2 +m2
- W@)/d4’“(46“ k%’”)w(l’f“})w(koqo){ < < >)}

2

3(¢q%)? puo

2 <E2+m2)
_ W/d%/dko <4€’,qu (gi> kk) np (JK]) np (K~ ")) {(S(k;e_)}Q
2 2
= ST @) [k k) e e 0 U0
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7.3 Parity conserving part. Parity violating part.

_ 327ra0z2T7“ (Q?) /\/mkodko m-|-_62: )5(]‘322_ €)
rac’Tr (Q? m 1/2 m
= 3(;)2( ) (1 - (™) ) (2¢2) (1 -5 (6)2> ((1 :eBE)Q) (7.14)

\[

putting € = %%, ¢® = s = 4€? we get

 32mac?Tr (Q?) om\?\ " ¢2 1 /2m)\? 1
0=y (1_<f>> q2<1_2<ﬁ>> (14 %)

on the other hand

2
Utot (T'=0)= :32(6:1(;>2N5TT (QZ) (m2 - (15‘12)

Now gathering all the results we get the final result :

U
RNC(B» 8) = tOt

Vs

”53<162m>2> (-62) (-3 () o

substituting for the centre mass energy we finally get :

-3 (206 (e
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Fragmentation Functions.

8.1 Preliminaries: Fragmentation Functions, an overview.

To account for different processes which take place during quark or gluon fragmentation
into hadrons , we require a definition for a function analougous to structure function of a
quark inside a hadron. It should be pointed out that these functions have been defined
in a general framework by many authors namely Collins , Stermann and Soper[1],
[2],[3],[4]. Their definitions are universal and extracted from specific processes (e.g.

Te~ annihilation, Drel-Yang processes, etc...). We give here an overview or a sketch of

e
the fragmentation functions in QCD. Imagine a fast moving proton between z* planes
in the infinit momentum frame. Such a case needs to be worked in field theory near
the light cone. We use light cone coordinates defined by [5]

L (£ . (PPxP?)

- R

where :P* > 1, P~ is small enough and Pr = 0, for the hadron and 2% are the light

cone coordinates of the hadron.The quark field moving on the 2+ plane may be defined

as
1 Tkt [ o 1 o
AQ (T e o) = =3 / ;i,’% / dir Y (VOR)* {exsu (k, 5) e~ (08" e —Frn)
(2m)" .
—i—d;sv (k,s) e+(ik+z*_ET~fT)} (8.1)

where AL = %7_7“‘ is the projection operator on the 2™ plane and Q (z*, 2™, z7)

defines the quark field at 7,2~ ,and z7 . Now, the hadron state is defined as | H) =|
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8. FRAGMENTATION FUNCTIONS.

P, I3T> Then we construct the unrenormalized fragmentation function for a quark of
flavor j inside a hadron as

1 . . .
. /dkTZ<P’+,P} | N (zk*, kr,s,27) | PY, Pr) (8.2)

DH/Q (2) = m

where
N (zk+,kT,5,:z+) = cj (szr,kT, s,aﬁ) c; (zk:Jr, kT,s,a:+)

is the quark number operator for flavor j and z is defined as the boost-invariant longi-

tudinal momentum :

pt
z=—7,with0 < z < 1.
K
With these definitions, we find
1 7 A I -7 + 3 + 7
Dyq (2) = = dy—e = (P7,0r | Q; (0»?/ ,UT) 7 Qj (O7O»OT) | P7,07)

(8.3)
To make the formule gauge invariant , we work in the gauge A™ = 0. Therefore, the

gauge invariant definition is

1 Pty o _ S . .
Dpg (2) = - /dy—e = (P07 | Q; <an ,0T> 7T 00Q; (07070T) | P*,0r)
(8.4)

where
=
O (y7) = Pexp (igs/ dx, A" (x))
0

is a path ordered product called the Wilson line and represents a phase factor. An-
other approch to fragmentation functions can be found through their evolutions with
the probing scale. The resultant Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
evolution equations [6],[7] have been tested againt experiment in e*e™ annihilation pro-
cesses and can even be tested to measure the scale dependence of the running strong
coupling constant (see the case of heavy flavoured hadron production in ete™ collisions
[7]).The fragmentation functions, as well as the structure functions, must be measured
at some energy scale, and their value at any other scale can be obtained using the
Altarelli-Parisi evolution equation. What is measured experimentally in e*e™ annihi-
lations is the probability of observing a hadron from the process ee — v* — hadrons
carrying a certain fraction z of the centre of mass energy ,
_ 2Fy
T o
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8.1 Preliminaries: Fragmentation Functions, an overview.

where Fj, is the hadron enegy and (@ is the photon or the centre of mass energy. Parton
production is followed by hadronisation and therefore formation of collimated jets of
hadrons after collision within a heat bath. The distribution of hadrons inside a jet
is known as the jet fragmentation function. We can approch this definition by using
the following approach. The inclusive hadron cross section is related to the parton

differential cross sections according to

do"(2,Q%) = (‘il“y ) dyD! (z)dx + (‘Z’;) dyD! (x)dw + <ddy > dyD!(z)dz, (8.5)

this formula is understood as a product of probabilities where (do?/dy)dy is the prob-
ability of finding a quark with energy

1
§yQ7

and D(};(a})dm is the probability that a quark of energy F, fragments into a hadron

carrying fractional energy,

Ey,
x=—=.
Eq

Similarly (do?/dy)dy is the probability of finding a gluon with energy E, = yQ/2 and
Dg(x) is the gluon fragmentation function. The experimental fractional variable z is

related to the parton variables x and y by

and 0 < x <1 implies that z <y < 1.Thus,
do" dy iy o (2 nfZz
> — Dh (= ph(z
@ =sotu) [ i o (2) 40t (2
aS aS Q2 e+e
(1+2) 600+ SR iox (5) 4oty )]

+221e5.D; <y) [;“;pﬁgq( )log (Q2> +asfi >] Iz (8.6)

where the sum over ny quark flavors is assumed and where ,

Py gq(®) = Py—sqq(1 — ) = % {H((;)Jr) + ;5(;5)},
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is the splitting function, and,

asfe e (z) = 23‘:‘: {2 <1 +(1- x)2> (log (”3)>+ —or— 25 (a:)} ,

[l @ @] w=o

are the "little ” functions. o (uu) is the v* — ptp™ rate in p production in ete™
collisions. The fragmentation functions provide information on how a parton ( quark
or gluon) decays into a hadron. This is identically applied to a QGP in a hot medium.
Nevertheless, at zero temperature, the absence of an energy scale means that the frag-
mentation functions depend only on the scaling variable z. At finite temperature, the
thermal average introduces dependence on the temperature as well. Therefore, the
fragmentation function will depend on two parameters : the temperature 7T, and the
energy scale, z, the absolute momenta of the initial partons. The energy conservation

implies the sum rule
1
/0 $D¢Z (x)der =1, (8.7)
and,
1
/0 a:D;L (x)dx = 1. (8.8)

We now define the fragmentation function to order ay as

L
ot [ 14 ()

[5 (1—y)+ %Pqﬂqg(y) log (Q2> Fasfere (y)]

m?2
#0) (2) [22toitos (L) +ausy ™ @) 59)
y) |27 m2 g
In the following, we try to give an approximation of the fragmentation function at
T = 0 and compare our results (see curves : (Fig. 6);(Fig. 7)) with J. P. Ma’s
[8]. In the next section, we try to exhibit the dependence on temperature of these
fragmentation functions since much is known about the scale energy z between the
hadron and the initial parton. Variation with temperature of the fragmentation is
an important information about the formation of quark-gluon plasma in a heavy-ion

collision.
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8.2 Applications:

8.3 Attempt of a direct calculation of parton fragmenta-
tion functions at zero temperature using definitions :

Case of a fast moving quark or a gluon fragmenting
into a spinless HADRON qq .

In this section, we use the calculation of parton fragmentation functions from définitions
at T'= 0. The fragmentation functions computed in this work is extracted from specific
processes (i.e. Drell-Yang process, eeTannihilation ...etc). It should be noted that these
fragmentation functions are already given by Collins and Soper (see references [3],[4])
and their definitions are universal and independent of the process. Some authors (e.g.
J.P.Ma [8]) use Feynman diagram technique to derive the fragmentation function for
heavy quarks inside heavy hadrons in effective theories such as the HQET. In this
section we try to give an attempt of an expression of a given fragmentation function
at finite temperature for a hadron as a bound state of two heavy quarks. We examine
the case of a fast moving quark or a gluon fragmenting into a hadron via the exchange

of a virtual photon in the above processes.

8.3.1 Calculation.

In the infinite momentum frame the momentum of the incoming hadron is almost only
in the Pt direction P, ~ (P*,0,0).It is convenient to work in the light cone coordinate

system, defined as

(ao £ a3)

V2

a, = (aq,a_,at)where,ay = andat = (a1, a2)
the inner product of two vactors is given by

a.b=a4b_+a_by —arbr

The fragmentation function for a spinless hadron is defined as

1 1
Dpq(2) = i /d:t:_ exp (—iPTz™ /z) X (3) T7 color (2) TTDirac
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[n.v(O | @ (0) Pexp (z’gs /01?_ dx, A" (:C)) a}fl (P+, OT) ag (P+, OT) Q (O,x_, OT) | 0)
(8.10)

Pexp <—igs /01 dx, A" (x)) (8.11)

is called the Wilson line, which describes a path ordered phase factor of the parton

where

(quark or gluon) moving from 0 to . A field operator creates a parton at position 0
coming from infinity (oo0) and another field annihilates it at position z~. Therefore we

should parametrize the world line of the fragmenting parton as the following path
x, = nut, for — oo(t(0andx,, = ™t for0(t(1 (8.12)
where we choose x,, light-like

P P
x, = (O,m_,O) sandn,, = Mu = (P+,P_,O) /Mtime — like, suchthatn® = Wz 1.

where,
Au(z) = A (x)T,Aj (z)
is the gluon field and T is the generators of the SU (3) algebra of the color field of the

gluons (a = 8gluons) .

8.3.2 Developing the calculations.

On substituting the quark fields in Dirac representation and writing out explicitely the

hadronique states, equation (8.10) becomes :

1 1
Dpg(z) = i /d:ﬂ_ exp (—iP+x_/z) X (N> Treotor <2) TTDirac

C

[m) 01 Q0) Pesyp (‘igs | dna <x)> wn (P7.0r) agg (P7,01) Q (0,27, 01) | 0>]
— ﬁ /d[];_ exp (—iP+JJ_/Z) X (1\1],0) Treolor (;) T pirac

Pexp (—igs/ dx, A" (m)) X
0

x X2 5,d (03, 52) ¢ (p1,51) ¢ (p],51) dt (py, 52) x

(n) (0 [Z [ % (e v5) + 0 5.5
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fragmentation functions at zero temperature using
definitions : Case of a fast moving quark or a gluon
fragmenting into a spinless HADRON qq .

X [Z/d3ﬁNp/ (c;,ﬁ/a (p/75/) et dpy U (p’, S/) e‘ii”-x_)] o)
S/

substituting for the wilson line to second order, we come to

1 1
Dpg(z) = ;r/dx exp (—z’P*x’/z) X <N> Treolor <2> TrDiracX

c

X (n.7) (0| [Z / d*pNp (cp.su (p. 5))

X (1 —|—igs/ dx, A" (x) + (z'gs)Q/ d:vu/ ' dy, A* (x) A
0 0 0

_ i/t 2
Xxind (pér, 52) c (pf, 31) cf (pf, 51) dt (p;, 52) X [Z/d3]5’]\7p/ (c;r),vs,u (p/, s/) e T )] | 0)
SI
(8.13)
Gathering all the terms, the last equation (8.13) becomes

z _ ) _ 1 1
= DH/Q(z) = 47r/dx exp (—ZP+x /z) X <N> T7color <2> T7Dirac X
&

x (n.y) (0] (1 - g; /Ox_ dx,, /Ox# dy, A* (z) A” (y)>

< [ @5 [ NNy s (0F52) (o) f (o) dF (05 52) 1 )8 0 )
s,s’

(8.14)

When sandwhished between the vaccum, the first order term of Wilson line cancels.

8.3.3 Investigation of the formula.

let’s try to investigate this formula (8.14). Using commutation relations (3.19) and
(3.20), we get

1
Dpjo(z) = i /da: exp (—iPTa™ /z) x (2> TTDirac X

- Ty 1
% (n7) (0 (1 g [ o [yt o) 45 <y>> <N> Tresor {T°T°)
0 0 c
— _ Ve —
x Z/d?’p/d?’p’Npr,XngQ {Cp,scjgf,sf — cpsc (pf,51) e (pf, 51) C;L,, S,} u(p,s)u(p',s)e? = |0)
s,s’

)

using relations (3.19) and (3.20) again

1
Dpjg(z) = i /da:_ exp (—iPTa™ /z) x (2> T'rDirac
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< (n7) (0] <1g§ [ an /Oz“dyvAm)Az:(y)) (3) (%) SR NN

X |:5 (_‘_ ﬁ) 53,8’ {5 (ﬁ_ﬁf) 53,31 - CT (pf, 51) Cp,s} {5 (ﬁ! ﬁz—) O/ 81 02/78/0 (Pii_a Sl)}] X
XU (p7 8) i (p/,s/) eip/+,567 ‘ 0)

some terms cancel when the annihilation operators act on the vaccum; then one term

is left, the Dirac delta function term

1
Dpyo(z) = ﬁ /dm_ exp (—iP+x_/z) X <2> 17T Dirac X

x (n.) (0| <1—gs/ dwu/ dy, Al (x) Ay (y )) (2) <Nj\,_1> Z/dgﬁ/dg 7 Np Ny X350 %

s,s’
[ (]7 )555/5( )55 515(]5'—]7{) 53/,51] X

XU (p, 8) i (p/,S/) eipH-,I_ | 0)

z _ . _ 1
= 47T/d:n exp (—zP+:U /z) X <2> T7Dirae X

< () (0 (1 i [t [ a4 <y>) (3) (B5) watr () =

x Y u(pf.s)u(pf,s) e | 0) (8.15)
S
where we put p=p = pj ~ ﬁﬁ* ~ mP* the quark, antiquark momentum,

and (mq =ma,q=0),y; = 7} = - (i =1,2), m1, my being the quark and anti-

quark masses, M, the mass of the hadron, and where s = ' =31 , > u (pf, s) U (p{r, 3) =

s

py 0 1 . . .
(p12:1m) s Xsisa = % ( 1 0 ) , 8,5, s1 are the quark spins and spin matrix respec-

tively.

8.3.4 FEvaluation of the Wilson line.

After applying the preceding closed relation for Dirac spinors given in the appendix,
we get a compact form where we need evaluate the left Wilson line only in the equation

(8.15)

3z (N2—1

Do (2) = Ton CNC ) Tr (X2152) /da:_ exp (—iP+x_/z) X
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fragmentation functions at zero temperature using
definitions : Case of a fast moving quark or a gluon
fragmenting into a spinless HADRON qq .

2m1

T~ x —
x (0 | (193/ d%/ “dyvAg (z) AY (y)> \o>xT7~Dimc{(n,7)W}Nireipr.m_
0 0
8z 1 1 . . N e
TrDimc{(n.*y) n P } dxr~ exp (—zP T /z)xexp (zy1P T )

~ 3 an) \ By

< (0] (1 - [ ", / "y Al () A7 <y>> 0) (8.16)

Finally, we arrive at a compact forme

_8 1 (1 . - - ot — (z—1
DH/Q (Z) - 397 (27’(’)3 (Epi*'> TTDzrac{(n"}/) y1P }/dl’ exp <ZP €T ( > )) X

< (0] (1 - [ " i, / "y AP () AT <y>> 0) (8.17)

Let D! (z —y) = —g"YapD (x — y) be the virtual propagator from z to y and using

the world line parametrisation (8.12) equation (8.17) becomes

_8 1 [ 1 . P+ - g — (12—
Dy (2) = o (27?)3 <E+> TrDlmc{(n.’y)ylp }/dm exp <1P T ( . )) X

Py
0 1
X <1 — g?/ dtlnu/ dtzl‘;DZ;j (l‘;tg — nut1)>
—00 0
8z 1 1 _ ) _(y1z—1
=—— | — | xTrp; : P d P
391 (27‘[’)3 (Ep1+> X LT Dirac {(n 7) Y (’7 )}/ €T eXp <Z T ( > >> X
0 1
X <1 — gf (nx_) / dtl/ dtoD (a:_tg — ntl)) (8.18)
—00 0
Using the Feynman rules for the propagator in 4 dimensions
I'(1 1 I'(1 1 I'(1 1

4712 —22 + e A7 _ (x_tQ — nt1)2 472 (—t% + 2n..§[}7t1t2)2

where n? = 1 and (a:_)2 = 0.Try to evaluate the integral of the Wilson line. On

substituting (8.19) into (8.18) Wilson line piece, we get

[#) = —(na) ( / (; it /0 it (xtg—nt1)>
= (na7) (/; dty /01 dtgl;g) (2 —2n.1x—t1t2)2>
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perform the change of variables : u = t% — 2n.x " t1to, then , du = —2n.z~t1; we obtain
(1) ([° T
/ dtl/ o :_(2>/ dty { 5t
U 2n x~ t1 47 +00 ] (2n.x*t1 + tl)

then,we put the following change of variables : t; = (2n.z~)t’. Whence

(") = 2;12) /Omdtl{ti{’(%:fm}

COT() (nam [T (2n.z7)* dt’
 4n? ( 2 >/0 {(2n.x—)3t’3(2n.x_+(2n.x—)t/)}

r() 1 [t Nl o, T@3)T(-2) 1
- 327T2(n.a:_)/0 t 3<1+t) dt = 3272 (naT)

I(a:_) =

8.3.5 The Result and Application of the sum rule.

Finally , equation (8.18) becomes

DH/Q (Z) = 872# <E1+> X T Dirac {(an) 1 (7P+)} X

32w (27)? .
2
_ ot — [ Y12 — 1 9s r (3) I (_2)
X /dx exp (zP x < . >> X <1+ () 320 (8.20)
Or, we know that : n.z™ = n~.x~ = x~.Therefore the fragmentation function (8.10)

for a quark fragmenting into a spinless hadron is :

Dpyg (2) =

— 3214 <El+> XTrpirac { (V") 11 (7+.p+)}/dx— exp <ip+x— <y12z—1>> (1+ (n.gf_)r(?,)r(;z)

For fast quarks , £ ot p ~ 11 PT. Hence, the last equation becomes
2
oz ' 44 _ ot (121 g T (3)T(-2)
Dpyjq (2) = %XTT'DWM {'y ~ }/dw exp <2P T < ~ >> <1+ (n;:_) 3972
Whence,

) 2

2 - 9 1 pra (Y21
D =g [ de (1 P -
1/q (2) = 357 /1 z ( +(n.x_)32ﬂ2>exp (Z ’ ( 2 ))
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fragmentation functions at zero temperature using
definitions : Case of a fast moving quark or a gluon
fragmenting into a spinless HADRON qq .

fee) 2
z — Js 1 c o+ — 1—3/12
= ——0 d 1 —iP _— 8.21
32w4/1 ! (+<n-x—>32w2>exp( e < 2 )) (8.21)

=Pt <1 — ylz)
z
Then, equation (8.21) becomes
z < g° 1 . _(1—yz
D R e | s _ipty (12912
1/Q (2) 32774/1 . < + (n.x)32772>eXp< e ( z

[e§) 2
z - 95 1 _
_ dr (1 . -
327t /1 v < * (n.z™) 327r2> exp (=727)

. 1—y12
_z feer) L g ] F eXp(_“28< 2 >> 92 . 1—y1z
- 4 1(2)| = 1 . — + 2E1 iV 2s

327 327 iv/2s <1 ylz) 327 z

Put

Y

z 3272
(8.22)

where , E; (%) is the exponential integral which is given by

, S
El(z):—’y—lnz—#—;kk

Where v is the Euler constante. We should note that this is a complex number. The
quantity which has a physical meaning of a probability density which is the fragmen-
tation function in our case is the norme of the complex number weighted by a normal-

isation constant N obeying the following sum rule

1
/0 zDgg(z)dz =1 (8.23)

Therefore, we should have

L N22 Jexp (—2) g> 1—yz
s _py (P [ —2 dz=1
/0 32#4[ 3o 1<Z < P ))} :

where,

P+ P

7% V2P = V2Egadron = V2v/5 = V25 =~ 10Gev.

P+

We find,
N 1

= = 47.203.
327t 0.021185
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8. FRAGMENTATION FUNCTIONS.

Finally the absolute value of the complex number is

. 1—y12
Do (2) = 47205 exp S\/;/?(WZ; )) I 3;77%2 E, (z\/% <1—zylz>> (8.24)

Further, the fragmentation function should have the following properties
forz =0,1then Dy q (2) =0,

physically z = 0 means that there is no fragmentation and z = 1 means that the

hadron is in its initial state. therefore, Eq.(8.22) should be written as

Dy (2) = 47.203 x z x il__yz;x
[ o (o (2) 2 2

where the absolute value should be finite. After develloping in a power series with
MATHEMATICA, we obtain the following approximation for a comparative study with
J.P.Ma result [§]

(1—2)°
(1-112)°
+2y1 (3 — 21y + 28y7) 2° + Ty (3 — 16y1 + 18y7) 2* + 0 (2°)]

Dy (2) = 47.203x = x [1=2(1=3y1) 2z + (1 - 12y + 21y7) 22

If we choose y; = % for a pion for example, and put

V2s = 10Gev, and g5 = 0.3.

we arrive at the following final expression

(1—2)*

)6

Dy (2) = 3020.992 x z x X (1+2+0.25 x 22 — 0.5 x 2° — 0.875 x z*)

2—z
8.4 Parton fragmentation functions at finite temperature.

The parton fragmentation functions at finite temperature (i.e. at 7' # 0) is calculated
using the real-time formalism of Thermofield dynamics (TFD). The motivation for this
work is due to the lack of such calculations, in particular for processes likee™e™ annihi-

lation. It should be noted that these fragmentation functions at T=0 are already given
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by Collins and Soper [1],[2],[3],[4]. These definitions are universal and independent of
the process. Their study exhausted nearly all the analytical and phenomenologecal
properties of such functions. Feynman and Field have given a phenomenologecal model
[6]. The European Muon Collaboration gave an exhaustive study of a type of frag-
mentation function obtained for hadronic matter [11]. To account for the theory, many
experiments have been carried out in order to understand the underlying mechanism for
the fragmenting matter [12],[13]. Many attempts have been made in order to describe
the fragmentation function for light as well as for heavy quarks. Numerous models
give formulas for these functions. Results of next-to-leading order QCD calculation for
heavy quarks have been given [7],14]. However, the study for non-zero temperature
have been infrequent [14]. In the present study, we attempt to get an expression of the
fragmentation function at finite temperature for hadron collision on a bound state of
two heavy quarks. We examine the case of a fast moving quark or a gluon fragmenting
into a hadron via the exchange of a virtual photon. Our conclusions at T" # 0 will
stress comparison with 7' = 0 case. We should point out that our study relies on the
work of J. P. Ma who gave perturbative predictions for parton fragmentation function
for heavy quarks at one loop level using Feynman diagrams [8],[15].

The motivation for this presentation is two folds. The first is the lack of literature for
the treatment of such functions at 7" # 0.Secondly, the behaviour of the fragmentation
function at finite temperature is not known. Such a result could find an experimental
confirmation, a task that can be carried out during e™e™ annihilation experiments.

The fact that a quantum formalism is strongly founded on the basis of representation
of linear algebras suggests that a T # 0 field theory needs a real-time operator structure.
Such a theory, based on a vacuum state at finite temperature (8 = 1/kgT,kp, is
a Bolttzmann constant), |0(8)) , was presented by Takahashi and Umezawa [17],[18]
and they labelled it Thermofield Dynamics(TFD). As a consequence of the real-time
requirement, a doubling of the original Hilbert space is defined for the system, through
the algebraic structure called tilde conjugation rules, the temperature is introduced by
introducing a Bogoliubov transformation; that is, a rotation in the doubled algebra
space.

The Takahashi and Umezawa approach has been developed for practical purposes
and some results should be mentioned, such as the proof of the Goldstone theorem

within this formalism with a quite amazing physical and mathematical appeal, and
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the perturbative scheme with Feynman rules established to carry out calculations com-
pletely in parallel with the zero-temperature quantum field theory [19]. Thus it has
been successfully applied to study superconductivity [20], magnetic systems like ferro-
magnets and paramagnets [20], quantum optics and transport phenomena [21], d-branes
[22],[23], among others. Furthermore, the propagators are 2 x 2 matrices. An associa-
tion of the Matsubara and Schwinger-Keldysh methods has been established [19],[24].
The TFD formalism provides results that agree with other methods for systems in
equilibrium.

Formally the thermal theory has been studied using TFD, within ¢* algebras and
symmetry groups [25], with the notion of thermo-Lie groups [26], opening a broad
spectrum of possibilities for the study of thermal effects. For instance, the kinectic
theory has been formulated for the first time from the analysis of representations of
kinematical group and elements of the g-group have been considered, where the effect
of temperature is related to a deformation in the Weyl-Heisenberg algebra [20]. The
analysis of thermal theories via ¢* algebras was carried out earlier [27],[28], resulting
in the doubled structure of the Tomita-Takesaki (standard) representation that can
be immediately used to construct several aspects of TFD. It is worth mentioning that
some elements of TFD were pointed out in a paper by Laplae, Mancini, Umezawa [28]
studying superconductors; but much earlier the doubling of Hilbert space explored by
Verboven [29],[30], studying thermal oscillators. Despite the interest and importance,
the c*-aproach does not provide a complete physical understanding for the doubling,
that is present in any thermal theory, and this is one aspect to be addressed here from

a physical and algebraic point of view.

8.4.1 Fragmentation function in TFD.

In the infinite momentum frame, the momentum of the incoming hadron is almost
entirely in the P* direction P, ~ (P*,0,0).It is convenient to work in the light cone
coordinate system defined in [5]. The fragmentation function for a spinless hadron at

finite temperature § is modified and will be defined as :
D e Pt~ Ly p L) p
H/Q(Za 5) = E L eXp (_Z Z /Z) X g Tcolor 5 T Dirac X (n'Y)

x [(O(B) | Q(0)L(Z) x afy (PT,01) ag (PT,01)Q (0,27,07) | O(B))]  (8.25)
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where
L (¥) = Pexp <—igs/ dzgA° (Z, 7'))
0

is the Wilson line [32],[33],[34 | which describes a path ordered phase factor of the
parton (quark or gluon) moving from 0 to . A field operator creates a parton at
position 0 coming from infinity (co) and another field annihilates it at position z~.
Therefore we parametrize the world line of the fragmenting parton along the following
path [34] :

x, = nut, for — oo(t(0andx,, = x~t, for0(t(1 (8.26)

where we choose z,, to be light-like :z, = (0,27,0) , and n, = % = (P*,P~,0) /M
time-like , such that n? = AI;—QQ = 1. The field A,(Z, 7) is defined as
Au(@, 1) = AL (T, 7)1,

where AZ(JE’, 7) is the time component of the gluon field and T are the generators of
the fundamental representation of the SU (3) algebra of the color field of the gluons

(a = 8 gluons . Expand the quark and hadron fields into plane waves as

QO =) / d*pNy [Cp,su (p, )+ df, v (p. S)} :

Q (O,x_,pT) = Z/d3p/Np/ [C;LJ’,S/U (p/78/) eipﬂf + dp’,s"l_) (p/}s/) e—ipﬂc*} ’
s/

aH (p+0T) =d (p;_7 32) c (pii—7 31) )
aby (0 .01) = ! (bl 51) d' (v 52).

Furthermore, we expand the Wilson loop to second order

Pe—igs foz_ donO(f,T) o

x x x0
1— igs/ dxo A (Z,7) + (igs)2/ dwo/ dyoA° (2, 1) A° (7, 7")] .
0 0 0

We find that the linear term in A° (Z,7) does not contribute. Now, we find the
operators are defined at T' = 0 while the vacuum state is at finite temperature. Now
we must apply the Bogoliubov transformation to the operators, thus defining finite

temperature creation and annihilation operators. For fermions, we use

105
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Cps = cosbpcys(B)+isin GPELS (B)
dps = cosO_pdys (B)+isinb_pd) , (B)
CIT,’S = cos Gpc;rhs (B) — isinb,cp s (B)

d;s = Cos 0,pd;)78 (B) —isin@_pd,s (B)

We apply the Bogoliubov transformations over the fields [16],[17],[18],[35],[36] thus

the creation and annihilation operators are changed to finite temperature operators

Gu(B),v(B)) =
= | (cosycp,s (8) + isin 6,8, (8)) (b, 5) + (cos 0y}, (B) — isin0_ydys (8)) v (p,5)]
dyt 5 (B) €yt 5, (B) . (®d, (B)

pir781

X [(cos 01,/(:;,78, (B) +isinbycy o (5)> i (p’, 3/) it
; Si 7t = (ol I\ =it
+ <COS 0_pdy o (B) +isin O_pd)y o (6)) v(p,s)e }

Using the relations for the annihilation operators,

cps (B) | 0 (B)) = dps (B) | O(B)) =0 and &5 (8) = dy,s (8) | O (8)) =0

we get

(OB) G (u(B),v(B)0®B) =

= (0 (B) | [cos Opcp.s (B)u (p,s) —isinb_,d, s (B) v (p, s)} ><dp;r752 (8) Cot s (B) cf (B)d

pIL,Sl
T WA AN/t 7t — (1 I\ —ip T
X [cos Opcy o (B)u (P, s)e +ising_pd), ., (8)0 (p,s)e } | O(B))
Thus the expectation value between vaccum state at finite temperature becomes
(OB) G u(B)v(B)|0(®B) =
= (0 (B) | cos by cosbyu(p,s)u(p,s) e

ch,s (/8) dp2+,52 (5) Cpf,sl (B) CT (ﬁ) dT (/8) CLQS/ (5)

pi .81 pe .52

it~

+sinf_y sinf_pv (p,s)v (p,s') e~
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Xdps (B) dys o, (B) e o (B (B)d,  (B)d], , (8)]10(8))

Py 52
Now consider the following expression
1 -
1(8) = (Nmm {T“T"}> S A NNy, (0 (8) | G (u(8) v (8)) | O (8))

s,s’

3\ (N2-1 .
- (2> ( N ) 8 Zd?’pd?’ﬁNpr/XngQ

s,s’

x(0 (B) | {5 (15/ - ﬁ) Js,57 cOs B cos Oyu (p, s) @ (p’, 3/) et

+6 (p' — P) 05, sin0_py sin@_,v (p,s) v (p', ¢') e”w'”*} 10 (B))

3 N02_1 3072, 2
= <2> < NC > X Z/depXSISZ

ipt.ax~

X [cos2 Opu (p,s)u(p,s)e + sin? (O_p)v(p,s)v(p,s) e_"p+'x7}

Here the canonical commutation relations between T-dependent operators are used.

The fragmentation function becomes

:471'

[Z / d3;5'N5 cos® 0, (Z u(p,s)u(p,s) eip+‘$> + Ng sin” (6_,) <Z v (p,s)v(p,s) e_ip+‘”’)

(8.27)
where we use in the centre of mass of the photon
P mi S+ ma P’+ . o my my
= =p; ~— P~ = m; =ma,q~0),y;, =— = ———
P P T m, my + ma ( 1=0).4i = 37 my + ma

—+
s = 8/2817 Zu(p'lhs)u(pii_,s):(lmnll) ’X51822ﬁ< -1 0>

s

where p , p’, and Pt being respectively the quark, antiquark and the photon mo-
mentum. mjand mgy are the quark, antiquark masses, s, s’ their spin respectively.
M = mj + mgy the mass of the hadron. xs,s, the spin matrix. N, = 3 the color number

for the quarks.
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8.4.2 Presentation of the result.

Finally, the expression for the fragmentation function has been reduced to a compact
form. Now we evaluate the Wilson line only. The temperature dependence of the

fragmentation function Eq.(8.25) is

3z <N3—1

1o\ ) T () [ da™exp (<P /2)x(0(8) | L(@) | 0(5)

DH/Q(Z76) =

X /d?’ﬁNp2 [cos2 0, — sin? (0—p)] T Dirac {(n’y) (]9;7:;1)} e_ip+'f”_]

hence,

8z

Doz, 8) = _327T(2711_)3><T7”Dimc{(n-’7)]3}/dx_ exp (—z’P+x_/z)x/ (;p

)d?’ﬁexp (—ip+.:c_)
x (2c05” 0, — 1) x (O (B) | L (%) | O (B))

Finally, after going onto light cone coordinates for d*p’'= |p 1| d|p T|dp™ , and changing

dp™ — —dp™ we arrive at

X /d|p 1|2 (20052 6, — 1)]x
<(0 () (1 g /0 " o /0 " dyodl (7, 7) A (7 r')) 10(8))

Now

pp +p pt— | pr P=20Tp — | pr = m? =| pr P= —m?

We know that (O (8) | A% (Z,7) AY (7,7") | O(B)) = Go (z — y) and using the world

line parametrisation Eq.(8.26) we arrive at

Drjala.f) = 3821(1) (gi)XTTDW{(n M1 (v-P7) }/< )exp (z‘P*x (ylzz_ 1)>

x (2020, — 1) (1—93/ dCL“o/ dyoGo ((Z,7) — (7. ')))
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8.4.3 Solving for the Wilson line.

The Feynman propagator in 4 dimensions is given as

1

G0l = e

+ 2ming (k) 0 (K?).

The Wilson loop to second order is written as

- " | e (@n - @)

v, B,2) / dT/ dTGO xT (17’))

e tk-(z—y)
/ dT/ dT/ 27r4k2-|—@€ n

2 4 .
/dk(]/dkf}/d kT ( i 5 (]{0 k% — k'?r)) e—Zk().('r—T Vtiks.T

(8.28)

Then we have

x T
+ / dr / dr’
0 0
integrating over the phase space in D— dimensions ,

1
(D-2)

dPk = dhodksd®~2ky = (27)°° dkodks kx|~ d kx| = (2m)° 7 dkodksd (Jkr ") x
substituting the latter into Eq.(8.30) we get :

dr

( 757 dT <) +
ac— + 1€
T~ T 1 oo ] ; g
+ / dr / dr'——; / dko / dks / |kr)? < m 5(k§—k§—k:2r)> ¢~ tho-(T=7')Fiks.T
0 0 (2m)" J o - -1
= / dT/ dr’ < )
27r 2 4ie
1 & dko 1 sin (ko) ik
R P 1— 1ko.T
rom | () [ d<kw>{< ) )

Therefore, we get

- _ 1 *° dk 1 z 4sin® (Z) cos (£ sin?
1) 2 ) {0 ).
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:1(;6—)+<871Ta> /_:%(M{JX{/:_W%W (52608(§)+¢<§) (]g(x_)Ci(QﬂC—))}

where we use
1 z T 1
I(a:’) = —2/ dT/ dr’ <2> .
(2m)” Jo 0 (=7 +ie

and C'i (2p) is the Cosine integral and = = ko7 [37],[38].

8.4.4 The result.

Combining different factors (e.g. equation (8.8)), the final result for the fragmentation

function at [ is

Dy (2,8) = ;;T(Qi)g @;) XT7 Dirac { (-7) 11 (7.P+)}/ (‘i“:) exp (ipﬂc (ylzz_ 1)) X

2

ﬁ’p()’
e 2 9./ _
wlo| =2 | 1| x -1 5.2)]. (8.29)
(eﬁlpol + 1)
Also we have : n.x™ = nT.2~ = 2~ and for fast quarks ’EPT ~ pf ~ 1y PTTherefore

the fragmentation function Eq.(8.25) for a quark fragmenting into a spinless hadron at

temperature 3 is

85| 2

z * (dx~ . _(1- Z e’
Dyyq (2,8) = 327T4m2/1 ($> P <_ZP+:C ( - >> | Nz :
(&

gt - () [0 (n=y)
. {/Ox dx4sin3 (a;) cos () 4+ (;) (lg(z7) - Ci (2x))}]

8.4.5 Dimensional regularization.

Dimensional regularization gives :

DH/Q (Zvﬁ) =
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8.4 Parton fragmentation functions at finite temperature.

8| 2

—_Z 4m2/ (dx__) exp (—iP+x_ (1 —yw)) ol 22| 1
327 1 x z (eﬁ\pol 4 1)
1 % qD=3)k 1
2 — 2 5 0
X[lgsf(:ﬂ )*95 <87r3>'u /_Oo ko (€5k0_1>

x {/Ox PRl ("2 cos(@) (;) (g (z7) - Ci (227)) H

For T' = 0,the fragmentation function is

Dyjq (2) = ﬁmQ /100 da— (1_9;1(:”_)> exp (—uﬁx <1 _Zylz» (8.30)

and ‘ pg‘ = ’ p(l]} = ‘ po‘ = é, then the ratio of finite and zero temperature fragmentation

function gives us the net effect of finite temperature to be

2

NG
Dy (2, 8) _ e 4 1«
Dijq (2) (eﬁé + 1)

(1 (o) (=i ) [ ()
X {Si (227) — <;) Si(427) +i (;) (lg(z7) - Ci (2x_))}> (8.31)

where Si (227) — (1) Si (4;;:*) = [7 dgtin’@)eos(a) [37] [3g]

Now, going over to the dimensional regularization we put ,

(D—3) r (24
(D—1)
/d(D—Z’))x _ /:C(D_4)d$/dQ(D_4), with/dQ(D_4) = L — 2(D—4)ﬂ-( 2 )(2)
r

(D-4) -
P -0\ ' == (D—4)
I(ﬁ)zug/ d ko( 1 )ZQ(D—%( ) ( 2 )Ma/ko dko< 1 )

oo ko

_ 90— (") <(D ] 4)> wBADIC (D — 1),
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where

k(()D_5) 4-D
e [ ko S =B PT (D - ¢ (D - ).

Here ¢ (x) is the Riemann zeta function given as

1 00 pE=1)

Then the ratio of the fragmentation function at T'# 0 and 7' = 0 is given as

2

-DH/Q (Z) ﬁ) _ 9 eﬂT\/g 1 x
Dgyq (2) (eﬁg N 1)
B 9z (p—7y_ (L5 (D—4) B ¢ n(4—D)
><<1 <1—g§](ac—)>><2 7r( >F< 5 C(D—4)xpup

X {Si (227) — (;) Si(427) +i <;) (lg(z7) - Ci (21:—))}) : (8.32)
We put D = 4 + ¢, and expanding in the power of ¢,

(1;75??/)2 — g —y+1In(4n) + O (¢),

where v = 0.5772... is the Euler constant,
S (62)—6/2 —1_ g (lnﬁz . ln,uQ) .

Write
C(D—4)=C(0)+ (D~ 4)¢'(D—4) =~ +az

where a = (' (D — 4) .Then, we have

2

NG
DH/Q (275) _ eﬁT 1 x
Dryq (2) (eﬁg N 1)

8392 I'(g/2) R /2
X (1 — (1 —g?[(x‘)) X )" x ¢ (e) x pf (8?)

X {Sz’ (227) - (;) Si(427) +1 (;) (In(z7) = Ci (2:6‘))})
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2

‘ <1+ (%) . <§ 4 In(4m) —da—In Lﬁ;])
‘ {s@' (207) - <;> Si(dr) +i (;) (In(z) - Ci (2;,;))}) .

8.4.6 Minimal subtraction scheme (MS).

Here we subtract out the pole in € to get

2

Bv/s
DH/Q (’%B) — |9 € 4 1] x
Drjq(2) (eﬁg N 1)

TR -
. {Si (207) @) Si (d0) +i (;) (In (e) - Ci (29:—))}) .

8.4.7 Discussion.

1) for low temperatures (8 — oo) , taking the limit, — oo, we have

D () 1. (8.33)

We recover the T' = 0 case.
2) for high temperatures (5 — 0).
We will get results for very high temperatures. Taking the limit, of 8 — 0, we get

-DH/Q (Zaﬂ)

Dijo (2) — 0. (8.34)
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8.4.8 Conclusion.

In order to calculate the production of hadron states at high energies, we fix the en-
ergies of the centre of masses (corresponding to short probing distances), say to /s/2
= \/q>2/2 = 1TeV,5TeV,10TeV, and plot the corresponding curves (Fig. 8). In our
calculation, we interested in calculating the fragmentation function of hadron produc-
tion process into quark-antiquark pairs at finite temperature. At first sight, we find
that the production of hadrons at finite temperature decreases compared to that at zero
temperature (probability of formation of states of hadrons is diminished with increase
of temperature). The curve (Fig. 8) is plotted in the light-cone gauge for centre of
mass energies : 1/s/2 = 1TeV,5TeV,10TeV. The dropping of the curves as we go up in
temperature means that the probability of hadronisation into quark-antiquark bound
state paires is low as T grows up which leads to weak quark-antiquark couplings for
high temperatures in the hot QGP, therefore not allowing for quark-antiquark paires
to form easily. This accounts possibly for asymptotic frydoom and deconfinement.

It should be mentioned that in the finite temperature case, we can see that Bose-
Einstein or Fermi-Dirac thermal ditribution weights arise naturally without needing
to define them in the formula of the hadronic tensor as stated in reference [14]. It
should be pointed out that the result of the fragmentation function takes a null value
as temperature goes up . A result to be confirmed experimentaly. We should remark
that we have extracted from 7" # 0 calculations of the fragmentation function, a result
(8.30) for the T'= 0 case.
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9

Non-equilibrium evolution of Green functions in

TFD: a canonical approach.

9.1 Introduction.

Thermofield dynamics (TFD) studied by Takahashi and Umezawa is an operator for-
malism which describes isolated systems at equilibrium [1],[2],[3],[4],[5],[6]. On the
other hand, there are many systems exhibiting nonequilibrium properties. These are
called open systems. they interact with a heat bath and show spatial distribution of
temperature which is not homogeneous, it will naturally initiate a temporal change in
the thermal state trying to reach a homogeneous situation. This is commonly known
as heat conduction. Since this requires a quantum field theory with spatially inho-
mogeneous vaccumn, it requires an extension of thermal quantum field theories to deal
with such a nonequilibrium system. This kind of formalism for space-time dependent
thermal physics will find many applications in condensed matter physics and phase
transitions [7]. Time-dependent thermal quantum theories are also useful in the study
of dissipatif systems and the evolution of the universe. Since this evolution is supposed
to be controlled by all of the fundamental quantum fields and since the evolution is
supposed to involve thermal effects, the need for a time-dependent thermal quantum
field theories is obvious [3],[6].

The idea presented here, i.e the use of a new approach which is LvIN formalism
is the start to a new point of view of nonequilibrium TFD. We consider the theory of
explicitly time-dependent invariants for a quantum system whose Hamiltonian operator

H(t) is explicitly time-dependent. The simplicity of the rules for constructing these
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invariants and the instructive relation of the invariants to the asymptotic expansion of
the adiabatic invariant theory have stimulated an interest in using the invariants for
solving some explicit quantum-mechanical problems. We apply the approach to systems
undergoing time-dependent evolution in a time-dependent heat bath of time-varying
temperature g (¢) . The LvN approach is a canonical method that unifies the functional
Schrodinger equation for quantum evolution of pure states and the LvIN equation for
the quantum description of mixed states of either equilibrium or nonequilibrium. One
of the advantages is that one mixes the well-known techniques of quantum mechanics
and quantum many-particle systems. It is based on the observation by Lewis and
Riesenfeld [9],[10] that the quantum LvIN equation, which was originally used to define
the density operator for a mixed state, can also be used to find exact pure states of a
time-dependent harmonic oscillator.This observation makes it possible to find not only
the mixed state but also the pure state of a time-dependent system. The usefulness and
simplicity of the LvIN method in obtaining two-point correlators were illustrated using
the quantum-mechanical anharmonic oscillator. The formalism was then extended to
a scalar field and to ®* field theory.

In sec.2 we present an introduction of three pictures to describe a quantum system.
Sec.3 we use the thermofield dynamics (TFD) introduced by Takahashi and Umezawa
as a canonical formalism to describe nonequilibrium systems. We treat the example
of a harmonic oscillator. Sec.4 we treat time-dependent anharmonic oscillator. Sec.5
we study correlation function for anharmonic oscillator. Sec.6 we develop further the
latter study and extend it to calculate the time-dependent Green functions for a scalar
field. Sec.7 the same sudy for ®* theory. Sec.8 is devoted to time-dependent green

functions for fermions.

9.2 Three dependent pictures for Quantum theory : The
Schrodinger, the Heisenberg and Liouville-von Neu-

mann (LvIN) representations.

For stationary (time-independent) systems or isolated system, two pictures have been
used : the Schrodinger and the Heisenberg pictures. in this paper we consider the
Schrodinger picture to solve the secular equation encountered in quantum theory or

what is called the eigenvalue problem in perturbation theory for A®* (z) theory. In the
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9.2 Three dependent pictures for Quantum theory : The
Schrodinger, the Heisenberg and Liouville-von Neumann
(LvN) representations.

Heisenberg picture, operators evolve in time whereas states do not change in time. So

we have the prescription

for open systems (out of equilibrium) or systems changing in time, it is possible
to show that another description, the LvIN equation, applies besides the Heisenberg
picture. In the Schrédinger picture, the quantum states evolve in time according to the
Schrédinger equation
W (1)) = H (1) W (1)

where H (t) is the Hamiltonian of the system. All the quantum information is
encoded in the state | ¥ (¢)), whereas the operators do not change. The mean value of

operators Og is given by

(Os (1)) = (¥ (1) | Os | ¥ (1))

The operator describing the evolution of quantum states and operators satisfies the
equation
0

ih=U (t) = H () U (1),

that has the time-ordered solution

U (t) =Texp (—;/OtH () dt’) :

Then the state vector is then written as
W) =U(t)| V)

where | U) is any state independent of time. In the Heisenberg picture, opertaors
are given by

Oy (t) =UT (t) OU (t)

where O is any operator independent of time. The Heisenberg operator satisfies the
equation

ZhaatOH (t) -+ [HH (t) ,OH (t)] =0.

where Hpy (t) is the Hamiltonian in the Heisenberg representation. For stationary
systems (isolated) U (¢) commutes with Hg, so Hy (t)=Hj. Therefore the expectation

value for any operator in the two representations is given by

(O (1)) = (¥ | O (t) | ¥) = Op (t) = (¥ | UT () OU (1) | ¥) = (¥ (1) | O | ¥ (1)) = (Os (1))
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We introduce another invariant operator called the LvN operator
O () =U (H)oU' (1),

The invariant operator Oy, (t) evolves backward in time, whereas the Heisenberg
operator Oy (t) changes forward in time. The invariant operators satisfy the quantum

LvN equation

m%oL (1) + [0 (8), H ()] = 0.

We wish to use the LvN equation to consider systems that change with time. There-
fore, we develop in later sections a time-dependent approach which is LvN method in
that: i) its invariant operators would be solutions of the Schroedinger equation whose
eigenvalues are time-independent [9],[10] ii) LvN formulation is in the Schrodinger pic-
ture. That leads to higher order effects beyond the Hartree approximation for TFD in

non-equilibrium [8].

9.3 TFD for thermal harmonic oscillators: Bosons and

Fermions in Non-equilibrium state.

In this section, we presente two elemantary examples to see how the time-dependent
thermal vaccum | O (B),t) can be constructed out of time dependent creation and
annihilation operators. We construct a complete set of orthonormal vectors showing
the doubling ofdegrees of freedom of the Hilbert space, and to complete the theory.
The time-dependent thermal states are obtained by applying time-dependent BOGO-
LIOUBOV unitary transformations. A matrix notation will be introduced for both
bosonic and fermionic systems. It is possible that time-dependence of an open system

may be considered by using time-dependence of the mass m(t) of the system.

9.3.1 Real scalar field in TFD.

First, we consider the case of a boson field with time-dependent frequency, w (t) . Then,

the Hamiltonian of an ensemble of free bosons with frequency w (t) is

H(t)=wt)a (t)a(t)
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the usual commutation relations hold
[a(t),a ()] =1
la(t),a(t)] =0.

The Fock space is spanned by a set of orthonormal vectors

10,8),at (#) | o,w,...,jm (aF0)" 10,8,

where | O, O, t) is simply denoted by | O, t).The eigenvalues and eigenstates of H (t)

are specified by

H(t) | n,n,t) =nw(t) | n,n,t)n=0,1,2,...,00.

Let’s introduce the tilda fields

Ht)=wt)a (t)a(t)

with annihilation and creation operators obeying

The total Hamiltonian is

H{t)=H(t)—H(t) =w(t) [aT (tYat)—a (t)a(t)]. (9.1)
The eigenvalue solutions to the Schrodinger equation is
(9.2)

H (1) [ W (1) = En [ V(1))
Let’s remark that the eigenvalues (spectrum of energy) of this Hamiltonian is time-

independent [9],[10].
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9.3.1.1 Thermal vacuum and time-dependent Bogoliubov

transformation.

Since the Hilbert space is doubled, any bosonic state is represented by | n, 7, t) and the

thermal vaccum is spanned by these states as follows [1],[2],[3],[4],[5],[11]

| 0@).1) = 2V (B.0), e B ity = 272 (8,0, (ot ()" (a1 ()" 0.1)

n!
= /(1 — ePw)exp (efﬁw/%ﬁ (t)at (t)> 1 0,1). (9.3)
If we denote
u(p,t) = (1- e—ﬁw(t))’m — /U +nms0) (9.4)
with
cosf (B) =u(p,t).
Then, we find

v (B’ t) aT &T — e*iGB(th)

Hence, the unitary operator, transforming | O, O, t) into | O (8),t) is given by

10(8).1) =u1<5>exp(

U (B,t) = e BB, (9.6)

where
Ge (8.1) = =i (8) (a(®)a (1) —al ®)a' (1))

The operator U (3) is called the Bogoliubov transformation. The temperature de-

pendent operators are defined as follow
a(B,t) = e BB (1) BB — 4 (8,t) a (t) — v (B,t)al (t)

a(B,t) = e "BBNG (1) BB — o (8,t)a (t) — v (B, t) al (¢). (9.7)

The physical observables for zero temperature systems are written in terms of a (¢) and
at (t) and for non-thermal operators, it is appropriate to work with operators at finite

temperature. Bogoliubov transformations are appropriate for such a change.

Then, the annihilation operators satisfy

a(B,t) [O(B),t)=a(B,t)|O(B),t) =0. (9-8)
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The number operator gives the statistical average

1

(O(B),t]al (®)a(t) | OB),t)=0v*(8) = (Fo—1) "B (w) (9-9)

which is the Bose-Einstein distribution. The Fock space is spanned by the states as

follows

1 1 n m
T A _— T ot
08)1),a (8.0 1 0(8),0),8" (8.0 | 08). 8-, == (o (8:0))" (& (8.) " 1 0(8) 1)
Since this transformation is unitary, the algebra of the original time-dependent

operators a (t) and a(t) is kept invariant, that is the thermal operators a (3,t) and

a(p,t) satisfy the following commutation relations

[a(B,t),a" (8,1)] = L,[a(B,t),a (B,t)] =1, (9.10)

with all other commutation relations being zero.

9.3.2 Dirac field in TFD.

Next, we consider a system of free fermions with frequency w (¢) . Then, the Hamiltonian

of an ensemble of free fermions with frequency w (t) is defined by
H(t)=w(t)al (t)a(t)
where the operators a (t) and af (¢) satisfy the relations
{a@.at 0} =1,{a"1).a' O} = {a@),a )} = 0.
where {A, B} = AB + BA is the anti-commutator. Using the last equation and

the fact that (n | n) = 1, we get n = 0,1. Further, if we introduce the fictitious

time-dependent system characterized by

with
{aw.a ) =1.0a0,a0) ={aw,a0}={aw.a" 0} =0
The Fock space will be spanned by the set of time-dependent orthonormal vectors
|0,1),a" (t) [ 0,1),a" (t) | O, 1),a' (t) &' (1) | O, 1),

where | O,t) denotes | O, O,t).The energy eigenvalues of H (t) are independent of
time [9],[10]
H(t) | n,n,t) =€, | n,n,t) = nw | n,n,t),n =0,1.
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9.3.2.1 Thermal vacuum and time-dependent Bogoliubov
transformation.

In order to construct time-dependent TFD for this system, the Hilbert space is doubled,

any fermionic state is represented by the basis

10,0,t),a' (t) | 0,t) = 0,1,8),a (t) | 0,t) = 1,0,1),a’ (t)a" (t) | O,8) =| 1,1).
(9.11)
The thermal vaccum is spanned by these states as follows [1],[2],[3],[4],[5],[6],[11],[12],[13]

| 0).t) =272 (B ), e  nyiyt) = le 5 (10.0.8) + e7#/2 | 1,1,1))
_ 1 —Bw/ ~
- 755 (1+e Bol24t (¢) gt (t)) 10, 1). (9.12)

We obtain | O (8),t) from | O) by a Bogoliuobov transformation defined by
Ur (8,1) = e~ Cr (20

where
Gr (8,1) = =i0 (8) (a () a (1) — ol (1)a" (1)) .

Indeed, If we denote

cosh0() = u(dt)=(14e0) " = /T g @®)

sinh 8 (8) = v(ﬁ,t):<1+eﬁw(t))_l/2: nr (@ (1) (9.13)

then we have
u? (B) —v* (B) =1 (9.14)
10(8),t) = {u(B,0)+v(B,0d W@ 1)} 0.1 (9.15)

Now the relation (9.12) in a canonical form is given as
10(8),1) = e7F 00 1 0,1) = (cos0 (8) +sin0 (B)a' (@' (1)) |0 1).  (9.16)
The thermal operators are defined in a manner similar to the bosonic case
a (B,t) = O B0 (1) BN — u (B,1)a(t) — v (B, 0)a ()

a(B,t) = e CFBNG (1) T B — 4 (B, 1) a (t) +v (B,t) al (t) (9.17)
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Non-thermal operators a and a' are derived from the thermal ones by inverting

these relations [3]

a(t)=u(B,t)a(B,t)+v (B t)al (8,t).
d(t):u(ﬁ,t)&(ﬁ,t)—v(ﬁ,t)af(ﬁ,t), (918)

Such relations are obtained if we assume that, without loss of generality, a (t) =

—a (t) for fermions. The fermionic annihilation operators satisfy

a(B,t) | O(B),t) =a(B,t)[O(B),t) =0. (9.19)

The number operator gives the time-independent statistical average

O@B),t | N@[O(B),t)=(0(B),t|al(t)a(t)|O(B),1)
1

- —————4O¢iu(L+amﬂamaugauwa@(1+aﬂw%uwﬁaﬁ|0¢1w

(1+ e Bw)

1
T () T (w (®))

which is the Fermi-Dirac distribution. The Fock space is constructed from the

time-dependent vacuum | O () ,t) and is spanned by the set of states

{10(8),0).a"(8,6)1 0 (8). 1) (8,1) | 0(8) 1,0t (8,0)a" (8,0) | O (8), 1)} .
(9.21)
Since this transformation is unitary, the algebra of the original operators a and a
is kept invariant, that is the thermal operators a (f) and a(53) satisfy the following

anticommutation relations

{awiyau@w}=1{aw¢%au@w}:1, (9.22)

with all other commutation relations being zero.

9.3.3 Thermalization of a bosonic and fermionic oscillator
with infinite degree of freedom via time-dependent
Bogoliubov transformation.

Let’s recall that TFD is a real-time finite temperature formalism. To describe a sta-

tistical system out of equilibrium, we need to introduce the partition function of the

system depending on time for an open system and given by
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Z(B,t) = Tr (efﬁﬂ <t>) (9.23)

where, H (t) is the total hamiltonian of the system. Matsubara has shown that the
statistical average of an operator is the same as the mean value of this operator on the

vaccum at finite temperature If we can define the mean value of an operator as

(A)s = (O B),t|AW) | O(B),t) = Z7 (B, 4) Y e P (n, iyt | A(t) | 7, t)
! (9.24)
where | n,n,t) is a specific state corresponding to the energy E,.Then the finite
temperature formalism will be completely parallel to the zero temperature field theory.

The Lagrange formalism may be set up for the total system involving the physical and

the tilde field [1],[2],[3],[4],[5],[11]. If we introduce the free fields by

1/} ({L’) _ \}Vkeikxeiektak (t)
7 — L —ikx iept ~ t — k2 2)
Y (z) \/Vke e ay (t), (ek / m)

the Hamiltonian H becomes

with

H({t) = weeaf (t)ax (t)
H(t) = yeaa) (t)ax ()

and If £ , and s are respectively the momentum and spin of the oscillator , then
we observe that the total hamiltonian H (t) = H (t) — H (t) is invariant under the

Bogoliubov transformation

ak (t) — ax (0,t) = ay (t) cos O — EL}; (t) sin Oy,

g, (t) —> ag (0,t) = a (t) cos Oy + al, () sin 6y, (9.25)

for fermions, and
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ay, () —> ag (0,) = a () cosh @), — al (¢) sinh G,

ag (t) — ax (60,t) = ay (t) cosh 0, — aL (t) sinh 0, (9.26)

for bosons. These relations are written in a matrix form as

(an ) -voo (2 )= (Gl a4 o

for fermions, and

(6 )-omo (31~ (285 2009 (3 )

for bosons where Uy (6x) and Up (0)) are Bogoliubov unitary transfomations. Then

we write

1
(65|k0(t)| — 1)

1

: 2 _ _ - -
sinh” 0, = np (k,t) = (1 + Pk

,sin® 0y = np (k,t) = (9.29)

as bose and fermion distribution functions with time-dependence, kg (t) being the
energy associated with the four-vector k. The generator of the transformation is easily

be found to be

G (1) = ithe {al ()3l (1) — axc () axc (0} (9.30)

where the one particle operators are

ag (0,t) = e CWg (t) G0,

ik (0,t) = e CWOg (1) 0O, (9.31)

The transformation given by (9.31) leaves the total Hamiltonian invariant (the

generator G (t) is conserved) i.e.
(G (1), H (1)) =[G(),H ()~ H(t)] =0 (9-32)

The freedom of this transformation allows us to write the transformed Fock space for
the vacuum as
| 0(0),t) =e D] 0,1) (9.33)
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and the one particle states as

T

k
(6.1) | 0(6).1)=¢Val ()] O,1) (9:34)
and so on. Using the explicit form of (41), and the property
ak (t) | O,t) = ax (t) | O,t) =0 (9.35)

A temperature dependent vaccum is introduced under a time-dependent bogoli-
ubov transformation and we can show [1],[2],[3],[4],[5],[6],[11],[12],[13] as for the time-

independent case that

100),t)=]] <Cos O + sin Ogal (£) &) (t)) 10, 1) (9.36)
k

for fermions and

1

_ Ty AT

10(),1) = 1;[ (Cosh Ok) exp (tanh Opal. (1)l (t)) 10, t) (9.37)
for bosons. As for the one particle field state, from equations (9.35), we have

Also, the creation and annihilation operators satisfy ordinary commutation relations

|:ak’s (9’ t) ’a;[(’,s’ (0’ tl)} + =0 (k B k,) dss!

s 0,0) o (0.8)] | =0 (5= W) 80 (9.39)

all other commutators (anticommutators) vanish.

9.4 Time-dependent Anharmonic Oscillator in TFD.

In this section we extend the formalism developed above to a time-dependent anhar-

monic oscillator with the Hamiltonian

R 2 2
)= ot OV @ =50+

Ay
at

m ()’ (1) ¢ +
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Here the potential V' (¢) may be written in the form

Vi) = Aé"n(;) "

where Aoy, (t) are constants depending on time. The LvN equations for the creation

and annihilation operators are
Oa(t) - . .0al (t) t ~ B
i +[a(t),H(t)}—0,z o +[a (t),H(t)}_o

and we have the following relations

g="h [u ) a(t)+u* (t)a (t)}

p=hm (1) [fa (t)a (t) + " (t) al (t)}

where a (t) and u (t) satisfy respectively the usual commutation relations and the

Wronskian conditions
[a (1), af (t)} —1

B (£) [0 (£) w (£) — @ () u* (8)] = i.

Now the following relations follow

7=(0(B),tlqO(B),t)=0

p=A{0(6),tlplO(B),t)=0
(O(B),t] ¢ | O(B),t) = K*u(t)u" (¢)

(O(B),t]p*[O(B),1) = K*m? (t)u ()" (1)

—~
Q
[\o}
~
Il

—~
=
DN
~
I

9.4.1 Calculation.
We substitute the Bogoliubov transformations Eq.(9.18) for the boson fields in the

above relations, then

7= (@)t h|ub)a®)+u" (e ()] |0(8).8) =

©@).t1h|u) (u@Ba@+v@E0a (6,0)+
0(B),t)=0

+ut (1) (w(B, 1)l (8,0 + 0 (B,6)a(8,1))]
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>
Z

p=(0(8),t|p| O(B).1) = (0 (8).t | hm (1) [w)a(t)m* (Hat ®)] 10(8).1)
= hm (1) (0 ()t |4 (t) [w(8, 1) a (8,6) + v (B,8)a" (8,1)] +
+i* (t) [u (8.8 a (8,6) +v (8,)a(8.1)] | 0(8).8) = 0.
The other relations
(OB) .t p*10(8),t) = (0 (8),t| F*m? () [ (t) a (1) + 0" (1) o' (1)
<[aWa@® -+ ma ®] 108).1) =
= R2m? (t)u (t) 0" (t).
This gives the same results as in the T' = 0 case. We used the following relations :
24\ ~t 2
@ (t) = [u(B,0)a(8,0) +v (8,0)a (5,0)]
= u (B,1) a® (B,t)+v* (B,t) @ (B, t)+u (B, 1) v (B,1) a (B,t) @' (B,t)+v (B,t)u(B,t)al (B,t)a(B,1),
the second relation
(1) = af (6) = [w(8.0)al (8,0) + 0 (8,003 (8,1)]
=u® (8,t)al? (B, t)+0% (B,t) @ (B,t)+u (B, t) v (B,t) a (B, t) al (B,£)+u (B,t)v (B,t)al (B,)a(B,t),
and the third relation
a@af (t)+at @ a() = [u(B,0)a(8,0)+v(8,0)a (8,0)]x[u(8,0)af (8,0) + v (8,0)a (8,0)]
+ [u (8.t (8.0 +v (B8,0)a(8.0)] x [u(B.0)a(B.0)+v (B (8,1)

=u® (B,t)a(B,t)al (B,t) +u(B,t)v(B,t)a(B,t)a(B,t)

+o (B, ) u(B,t)al (8,¢)al (B,1) +v* (B,t)al (B,t)a (B, 1)

+u? (B,1) a’ (B,1) a (8,) +u (B, 1) v (B,1) a’ (8,1) @' (8,1)

+v (B, ) u(B.t)a(B,t)a(Bt) +v* (B,1)a(B,t)a (B.t).

The other relation is

O),t16 10(5),6=1(0) ¢ |1 (u(t)a(t) + v (1)al (1) 1 0(5).1)
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= W xu(t)u* (£) (O (B) | (u2 (B, t)a(B,t)al (B,) +v* (B,t) @ (B,1)a! (@t)) |0 (B),t) = h*u (t) u*

We obtain the same results as in the 7' = 0 case. The last relation
(ap) = (O (8) | W [u(t)a (t) +u” () a' (1)) x hm (§) [ (1) a (8) + i () a' (1)] | O (8) 1),
Hence
(ap) = (O (8) | FPm (O [ (£) i (1) (v2 (B.0a(s,0a (3, t))

() (1) (u2 ) 1108
=h2m(t)[u*(t)ﬂ(t)v (B,t) +u (t)a* (1) u® (B,1)],

for bosons, we have

1

0 (B.1) = 1= 2 (B,6) = n (w (1)) and? (8,8) = —55— =g (w (1)

Therefore
(gp) = B*m (t) [u* (£) @ (t) nB (w () +u (£) @* (¢) (1 = nB (w (1)))]
= WPm (t) [u (£) @* (¢) + nB (w (1)) (u* () 0 () —u () 0* (¢))]

— W () [u (t) " (¢) hmi(t)nB (w (£)] = Km (8) u () @ (£) — ifng (w (1))

Therefore, the two-point correlators are
9aq (B:1) = (@*) — @ = RPu(t)u (1).
gop (B:) = (0?) = p° = W*m® (t) u(t) u* (t) .

Yap (57t) = Y9pq (57 t) = (qp> —qp = h*m (t) u (t) u* (t) —ihnpg (W (t)) .
9.5 Correlation functions in TFD.

9.5.1 Free scalar field.

We consider a free complex scalar field, the mass of which changes in time. The system

is described by the lagrangian density

- Baﬂé () 04 () — S (1) 8 (x)}
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the Hamiltonian is given by
H(t) = / d*z [;HQ (2) + = (V® (2))? + =m? (t) D (:c)]
-5 @+ 5 (VE@) 4 pr 082 @),

where
0L (®(2)) o
II(z) = o) D (x)

are conjugate momenta. The same equation for the tilda fields.

The field and momentum are Fourier decomposed as

P (z) :/[dk;] ér () € TI (z) Z/[dk] (1) e~k

where .
d*k
[dk] = —.
(2m)
The Hermiticity of ® (x) and II (z) implies that: gi)}; (t) = ¢_k (t) and 7r;2 (t) =
T ().

So space integrals of quadratic fields and momenta result in momentum integrals

for the decoupled modes

[ et @) = [ (dax )60, (9.40)
/ d*aIl? (z) = / [dk] 7, (t) g (1), (9.41)
/ PoVD (1) Vb (z) = / (K] K2y (1) o (1) - (9.42)

Then the Hamiltonian is written as
H(t) =T (2) (z) — T (2)® (z) — £ (@(:@,cﬁ(x) ,0,® (x),0,P (x)) -

— 112 (z) — 12 (2) — £ (q> (), (x),0,® (x),0,P (:c))
1

— [ {0+ [+ 0] 2 0} - 5 {7 0+ I+ 0] (0}

Canonical quantization is prescribed by imposing the commutation relations at

equal times,
(@ (z),II(z)] =id (x —y)
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which lead to the relations
[bwr (), mx (8)] = 6 (K" + k), (9.43)

ORT (t)] =0 (K +k). (9.44)

All other commutation relations vanish. The annihilation and creation operators

satisfy, for each mode
ay (t) = i [, (£) ™k (¢) — &5, (£) o (2)] (9.45)

al, (t) = —i [p_i (t) Tk (t) — ok () b (1)) (9.46)

where @}, satisfy the classical equation of motion
@i () + [k +m* (1)] r (1) = 0.

It is assumed that ¢_j (t) = ¢ (t) and the Wronskian condition

Or () or (1) — o1 (t) ¢r (1) =

The creation and annihilation operators satisfy the standard commutation relations

[ak/ (t),a] (t)} =6 (K — k), (9.47)

by inverting equation (9.45) and (9.46), one expresses the fields as
O (1) = [on (D an () + ¢ (D)l (1),

m (8) = (1) = [n (D) ax () + &% (8)al . (8)]

Now the thermal expectation value of the correlation functions is given as
gu (z —y) =(0(8),t| 2 (x) @ (y) | O(B).1) =
=(0(8).t] / [dk] g (t) €™ / [dK'] w (£) ™V [ O (8) 1)

- / k] / [dK'] =910 (8) 1 | 65 (1) e (1) | O (B) 1)
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For a real scalar field, then ¢; (t) = ¢; (t) and we have
(OB),t]on(t)dw ()| O(B),t) =(O(8),t] [% (8) ax () + @7 (1) a’, ()]
x o W aw (1) + ¢ (Hal 1] 10(8),8).

Using the Bogoliubov transformations Eq.(9.18) for the boson fields, the correlation

function becomes

(O(8).t | 61 () b (1) | O (8) 1) =
= (08)t| [or @) (w(B1) an (8,8) +v (8.0)} (8,1)) + 074 () (w(B,)al (B.1) + v (8.0 ar (8.9)] x
< ow () (u (Bt aw (8,6) +v (B.0) ), (8.0)) + 07 (1) (u(B,t)alyy (B0 +v (B0 (B.1)] 10(8) 1)
= (0(8) 1] [pr O ¢ (0 (B,0) + 074 () o ()02 (B,0] | O(8) 1.
Leading to
(O3).t1 )00 (] 0(3).0) = o1 (1) i () coth (%52 ) 5 (e 1),

Therefore

g1 (z —y) = / [d] / [dK'] e FHEDO (B) ,t | b, (t) di (1) | O (B) 1)

= [1an) [ {a] 0 0 g (oot (%) 5 e )
— / [dE] @) o () o (¢) coth (52k>

Thus, the Fourier transform of ¢11 (z — y) is

a1 (k1) = o0 (0 (ot (55 )

in momentum space, the Fourier transform of the equal time two point correlation

function is
g5 (@~ ) = [ k] s (. 0) o)

where i, j = 1,2.Now we compute goo (k,t), g12 (k,t), g21 (k,t) .We have
922 (k,t) = (O (B) ,t | mp (¢) T () | O (B) , 1)
= (0(8), | [pr o () + 62, (D al, (0] x [ (B aws (1) + 60 (Bl (9] 10.(8) .1
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= @k (1) @ (1) u® (B,8) + @7, (8) o (1) v? (B,1) = @1 () @] (1) coth <

=i (t) ¢

then

12 (1) = O(8) | 60 (0. ()| 0.(5) 1) = u.0) ¢ (1) ot (7

*
k

o (

eﬁwk —

g12 (k1) = (O (B) T | ¢ (t) mp (t) | O (B) ;1)

= o1 (t) @3 (1) u® (B,) + (on () @3 (1) — ) v* (B,1) =

eﬁwk

1>+(<pk(t)¢2(t)—i)( : 1>:“0’“(t)sz

ePwr —

Bwg

And finally go1 (k,t) is given as

Buwi

2

).

(O (8),t| [or () an (t) + ¢ (D) al (1)) x | () ane () + &7 (D al ()] 10(8) 1)

(t) coth (B;k

) —isinh? (Bwy) .

> —isinh? (Bwy,) .

g21 (k,t) = (O (B) £ | m (t) dw (£) | O (B) 1) = (O (B) .t | [¢w () mi (t) — i (k+ )] | O (B) 1)

—(0(B).t ] e (1) (1) | O (B) 1) —i6 (k + K) = i (t) 3 (1) coth (

= o (0 (0 corh (75

> — icosh? (Bwy,) .

The Fourier transforms of the two point correlators are

Bwi

)
)

> — isinh? (Buwy,)

g11 (k,t) = pi (t) ¢}, () coth <

Bwi

g22 (k,t) = i (t) &7, (t) coth < 5

Bk

g12 (k,t) = ¢ (t) @5 () coth (

Bwr

921 (k,t) = pp (t) ¢f (t) coth < 5 > — i cosh? (Bwy,) .
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9.5.2 ®* field theory.

For a system out of equilibrium depending in time (open system), the mean value of

an operator evolving in time is

(AW0) = (AW = (O(8). 11 AW |0(B).1) = 55 Tr (1040 =
=Z71(B,0)Y e PErn i t| A(t) [ n, i, t) (9.52)

assuming that H (t) | n,n,t) = E, | n,n,t) with (n | m) = dpm.

We next consider a scalar ®* field theory, with the mass changing in time. The

system is described by the lagrangian density

1 1
£(z) = [2@@ (x) 0"® (z) — §m2 (t) ®? (x) — %@4 (x)}
1) = = Lo h &2 Aza
— 5('9“(1) (x) OH® (z) — o™ (t) * (z) — $¢> (x)
The Hamiltonian is written as
. . 1 1 2 A
H(t)=H(t)— H(t) = /d4aﬁ [2# +3 (v®)* + %@2 + 4‘<I>4}
1 1 N2 m?- A\~
_ 4 Z~2 = m-z9 | Nz4
/dx[zﬂ +2(vq>) + @ +4!q>}
A A ~
— Hy+ / d's 5 (@4 - @4) (9.53)
where
~ 1 1 m2 1 1 ~\ 2 m2 -
_ a4 (L 2 1 2, M”92\ 4 (L2 1 m” =2
H0(<I>)—/dm<27r +5 (V) + 5 <1>) /dx(27r +2<v<1>) + 5 <1>)
(9.54)
is the Hamiltonian satisfying the Klein-Gordon equation. Now, we write the hamil-
tonian as
H(t) = Hoy (t) + AW (t) (9.55)
where
W) = [ dazs (@4 - <i>4) (9.56)
B 4! ‘ ‘
The FEuler-Lagrange field equations of motion are given as
of oL

a“a(auq)) 95 =
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which leads to

0,0"® () +m? (1) ® () + %@3 (z) = 0. (9.57)

Now, the two-point correlators for ®* field theory follow from Eq.(9.48-9.51). How-
ever, the coefficients ¢y, (t) are different for the two theories. We pick out the physical
term without the tilda term. We know that the LvIN equations are

ial (t)+ [af (8), H (1)] =0
iag (t) + lax (t), H (t)] = 0.
The relations for the creation and annihilation operators are
ai (t) = i[pg (t) Tk — @ (£) dx] (9.58)

al (t) = —ilp_k () T_p — $_i (t) o—s] (9.59)

Using relations in Eqgs. (9.41), (9.42),(9.43) the Hamiltonian is written as

1 1 m? A
H(t) = /d4x [2% +3 (v®)? + ?@2 + 4!<I>4} ,

= ;/[dk] [mem_k + (k:g —m?) prpd_y, + m2¢k¢—k] . i\'/[dk‘] 2,

= ;/[dk] [ﬂ'kﬂ'_k + k:g] + % / [dk] ¢i¢2_k-

Now derivation with respect of time of equations (9.58) and (9.59) gives
an (1) = [ @7 () 7+ 97 () i — B4 (1) 6r — 3 (1) |

d,t (t) = (=) [¢—k (t) T_p + g (£) T — g (1) d—p — Pk (1) ¢—k} .
Then, we get
ag (t) = i [@r () m + o (1) Te — G (1) b — &g (1) mi]

af, (t) = (=) [p—p () Tp + g () T — g () b — i () 4]
Finally
ax (1) = i [0}, (t) T — G, (t) o]
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af () = (=) [p—k (8) 7_p — Pp () S—i] .

The first LvIN equation becomes
iag (t) + [ag (t) , H ()] = — [0y, (t) 7 — &, (£) da] +

A
#ieOm =g o0 [ () momw 5 [ [0 ovow+ 5 [ o) ko]

The latter gives
iay, (t) + lar (t) , H ()] = — [y, () e — & (1) o] +
A
+(5) 1) % [(o (70— 61 (0 80) maomse + K6+ Sy

A
= — [k () i — @5 (t) du] + k' (¢) on + 57k () ¢-xi + @i (t) T = 0.

Therefore, we obtain

A
0k () T — @, (1) e = G, (t) 1. + ko, (t) dr + 57k () Ok,

The same steps are followed for the second LvIN equation

ial () + [aL t),H (t)} = ok (t) Tp — P (t) o—i] +

A

#EDter @m0l g [ moms+ g [ fovow + 3 [ 0] oty

that leads to
ial (6)+ [af (1), H ()] = [px ()7 — ¢k (D) 6]+

+ ((—i) ;) / [dk'] % [[‘P—k () 7k — ok () Dk , Tl Ty + kG P p—pr + 1)‘2¢%,¢2_k,] =

= [ (t) T — G (t) p—i] — kgo— () oty — %Sp—k (t) drdp® — ok (t) T_j = 0.

Therefore, we have

A
—p k() Fo+ ok () T = —Pg (£) p—t — kgo—i (t) P — 5Pk () dpd> -

With the sign change k& — —Fk in the latter, we get

i (t) Tk — @ (B) T = G, (£) b + kopne () b + %9% (t) p—kd3-

140



9.5 Correlation functions in TFD.

To summarize the results, we have

A

i (1) =i (6) m= B (1) drtkiek () o+ 50k (1) 0k (9-60)
A

ok (8) Tk — @y () m= By, (t) dr+kgen (t) Ot gen (1) MY (9.61)

multiply Eq. (9.60) by ¢, (t)and Eq. (9.61) by ¢ (t), we get

on (1) 0% (1) Tk —pn (1) 9% (1) 7 = @1 (8) @ (1) Stk pn (1) @ (1) ¢k+i¢k (t)

6 k (t ¢—k¢iv

)
(9.62)
) i i
(9.63)

Pk
@k (1) or () Tre—k (8) @ (8) T = OF () Gr (1) dp+ES 25 () ore (t) ¢k+%¢z (t) o (t

Now, substract Eq. (9.63) from Eq. (9.62) to get
1. (1) on (8) T — &k () @ () Tr =

= G () 8 (1) 6k + K301 (1) 01 (1) b5 + 07 (1) o1 (1) 6467 -

~ (1 08001+ K (051 (61 -+ G (061 () 0-a ).

which becomes
[P (8) o (8) — @ (8) o ()] 7 =
— 61 () B (1) — o () 51 (8)] e + 2[5 (6) 0 () — 1 () 0 ()] Gt
AL , X
*5 (25 (1) @k (£) — ¢r (1) @5, ()] d—r -
Now, using the Wronskian condition, the last relation reads
ifte = [@h () @r () — @r (1) @1 ()] ok + ikgn + 26¢7k¢%'

Thus, we obtain a useful relation

e = (=4) [ (8) G (8) — @x (8) G1 (8)] dn + ko on + Eﬁb—kﬂbi‘ (9.64)
Let’s go back to Eq. (9.63).7 and ¢y being independent variables, Eq. (9.63) reads

B (1) 0 + R (1) 6+ oo (0610 = 0 = G (1) + on () + Gion (1) 6 = 0

which becomes a second order differential equation in ¢y (¢)

Pr (1) + (k2+m2 (t) +2¢k¢k> or (t)= 0.
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9.5.3 Finite smooth quench.

We implement the finite smooth quench to phase transitions. Systems do become out
of equilibrium in general during phase transitions because their coupling parameters
depend explicitly on time through interaction with an environment (heat bath). Hence
the nonequilibrium dynamics of phase transitions should differ significantly from the
equilibrium dynamics. As the phase transition proceeds, the fluctuations grow and
stability is lost as we will see in the example. In the Hartree approximation, the last

equation reads
@ (1) + <k2+m2 (t) +2<¢k¢k>> o (t)=10

We suppose that the duration of the transition quench is t,, defined from <¢>2>t:t5p ~
n?. We suppose that the time-interval quench is [0,27,], with 7, > ¢, ~ u~1. the

differential equation related to the following varying mass

u? for t<0
m? (t) = qu_% for 0<t<27,
—u? for t> 27,

the field behaves as a free field in an interval of t,,,where

(@%) ~n?
the equation of motion for the mode ¢y (t) with wavenumber k is, in a quench
period
d? A u’t
k2 P (g - — t)=0.
|:dt2 + k" +u +6<¢> kOk) - } ok (1)
put

A
wp =k + p® + g<¢—k¢k;>

then, the last differential equation is given as

i () + (w% - (‘jj) t> ok () = 0.

Then, we put the following change of variables

2
—t =w? - <,u> tanddt = (Tg) dt’
Tq H

Por _ d (dor _ (12 o
a2 dt\ dt ) \r,) dt?

Then
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we obtain

<“2>2 0 (1) — Con (¢) = 0.

Tq

Now, we put the following change of variable

2
tav — t/ ,U,72
1)
2\ 2
dﬁ’:cu’<“> and %,< f,)
Tq dt dt

therefore, the differential equations reads

then

N (d
Tq dt’ \ dt/
()bk (t”) _ t?? QDk (t”) — O‘
the total change of variable is

()

we distinguish two cases

a) before and after the quench, the solution of the differential equation is
O (t) _ Cle—iwi(kz)t + Czeiwi(k)t
where
2 2 2 A
wi (k) =k*+p°+ g((ﬁ,k(ﬁk)andClanngarecomplemconstants.

If the frequency is negative, the solution will suffer from spinodal instability. The
solutions to the differential equation are found separately for the stable modes and
unstable modes. The regime of the stable modes are oscillatory.

b) the solution for the differential equation during the quench is

() () =)o () () -9)

where Ai[z] and Bi[z] are the Airy functions. Due to the nature of the Airy

o (t) = Ai + Bi

functions, the unstable modes dominate the correlation function over the stable modes.

The second term grows exponentially due to the AiryBi(z) function.
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9.6 Time-dependent Green functions for Klein-Gordon field
theory.

The thermal average of an observable, A , has been defined as :(4)zy = (O (B) |
A | O(B)). Let’s compute the time-dependent thermal propagator, using the thermal

vaccum. The thermal Feynmann propagator for the real scalar field is defined by :

Gr.o(r—y,B,t) =(0(B),t | T[®(x)®(y)] | O(B),1) (9.65)

or

iGra(x—y,8,t)=0(2"—y) g(x—y,B,t) +0(y° —2°) g(y —2,8,t)  (9.66)

where 6 (z) is the step function, such that 6 (z) = 1,for z > 1,0 (z) = O,for z < 1
and g (z —y,5,t) = (0 (B),t| ®(z)P(y) | O(B),t).On using the explicit expressions
for Klein-Gordon fields, we can write :

3 . .
g(x—y,B,t) = I/ L *”“””+a*<k,t)e“”]

27) (27)3 2wk

3 ' |
X / (;iﬂz;s 201Jp [a (p,t)e Y 4 al (p,t) elpy] 10(B),1).

which reads :

&% d3 1 " |
—ikx t ikx
g(x—y,B,t) = !/ ST [a(k,t)e +af (k,t)e ]

X [a (p,t) e ™Y +al (p,t) eipy] | O(B),1t)

d3/<: dp 1
t] YPWE S pte
27[‘ W, 2wy
[a(k,t)a(p,t)e” (’kxﬂ’y)—l—a(k,t)a (p, t) e~ (ka=py)
al (k. t)a(p,t) ™) 1 al (k,t)al (p,0) TPV O(B) 1), (9.67)

Using the BOGOLIUBOV transformation, we get for the operators in thermal states

(OB),t]a(kt)a(p,t)|O(B),t)=(0(B),t] [U(k,ﬁi)a(kvﬂ,t)+v(k,ﬁ,t)dT (k,B,1)

w(p,B,1)a (p,B.1) + v (p, .00 (p.8,0)] | O(8) 1) =
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=(0(8)t | u(k.B,t)v(p, B,t)alk,B,t)al (p,8,0) | O(B),t) = 0. (9.68)

the second term
(O(B),t]a(kt)al (p,t) | O(B),t)=(0(B),t| [U(k,ﬁat)a(k,ﬁ,t)+v(k,ﬂ,t)5ﬁ(k,6,t)

% [ulp,B,t)al (9, 8,) + 0 (p.B,8) @ (p, B,8)] | 0(8),8) =
=(0(B),t | u(k,B,t)u(p,B,t)a(k,B,t)a’ (p,5,t) | O(8),1)
= u(k, B, 1) u(p, B,t) (2m)° 2kod (k — p) = (27)> 2kou? (k, B, 1) . (9.69)

the same procedure is used for the third term
(O (8)t | a' (k) a(p,1) | O(8),8) = (O (8) | |u(k, B,1)al (k,B.8) +v (ks B,)a (k, B, )

< [u 80086+ (8D 081 1008).1)
= (0 (B)t | vk Bt)v(p,B,t)a(k,B,t)al (p,B,t) | O(B),1) =
= (k,B,t)v (p, B,t) (21)° 2kod (k — p) = (27)° 2kov? (K, B, 1) . (9.70)

the last term is zero i.e.

(O(B),t]al (k,t)a’ (p,t) [ O(B),1) = 0. (9.71)

Substituting these equations into Eq.(9.67), we get

1
(27)3 2wy

g(x—y,B,t)= / [u2 (k, B, t) e ™ =) o2 (k, B, 1) eik(m_yq

Hence, Eq.(9.67) reads

Bk 1

iGra(r—y,p,t) =10 (:ﬂ0 - yo) / W@

|2 (k, 8,1) 700 402 (k, B, 1) €|

0 0 P 2 —ik(y—z) 2 ik(y—x)
+9(y —.ZE) (271')32(‘-}k|:u (kaﬁ7t)e +wv (kaﬁat)e :|

using Eq.(9.4) and (9.9), then
Pk 1
(2m)? 2wy (t)

iGr.c (@ —y.5.t) =0 (" —y) / (02 (ks B,8) + 1) 74 02 (k, B, 1) o)

3
+6 (4° — 2°) / O sy |07 (Bt +1) 70 4 0 (1, 1) b0
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Bk 1 e o
:/(QW)g 2wk(t) [9 (xo—yo)e k( y)+9(y0—x0)e k(y )]

+/ &3k o (k. B.1) 1 [0 (2® — 4°) e *E) 1 (40 — o) efik(yfx)}
(27)? 2wy, (t)

ek 1 , ,
+ | ——=v*(k,B,t 0 (20 — 0) e®@=Y) g (40 — 20) k=) | | 9.72
J G 8.0 g [P0 =) (0~ a0 ] (o)
Using the Fourier representation of 0 (z), i.e.

=/ dKO ik (x-1°)

arK= — i o_,0 —iwk(xo—yo).
oo 21 kO — wy +in i0(x" —y)e

we get for the first term of the last expression when changing k to —k

Gree(z—y.t) = / Bk 1 [9 (xo B y()) eik@—y) | g (yo _ xO) e—ik(y—m)}
' ’ (27)? 2wy, (t)

/ dk e (2—v) /oo dko e—iko(ro—yo) eiko(:co—yo)
= [ 55— — ~ 4
(273) 2wy, oo 21 \ kO —wy +in

kO — wy +in

o kO (g0 —_qy)0 kO (g0 _qy)0
[ e [ () )
27) 2wy, o 2T

KO —wp+in KO+ wy —in

4
_ / Ak ey L
(27) k% —m* +1in

as for the second term of Eq.(9.72), we get

(27r) 2(4]k (t)

:/ dSk np (wk (t))
(

27r)3 2wy, (t)

3
Greo (o =98, = [ S0 (h,5,0) 5 [0/ =) €M) 4 (40— o) )

[efiwk(xofyo) + eiwk(a:ofyo):| eik(:v—y)

= /(2:;3dk0nB (|ko (t)]) 2&): @ 6 (ko (t) — wp (£)) + 6 (ko (1)) + wy (1))] e—iko(mo—yo)eik(x—y)

4 .
= / (;i’rrk)42ﬂ'n]3 (lko (t)]) 0 (k:2 —m? (t)) e Hha—y),

Therefore, taking the Fouries representation of the Green function, we obtain :

Gr.c (k,B,t) = Gr. (k1) + 2ming (k, B,t) & (k* —m? (1)) .
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9.7 Thermal Green Functions for \®* (x) theory.

For a system out of equilibrium depending in time (open system), the mean value of

an operator evolving in time is

(A1) = (A®)an = (O B) | AD) [ 0(8) 1) = zé,@” (™0 a() =

=Z71(B,t)) e PEr(n it | A(t) | n, i, t) (9.73)

n

assuming that H (t) | n,7,t) = B, | n,7,t) with (n | m) = dpm. For A®* (2) theory,

the Hamiltonian is

=== [ o3t S0+ et o

1 L/ N2 m?2., M-
oAt L m- =9 | Aza
/dﬁ[f +2<V®> Tt +4!q)]
Then, we get
B()=Ho+ [ da (<1>4—<i>4> (9.74)
-0 41 ‘
where
~ 1 1 m2 1 1 ~\ 2 m2~
Ho (D) — 4 (220 L (op)? <I>2—/d,4 122 2 (o m” &2
0(P) /dm<27r+2(v)+2 1‘27T+2<V)+2
(9.75)

is the Hamiltonian satisfying the Klein-Gordon equation. The momentum modes

are given by the Fourier transform of a field operator and its inverse transform,

F(z) = / d*kF (k) e®,

F (k) = /d4mF (z) e~ e,
Then, we have the relation

/ d*zF? (z) = / [dk] F (k) F (—k). (9.76)

where [dk] = (gjr’)l. The Fouries modes of ® () and II (x) are

oy, = /d4a:<I> (z) e~ ke,
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I, = /d4;1:H (z) e~k

The operators @ (x) and II (z) are Hermitian, therefore
O = ®_pandlll =11,
the commutation relations of the fields
[© () I (y)] =0 (x —y) (9.77)
leads to commutation relations of modes in momentum space
(@, ] =i (2m)* 6 (k + k). (9.78)

in terms of the annihilation and creation operators, then commutation relations for

creation and annihilation operators are
ar (t),al, (t)} = (2m)'5 (k— k). (9.79)
The momentum space operators of the fields ®; and IIymay be expressed as
i = o (D) ai (1) + 9% (1) al (1),
I = @i (1) ax (1) + &7 (D) aly (2). (9-80)
It is assumed that
Pk (t) = @i (t) andpy () or (1) — @y, () ok (8) = 0. (9.81)
the inverse relations are
a (t) = i [p (£) g — $p k],

af (t) = (=) [p—k () Tt — p_x@_y] .

Here ay (t) and az (t) are time dependent operators satisfying the LvN equation.

Now, we write the hamiltonian as
H(t) = Ho (t) + AW (t) (9.82)

where

W (1) = / d%:% <<I>4 - <i>4) . (9.83)
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Now, we compute the green function for the theory

Gz —y,B,t)=(0(B),t|T[®(z)®(y)]|O(B),1), (9.84)
then,
iGx—y,Bt)=0("—y")g@—y,Bt)+0(° —2°)g(y—z,81) (9.85)
where,
1 —BH(t
9@ =0.5,0=(00),t|2@) @) |0(),t) = 7 Tr (108 @) @ 1)
= (;’ 5 Tr (e—ﬂﬁo(t)e—ﬁkﬁ/(t)e—ﬂx\[lrlo(t),W(t)] o () (y))
= (;j) S, iyt | e PR =BV O O WOl () & () | n,7,8).  (9.86)

n

Upon using the completeness relation, > | n,n,t)(n,n,t |= 1, this gives :
n

1
Z(B,1)

XD (nyit | O N i ) (it | e WO IOW O] (2) @ (y) | n, 7, 1)

g(x—y,B,t)= X

= (; 5 S (it | e PHOG (2)  (y) | 0,7, ) x [Zm,ﬁ,t | e~ PAW () =BA[Ho (). W ()] | n,ﬁ,t>]

n

= gr.c (x —y) x [Dn, it | e PV OOV O] |y, m] . (9.87)

n

The first order expansion of Eq.(9.87) gives

9(@ =y, 8.1) = gica (v —y)x [Zm,ﬁ,t (1= @) (18 [0 (), 0)]) | n,ﬁ,t>]

n

= 09K.G (‘77 - y) (1 - (6>‘) Z<n7ﬁ7t | W (t) | n77~7’7t> - (/8)‘) Z<n7 n,t | |:1T:IO (t) ) W(t)} | n7ﬁ7t>

n n

+(A8)? x [Z(n,ﬁ,t W (1) | Ho (1), W (1)] |n,ﬁ,t>]>

n
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to first order

A

o (), W ()] | n,ﬁ,t))

—

g(iL' - yvﬁvt) = 9K.G (iL' - y) (1 - (B)‘)Z<nvﬁ7t | W(t) ‘ nvﬁvt> - (ﬂ)\)Z@l,ﬁ,i |

n n

The propagator for A®? theory to first order is

ZG(Q: - yaﬁ)ﬂ = IGKG (33‘ _yvﬁvt) X

x (1—(5A)Z<n,ﬁ,t (W (8) i t) = (BA) D, st | [Ho (8), W (1)] \n,ﬁ,t)).
" ! (9.88)

If A goes to zero, we simply find the free Klein-Gordon propagator. Now, we write
the states | n,7,t) = 1 <a}; (t))n (a,t (t))n | O,t); Note that | O,t) =| O,t)¢ is the

Gaussian vacuum annihilated by all ay (t) and ay, (¢) :
a, (t) | O,t) = a, ()| O,t) =0 (9.89)
or the product of Gaussian vacuum state for each ay, (¢) :
| 0,t) = 0,t)c =k| Ok, t)c- (9.90)

We drop the subscript G for the rest of the calculation. Let’s calculate the second term

explicitly. We substitute LvN equations (9.80) for Fouriers modes. But first, we have :

A

W (t) =W () +W(t) = /d‘lxi! (@4 . <i>4) : (9.91)
We are interested in the term
W () = / d”ﬂr%@“ () = / d%% (@% (), (9.92)
which is written as
W= / d'z (22 (2))° = / (k] &2 (k) ®2 (—k). (9.93)

Also we have the following equations :

2

. 1 1 1 1/ 2\2 2
Ho (t) = /d% <27r2 +5 (70 + ”;qﬂ) - /d% <2fr2 +3 (vcb) + ”;@2> ,

;/d4xﬂ_2 () :/[dk]ﬂ(k)ﬂ(—k),;/d%ﬁ? (x):/[dk’}fr(k’)ﬁ(—k’),
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% d4ac<1>4 (x) — /[dk//]q)? (k‘//) (I)Q (—k//) ’ % /d4x<i>4 (.CC) — /[dk///](i)Q (k”/) ci)Q (—k/”) )

For the following commutator
[ffo (t), W (t)} - / [dk"] / (dk] [x (k) 7 (=k) , ®2 (K") @2 (—k")]
s [ aw) [ 5 )7 (<) 82 (1) 8 (1))
we use the identity
[AB,CD] = AC [B,D] + A[B,C| D+ [A,C] DB + C[A,D| B

where
A=n(k),7 (K),B=n(-k),7(-FK),C = (k'),2* (k"),D = * (-K") ,®* (-K") .

Therefore the commutator for the non-tilde terms in Eq.(9.88) simplifies to
[Ho (1), W ()] = (—1) /d4k7r (k) {®% (—k) @ (k) + ®* (—k) @ (k) + @ (k) ®* (—k) + @ (k) ®* (—k)}

+{® (k) D? (k) + D (—k) D2 (k) + D2 (k) ® (—k) + D2 (k) D (—k)}m (—k).
The full commutator including the tilde term is

ﬁO (t) 7W(t) =

= (—i) /d4k><27r (k) {®? (—k) @ (k)+® (k) D% (—k)}+2{® (—k) ®* (k)+D* (k) ® (—k)}7 (—Fk)
+27 (k) {®2 (—k) @ (k) + @ (k) D% (—k)} + 2{® (—k) D% (k) + D2 (k) ® (—k)}7 (—k).
Therefore, the Green function is

iG(x —y,B,t) ~iGga(x—y,[,t) x

X <1 — (BN (n.ist | /[dk] [@2 (k) @2 (—k) — 32 (k) @2(—@] |, 7, t)

— (BN (n, 7t | (=) /d4k x 21 (k) {®2 (—k) @ (k) + @ (k) ®% (—k)}+

n

+2{® (—k) ®? (k) + ®* (k) ® (—k)}7 (—k) | n, 7, t)

+> (n,7t| (=) /d4k: x 27 (k) {®2 (—k) @ (k) + @ (k) ®? (—k)}+

n
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+2{B (—k) B2 (k) + B2 (k) & (—k)}7 (=k) | n, 7, t>)

in the Hartree approximation [8], we get

iG(z—y,B,t) ~iGrg(x —y,B,t) x
y <1 (B0 it | [ [dh] @2 (k)@ (1)) — (82 (1) % (~B)] | m, 7.

— (BN (n, 7t | (=) /d4k: x (B2 (—k)) x 47 (k) ® (k) +

n

+4(®% (k) x ® (—k) 7 (—k) | n, 7, 1)

Let’s try to work out
(n,n,t | m(k)®(k)|n,n,t) =
= (nint | @ () an (8) + ¢7 (0 al (0] x [or Qo (1) + 975 (B al, O] [n,7,1)
= (n, 7t @ (1) n (1) ap (£) ax (8) + @x (1) @7 (8) 0 (B) 0l (1) +
% (1) on (1) al g (1) ar (8) + 94 () 2 (1) aly (8) aly (1) | o, 1) =

(it | [3%5 () o (8) = @r () 07 (D] @l (1) ax (1) | 7, t) = (N) x i

where N is the number operator and where we have used the Wronskian condition

and the fact that
(n, iyt | ag (8 ag, (t) | ny 7, t) = (n,,t | al (8)al, (8) | n,7,t) = 0.
Also, we have
(n,a,t | % (=k) | n, i, t) = (n, i, t | D2 (k) [ n,7,t) =

= (nint | [on () an (6) + 97 (B aly (O] x [or Qo (1) + 9% () al, O] [n,701) =

= (n,i,t | [or (1) 975 (1) — @ (0) o1 ()] @l (0) @ (1) | my 2, ) = 0.
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Therefore the time-dependent green function is
ZG("B - y?ﬁat) =~ ZGKG (LI,’ - y767t) X

(1= a0om) [ ahx (@ (-0 = (@ () x () + (@2 (1) = (@2 () x ()

where (N) and (N) are the mean value of the number operator for the non-tilde

and tilde operator respectively. If we set
D = (D () Fi(® (—k)), andds = (& (k) T i(® (~k))
then, the green function will be given by
iG (z —y,B,t) ~iGg.q (v —y, B,t)x (1 —4(BN) /d4k X (DL D_) x (N) + (ci>+<i>,) X <N>>

using the above equations and in order to examin the higher order effects, the green

function, to second order in A, is given as

iG(z -y, B,t) ~iGrc (x —y, B,1) ¥ <1 —4(BN) /d4k X (B, ®_) x (N) + (qu,) % (N)

+16 (BA)? </d4k X (B4 D_) x (N) + (@+<i>_) X <z\7>)2> .

9.8 Time-dependent Green functions for fermions.

Now, let’s look at the time-dependent green functions for fermions 1 interacting with

scalar bosons ¢.Let be the following lagrangian for the interaction
1 " L 99, .74 . -
£ = 50,006 — Smi? + i O — myudht) + 9o,

The full Hamiltonian for both interaction fields is given as
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We can split the Hamiltonian as two pieces. For this theory, the Hamiltonian is

/d4:r
+ / d*x [07.99 + myds — gdep] — / d'z Wiﬁzﬁ +my ) — gé@ﬂ
= Ho (¢,%) + W (¢,0). (9.94)

2 2
17T¢+ (Ve)® + %2 3Tt (w) ¢<¢32+

H(t)=H@t)-H(t) = /d% 3

where
. 9 ) )
Ho (¢, ¢) = /d4 (;% o (ve)+ n;¢2) — /d4:c Gﬁ +% (w)z + T';Qs?)

+z/d4 (V7Y + myaprp) — <@Z’7 T +my
and
W (¢, 0) = —/d4:vg (@W + &E&)

in momentum space
o 0.0) = [0k 5 {x2 0+ [+ 2 (@] 62 (0} - 5 {720+ [+ 2 (0] 2 0}

+i/ [dk] [(@Ek’7~1€¢k + mdﬂ[’k@bk) - <Ek7£¢k + mﬂk@k)]
and
W (6,0) =~ [ bl [dbg (ndin + i)

For g small; the green function for the theory, to first order, is,
’LG(l’— yaﬁ7t) = 7’G0 (l’ - yaﬁ?ﬂ X

(1 - (5)Z<naﬁ7 m, mat | W(¢,1/)) ‘ naﬁv m, Th,t) - (6) Z(n,ﬁ,m,ﬁz,t | |:ﬁ0 (¢,¢)7W(¢;¢)} | naﬁv m, 7’77,, t:

n,m n,m

(9.96)
= iGO (‘T - y)ﬁvt) X (1 - (B) Z<n’ﬁvmv ﬁl,t ’ |:ﬁ0 (¢,¢),W ((;5’1/))] | n, ﬁ7m7mvt>>

n,m
where the state | n,n, m,m,t) contains n bosons with m fermions. The only non-

vanishing commutator is

(Ho(6,0). W (0,0)] = | [0 {0+ [+ m (0] 62 (0}~ [ 0] [a¥lgon o
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= —%g / (k] [dk) [77 (1) , dre] xte = 2ig (2m)* / (dk][dk'16 (k — k') by = 2ig / (K]

with its tilde countrepart. Therefore, the full green function to first order is

iG (x - yvﬁﬂf) = ZC;O (x - y767t) X <1 - (27'/89) /[dk]<1;kwk +J}k1;k>> :

To second order, the last equation becomes
G (2~ y.8.1) =~ iGo (x — y. B.1)x <1 - 2i8) [l + Ty - 20 ( [0kl + i)

9.9 Conclusion.

In this chapter, we have used the LvN formalism, a canonical method, to study the
nonequilibrium evolution of equal-time, two-point functions for a symmetric ¢* field
theory. The usefulness and simplicity of the LvIN method in obtaining the two-point
correlation functions were first illustrated using the quantum mechanical anharmonic
oscillator model. The formalism was then extended to a scalar field and a ¢* field
theory and used to obtain the evolution equations for the connected two-point function
in the Hartree approximation, for nonequilibrium thermal case. This provides an alter-
native and nonperturbative approach to investigate systematically the nonequilibrium
evolution of quantum fields. It would be straightforward to generalize this technique for
studying the nonequilibrium evolution of spontaneously broken field theories. Symme-
try breaking would result in the generation of linear and cubic terms in the potential,
as a consequense of which even connected odd n-point functions would contribute to
the dynamical evolution. Higher order terms describing the evolution of the system out
of equilibrium using Hartree approximation have been obtained to second order. The

study includes, also, the evolution of time-dependent green functions for fermions.
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10

Appendix

10.1 Appendix A.

The quark and antiquark fields may be written as :

q(z) = Z / d’pN, [ep.su (p, ) e T 4 d;sv (p,s) eim]

q(z) = Z/d?’pl\fp [cfsa(p,s) e +d,, 0 (p, s) e~ P*]

where we have used the normalization conditions :

The meson fields (bosons) 7 may be written as :

+ 1 dgp —1ipx + ipx
T (x):(2 )% \/ﬁ[ape +a,e ]
T P
7t (z) = 1 ’p [ape™ + ate ]
emt ) Vom0

For fermions, with the creation c; s and dl‘f s and annihilation ¢, s and d), s operators,

the bogoliubov transformations lead to the relations :
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Cps = cosbpcps (B) +isinbyc) (5)
dps = cosb_pdy(B)+isin 9_pd;s (B)
s = cosbpcy (B) —isinbyiy (3)

d;;s = cos 0_pd;8 (B) — isin 9_pczp,s (8)

For the tild (~) fields :

Cps = —¢sin HpC;s (/B) + cos epépvs (’8)

dps = —isinf_pd}, (B)+ cosb_pdys ()

For the bose fields, the bogoliubov transformations are :

a, = coshfpa,(B) + sinh GPEL;' (B)
a; = cosh Gpa; (B) + sinh 6pa, (B)

as for the tild fields :

ap = sinh@pa; (8)+ coshb,a, (5)
af = sinh6pay, (8) + coshbyat (5)

where :

-2 _ _ -2 _
sin“ 6, = nr (p) = B T 50 0_p =nr(p)

and :

sinh? 0, = np (p) sinh?6_, = np (p)

- eﬁpo_l’

where pq is either the bosonic or fermionic energy.
The anticommutation relations for creation and annihilation operators are similar

to those at zero temperature. for example for fermions, we have :

[CPI,S' (B) 70;8 (6)]+ - [dp’,s’ (6) ad;_,s (/8)]+ =9 (ﬁ_ ﬁ) 65,5’
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the same relations hold for the tild (~)operators. All other anticommutators are
Z€ero.
Also, the temperature dependent vaccum state | O (8)) is annihilated by the tem-

perature dependent physical annihilation operators :

¢k (B) 1O (B)) =di (B) | O(B)) = cr (B) [ O(B)) =di (B) | O(B)) =0

We also used the normalization conditions :

ZS: ua (p;8) g (p, 5) = (p;rMM> of

Z:ﬁp (p,5) o (py5) = <_p2JJ\r4M>pa

@ (p, s)u® (p, s) = w1 (p,s) u'? (p,s) = 5°°
7 (p, 5) v (p, 5) = 01 (p, 5) v (p, 5) = —5°¢

7 (p, ) u® (p,5) = @' (p,s) v (p,5) =

Gordon identities :

1

u® (p)7*ul? () = —u'® () [(p + 9)" + 0™ (p — 9),] u'” (0)

10.2 Appendix B

We know that at finite temperature bosonic and fermionic Green functions are written

in the matrix form as :

m —2imf (—p”) 6 (p*> — m?)
—2i7ml (po) 1) (p2 — mz) L

+2i7mp(|p0})5(1’2m2)( i 1 )

T p2—m2—ie

S(p,m) = (p+m) <

and for the bosonic representation in momentum space :
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Dipm) = | \ 20 )0(pF =)

+2imnp (|p°) & (p* —m?) ( 1 1 )

Here np and np represent the fermionic and the bosonic distribution functions

respectively , namely,

1

1
v (0 = G e (0°1) = s

10.3 Appendix C.

10.3.1 Identities, Conventions & Useful Formulas.

We work in natural units 4 = ¢ = kg = 1. In this system,

[length] = [time] = [energy] ™' = [mass] ™

and the light cone metric is :

010 0
w [ 100 0
=10 0 -1 0

00 0 -1

From this metric, we can define directly the light cone variables and their inner

product and integration measure :

ap +as ag — as
,a1, a2

a#:(a+7a*aaT): < V2 ) NG

ab=a;.b_+a_by —ar.by

d*a = da,da_d*ay

We define the gluon propagator in the feynman gauge in the coordinate represqen-

tation. We do this by making a fourier transformation in the momentum representation
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4 . —
A(z) = / (qu (@),

om)?
where,

_ig e 6ab

AHY = — Ho A =
Dgp (@) = =g""0a s () 2T

is the free gluon propagator in the feynman gauge.

Wilson lines to order O (92) , is given by,

Pexp (ig /ab dx, A" (x)) = (1 +ig /ab dx, A" (z) + (ig)” /ab dz,, /ax dy, A* (z) AY (y)>

For further development see reference [2]. Now the quark and antiquark fields and

their tild counterparts are given by :

Q@0=2 / ANy |cpott (b, 5) €7 + d} v (p, ) €77
0= 3 [ %, [ 0.9 40,0

Q(z) = Z/d3ﬁNp [6;55 (p,s) e " 4 czp,j (p, s) eim}

where,

1 m / - "
Np = fpyEp: m2+(ﬁ)27u(p>3) =u (p,S).

(2m)?
As for the spinless hadron field we take with omission of the radial function for

simplicity :

CLL (P+,OT) - XslsgcT (p23 82) dT (p17 Sl) | O>

where |
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m m
po= 1 py q,51,andpy = " p_ q, $o arerespectivelythequark
mi1 + mao my + mg

andantiquarkmomentumandspin;Pisthetotalmomentumo fthehadron;

q therelativecoordinate

For cut and uncut propagators the expressions

S (k) = [ onf (k) 6 (k?)} E,

i
k2 + ie
i 2
Ay (k) = [M + 27 (k1) 6 (k )] A (k)
replace the ordinary zero-temperature propagators. The distribution functions :

1 1

F@) = g +1’”<“") = Bl _ 1

represent the effect of thermal medium on free propagation. Cut propagators of

thermal partons are represented by

S (k) =[O (kT) — f (k)] k276 (k2)
A5 () = [0 (1) + F ()] 278 ()
where O (z) is the step operator.

10.3.2 Some useful formulas.

Exponential integral :

00 =28 0 (_l)k—l ok
E,(2) = . Smd8:>E1(z):—7—lgz+ZTK
k=1
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The relation between the exponential integral and the exponential integral function

E1 (Z) =—Fi (—Z) .

Furthermore we have :

o) 3
/ cos 0 sin 9d9:1.
0 0 16

Cosinus integral :

z > (—1 k+1 2k
cosintegral (z) = Ci (z) = /Oo COSS ®ds = Ci (2) =y+I1gz— ; W
Asymptotic representation :
i T (—1)F(2k)
i) = szP(z) B COSZQ(Z) S with,P (z) = # +0 (Z—Qn—Q) ,
z z z
k=0
S (-DFEE+ 1)) —2n—3
Q(z) = 2k +0 (2 )
k=0
Angular volume :
(m+1) m
. — / i, = 22 _gm(p)E(5)
T ((m;—l)) r (m)

Riemann zeta function :

1 00 u(:):fl)

Relation between the exponential integral and the exponential integral func-

tion :

By (z) = —Bi(-z).
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