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IChap’[er 1

Static electricity - General

1 Static electricity phenomenon

If two plastic rulers are rubbed vigorously with a piece of cloth, they will exhibit a
repulsive force. This phenomenon can be observed by suspending one of the two rulers
from a wire in the centre, allowing it to rotate freely. The end of the other ruler is then
brought into proximity with the moving ruler by holding it in the hand (see Figure 1.1-a).
Similarly, if two glass rods are rubbed in the same way, they will also repel each other (see
Figure 1.1-b). Conversely, when the glass rod is rubbed against the plastic ruler, or vice
versa, an attractive force is observed (see Figure 1.1-c).It is notable that no attraction or

repulsion is evident when the rulers or rods are not rubbed..

Figure 1.1: Static electricity phenomena.
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The experiment described above involves a new type of force, designated as an electric

force. This force is distinct from the gravitational force in three fundamental aspects:

@ The electric force may manifest as either an attractive or a repulsive force, whereas

the gravitational force between two masses is exclusively attractive.

@ The electric force can only occur between two objects that have been rubbed to-

gether, as the mass of the objects alone is insufficient to generate this force.

@ The electric force is considerably stronger than the gravitational force. The gravit-

ational force between rulers and/or rods is so weak that it cannot be observed.

2 Positive and negative electric charge

As illustrated in the preceding section, the electric force can only manifest between
two objects that possess a specific attribute, designated as an electric charge. This
charge emerges when two objects are rubbed together. It is evident that two distinct
forms of electricity exist: the resinous state, observed in the case of a rubbed plastic

ruler, and the vitreous state, observed in the case of a rubbed glass rod.

One might be forgiven for assuming that, in the case of other materials, there would be
other types of electricity attracted or repelled by the first two, but this is not the case.
In fact, all materials can be classified into two categories. When rubbed together, they
either attract a glass rod and repel a plastic ruler, or vice versa. Benjamin Franklin
proposed that these two types of electric charge should be distinguished by their positive
and negative signs. He arbitrarily selected the sign (+) to represent electric charges carried
by a rubbed glass rod (vitreous state) and the sign (-) to represent charges carried by a

rubbed plastic ruler (resinous state).

In accordance with the principles of electrostatics, like charges ((+) and (+) or
(-) and (-)) are repelled from one another, whereas unlike charges ((+) and (-))

are attracted to one another.

The atomic structure of matter provides an explanation for the appearance of an electric
charge on a rubbed object. Matter is composed of atoms, the radius of which is approx-
imately 107'm. Each atom is comprised of a nucleus, with a radius of approximately

10~ m, which contains positively charged particles, known as protons, and electrically
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Figure 1.2: Atomic structure representation.

neutral particles, designated as meutrons. The negatively charged particles, known as
electrons, which have the same absolute charge and are in the same number as the pro-
tons, form the outer structure of the atom. Consequently, the atom is electrically neutral,
with the negative charges of the electrons compensating for the positive charges of the
protons (see Figure 1.2). The generation of electric charges by rubbing can be explained
by assuming that a few electrons can be lost or gained on the contact surface, which are
transferred to (or torn from) the atoms of the piece of cloth. This results in an excess
of electrons on the rubbed plastic rulers and a shortage of electrons on the glass rods. It
should be noted that only the electrons are in motion, while the protons remain fixed in
the nucleus. Atoms whose number of electrons is no longer equal to their proton num-
ber are referred to as ions. lons are not electrically neutral; they are either positive or

negative, depending on whether they have lost or gained electrons.

In the International System of Units (SI), the derived unit of electric charge is the cou-
lomb (C). One coulomb is equivalent to a substantial quantity of charge. For instance,
the charge that is observed on a rubbed object is typically in the range of 107 C, whereas
a flash of lightning can reach up to 20 Cbetween a cloud and the Earth. The smallest
electric charge that has been isolated thus far is that of a proton, which has the value of

e. This was first measured by Millikan in 1909 and is approximately:

e~ 1,602 x 107" C.

The electric charges of the proton and the electron are given by the expressions

qp = e and q. = —e, respectively.

3 Conservation of charge

The electric charge observed in the rubbing of a plastic ruler or glass rod is not, in
fact, created. Only a specific number of electrons are transferred from the cloth to the

ruler or from the rod to the cloth. The electric charge is transferred from one object to
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the other; if one object acquires a charge of +(), the other object acquires a charge of
—(@. The sum of the charges of the two objects remains equal to zero. This is an example

of the conservation of electric charges.

The net amount of electric charge that is produced during each transformation is

equal to zero.

More generally, the charge conservation law can be stated as follows:

In an isolated system, the total electric charge is defined as the algebraic sum of
the positive and negative charges present at any given time. It is a fundamental
principle of electrostatics that this quantity is conserved, that is, it remains con-

stant.

The term "isolated” is used to describe a system in which there is no potential for charges

to enter or leave the system, whether through an electrical wire or moist air.

4 Insulators and Conductors

When an iron rod is brought into contact with two metal spheres, one of which is
highly charged and the other is neutral, the latter will rapidly become electrically charged
(see Figure 1.3-a). Conversely, if the two spheres are connected by a wooden rod or a
rubber band, the neutral sphere will remain neutral and the charged sphere will retain its
charge (see Figure 1.3-b). Materials such as iron are designated as conductors, whereas
those such as wood or rubber are classified as insulators. Therefore, we can conclude
that:

@ In the case of conductors, the electric charge is distributed throughout the material,

with no particular concentration.

@ In the case of insulators, the electric charge is localised at the point of generation,

for example by rubbing.

An insulator, such as the plastic ruler and glass rod utilized in the preceding experiment,
can be charged through friction. The resulting charge is static, meaning it cannot be
transported away from the point of contact. Conversely, a conductor, such as the rubbed

iron rod, will only become charged if it is held with an insulating handle. Otherwise,
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(b)

Figure 1.3: Example of metal spheres that are connected by a (a) metal rod and a (b)
rubber band..

electrons will be transferred between the conductor and the ground via our body.

Plastics possess the property of acting as good insulators. All metals and carbon are
classified as good conductors. In between these two categories are materials that are both
poor conductors and poor insulators. This is due to the fact that they conduct to a certain
extent. Examples of this include wood, paper, the human body and the Earth. Water is
a good conductor when it contains a few impurities. Salt water, in particular, is a natural
conductor of electricity. As it is free of impurities, pure water is an insulator. Dry air is a

good insulator. Dry wood is a natural insulator that can be made conductive by moisture.

5 Electrostatic conduction and induction

An object may be charged by conduction, that is to say, by being brought into
contact with a charged object, either directly or via a conductor, as illustrated in 1.3-a.
Furthermore, an insulated metallic object can also be charged without direct contact with
the charged object. This process designated as induction, whereby a charge is transferred
without direct contact, is illustrated in Figure 1.4. Two metal spheres, designated A and
B, are positioned on an insulating base and are in contact with one another, thereby
forming a single conductor (see Figure 1.3-a). A positively charged rod is positioned in
proximity to sphere A, without establishing contact. The free electrons of the conductor
(A+B) are attracted by the rod’s positive charge and tend to accumulate on the left of A,
unable to reach the rod due to the lack of contact. The electrons leave the positive ions

on the right-hand side of B, which is as far away from the rod as possible. This results in
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TP ee 2

Figure 1.4: Induction charging of two metal spheres.

tension % —force scale
spring ———= Y (in F units)

arm/
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centimetre
ruler

Figure 1.5: Modern illustration of Coulomb’s experiment for the measurement of electro-
static force (credit).

a separation of charges, which has been caused or induced by the presence of the rod. If
the two spheres are separated in the presence of the rod (Figurel.3-b) and then the rod
is removed (Figure 1.3-c), it can be observed that the two spheres have acquired opposite

charges by induction without any contact with the rod.

6 Electrostatic force - Coulomb’s law

Charles-Augustin Coulomb (1736-1806) conducted a series of experiments employ-
ing a sensitive torsion balance (see Figure 1.5). This enabled him to determine, with a
reasonable degree of accuracy, the properties of the electrostatic force exerted by a small
charged sphere ¢; on another small charged sphere g;. Coulomb’s experiments yielded the

following conclusions:

@ The force in question is radial, acting along a line connecting the two charges.

@ The force is proportional to the product of the magnitude of the charges, with an at-

tractive force exerted between charges of opposite sign and a repulsive force between


https://resource2.rockyview.ab.ca/physics30_BU/Unit_B/m3/p30_m3_l02_p4.html
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charges of the same sign.

@ The force is inversely proportional to the square of the distance between the two

charges.

?1/2 7

7 7 1/2
M .m/nz/q:“

q1>0 q1>0

The vectorial form of Coulomb’s law, which translates the aforementioned properties, is

expressed as follows:

5 ., 1 .
?1/2 =K (h?” QQul/Q = 4 unl/g. (11)

The force exerted by the charge ¢; on the charge ¢o is represented by the vector ?1 /2-
The unit vector in the direction from the charge ¢; to the charge go is designated by ;5.

The distance between the two charges is denoted by ris.

K is a constant. Its value is dependent upon the units in which 73, F/2, and ¢ are to be

expressed. In the ST units K = Fleo =8988 x 10N -m?- C 2~ 9x10°N-m?-C2. In
the cgs system of units, short for centimetre-gram-second, the unit of electric charge is the
"electrostatic unit” or esu. The constant K in equation 1.1 is equal to 1 (without units)
if 19 is measured in cm, F in dynes and the values of ¢; and ¢y are in esu. Instead of K,
it is common practise (due to historical reasons) to introduce the constant ¢y, otherwise
known as the permaittivity of free space or permittivity of vacuum. This is given
by €0 = 2 ~ 8854 x 1072C? - N~ . m~? and will feature in numerous expressions
encountered throughout this course.

@ For like electric charges ¢; and ¢, there is a repulsive force between them:
The force vector ?1 /2 1s oriented in a direction that is parallel to the unit

vector iy /2.

@ For unlike electric charges ¢; and ¢o, an attractive force is observed. The

force ?1 /2 is oriented in a direction opposite to that of 5.
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— Remarks

@ In formulating the equation 1.1, it’s essential to ensure that both charges are accurately
localised, with each occupying a region that is relatively small compared to r15. Without
this, it would not be possible to define the distance ris with precision. This is what is

referred to as a point charge.

@ Equation 1.1 applies only to static charges (electrostatic approximation) and vacuum. This

law serves as the foundation for the entire field of electrostatics.

@ The electrostatic force, as defined by equation 1.1, is in accordance with the third law of

Newton, otherwise known as the law of action and reaction expressed as: ?1 /2= _FQ /1-

@ The electrostatic force, as defined by equation 1.1, exhibits vectorial properties analogous
to those observed in the gravitational force, as described by Newton’s law given by
my - m
? 1 71 s2): The charges ¢; and go are used to represent the masses m;
r

and my, while the constant K is employed to represent the gravitational constant G. As

912 —

previously noted, the primary distinction between these two forces is that the gravitational
force is always attractive, whereas the electrostatic force can be either attractive or repulsive,

depending on the sign of the electric charges.

@ By comparing the Coulomb repulsion and gravitational attraction between two electrons (of
charge ¢ = —e = —1.6 x 1071 C and mass m. = 9.1 x 1073 kg):
F. K- e?

i Wzllxl()‘u,
g -m

€

it can be deduced that the electrostatic force is dominant compared to the gravitational force.

. 4
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7 Principle of superposition

The principle of superposition permits the calculation of the total electrostatic force
exerted on a given point charge by any number of point charges acting upon it. Given
that the electrostatic force, like all other forces, is a vectorial quantity, the electric forces
exerted by different point charges ¢s, g3, ..., @, on a charge ¢; are calculated independently

of each other and added in a vectorial manner.

o)
// q3

/
/

qz
-~ __ Fop /7
T a1
Fin

?4/1 \\
G(M

The total force exerted by the other charges on the charge ¢ is given by the following

equation:
?1 = ?2/1 —f— ?3/1 + —I— ?n/l
Example g
Consider a positive point charge ¢ = 30uC and two other point charges ¢ = —20uC and

q3 = 40 uC, which exert an electrostatic force on it. The three point charges are located at the

vertices of a rectangular triangle such that 712 = 1m and 713 = 2m (see figure below).

Yy

-

'y <0

The resultant force acting on the charge ¢; can be written as follows, using the principle of super-
position:

?1 = ?2/1 =+ ?3/17
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IChapter 2

Electrostatic field

1 Introduction

Let us consider a source charge, designated as ¢;, and a test charge, designated as
q2. The electrostatic force, as defined by Coulomb’s law, is a force exerted by ¢; on ¢
that acts "at a distance”. The question thus arises as to why ¢; exert this force on ¢
without making contact with it. In order to elucidate this phenomenon, Michael Faraday
postulated the concept of the Electrostatic field. If the source charge ¢; acts on the
test charge ¢ at a distance, it is because ¢; induces a state in the surrounding space. In
other words, at every point in the surrounding space, the source charge ¢; generates an
Electrostatic field as a consequence of its mere presence. The Electrostatic field interacts
with the test charge ¢» to produce the electrostatic force experienced by the latter. This
notion of a field has been demonstrated yo be highly useful and practical. It has been
employed to describe fundamental forces other than electrostatically (such as gravitational

or magnetic forces). It enables phenomena to be described in an elegant manner.

The Electrostatic field describes the influence of a single (or multiple) perturbing
charge(s) on the properties of space. In this contezt, the perturbing charge(s) is

(are) assumed to be fized.

2 Electrostatic field of a single charge

In order to illustrate this concept, we will consider

the example of an Electrostatic source charge ¢y, situated

M
at a point O in space. This charge exerts an electrostatic ./v
force on a test Electrostatic charge ¢, of the same sign as .O 7_....- ----- T q,

—
1, located at a point M, such that OM = r (where ¢

r is the distance between these two points and U is the

11
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unit vector along the line joining them). This force can be expressed as follows:

q1 92 q .,
?1/2:_[( 2 U = (2 |:KT—2U:|

In the event of replacing the test charge ¢o by an alternative charge ¢z, the force is then

expressed as follows:

q1 - 93 - q -
?1/3:}( 2 U = (s |:KT—2U{|

The term in square brackets represents the force per unit charge experienced by any test
charge placed at point M, irrespective of what is tested. This quantity is referred to as

the Electrostatic field generated by the charge qi at the point M.

— Definition 1 ﬁ

A particle of electric charge ¢ at a point O produces a vector field at an arbitrary point M in space
—
such that OM = r @ (where 7 is a unit vector directed from the particle of charge ¢ to the point

M). This vector field can be expressed as follows:

E= K%ﬁ - 47360 %7 (2.1)

This vectorial field is referred to as the electrostatic field (E-field). Its unit in SI units are

newton per coulomb (N/C). By convention, this electrostatic field :

@ points toward negative source charge (g < 0).

@ points away from positive source charge (¢ > 0).

O U e

Caoull r
q>0

ﬁ M

O W _oeeee —

o—
q<0

— Definition 2 :g

The application of an electric charge g; at a specific point M, within an electrostatic field B generated

by a source charge ¢, will result in the exertion of an electrostatic force:

This electrostatic force is:
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@ in the same direction as E if q; > 0.

@ in the opposite direction to E it q; < 0.

O 7,. -------------- g >0 !
g>0 v E

O 7 ___-‘ﬂzo/'
q>0

3 Electrostatic field of discrete charge distribution

Let us consider three electric charges, designated as qi, ¢o, and g3, situated at points
My, My, and Mj, respectively, within a three-dimensional space. Each of these charges
generates an electrostatic field at a point M in the space. The E-field is subject to the

same principle of superposition that applies to Coulomb’s law (see Chapter 1, section 7).

———

It follows that the net E-field at point M is the vectorial sum of all the E-fields produced
separately by ¢, g2 and g3 at that point.

More generally:

n

B=FBi+ Bt Bt + Bu=3 Fom o> (L)% 9

47'('80 -
1=

Example f!

In this calculation, we consider the FE-field of three charges, ¢z = 30uC, ¢ = —20uC, and
g3 = 40 uC, generated at the point M (2a,a). It is assumed that the three charges are at the

vertices of a right triangle with a length of a = 1 m, as illustrated in the figure below.
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The principle of superposition permits the expression of the resultant F-field at point M to be

ﬁ(M)zﬁl+fg+§3,

written as follows:

such that:
E, = k473,
r
E, = k-2 7,
(2a)
ES = Kq%73>
a
with : . .
71 =cosa ¢ +sina j
ﬁ
Uy =i
—
73 =17,
and:
r? =a?+ (2a)° = 542
_ 2a _ 2
cosa = e = o
o _ a _ 1
S ¢« —m—ﬁ

Then, we can write:

7 q 2 —» 1 —.>)
— Ki e — +7
! 5 a? (\/5 V5 7

—
EQ = K q22 7
(2a)
By, = K&7.
a

Consequently, the resulting electrostatic field is :

Fon- 317 ()]

N.A.: ﬁ(M)z[4,1><104_i>+38,2><104?} — ’E(M)‘m38,4x104C~N’1.

)
‘ﬁgi
B Ey | E,
"< o.-—l/ 7
a ro E
7|2 # ;
g, > 0 @K >
i 2a g >0

4 Electrostatic field of continuous charge distribution

In practice, when a large number of particles are involved, the expression 2.3 for
the electrostatic field resulting from a discrete charge distribution is rarely applicable.
This is simply due to the fact that the spatial scales under consideration are very large

in comparison to the distances between particles, which precludes the possibility of dis-
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tinguishing one particle from another. In such cases, it is more appropriate to consider a

continuous distribution of electric charges.

4.1 Charge distribution

Prior to defining the E-field resulting from a continuous charge distribution, it is
necessary to define the charge density for that distribution within a volume, across a sur-

face or along a line.

Volume charge density: If an object has an electric charge ¢ that is uniformly distributed
over its volume V (for example, a sphere), it can be considered as a set of small elements
of elementary volume dV that carry an elementary charge dg. The charge per unit
volume or volume charge density, is then defined as:

dg

P = av’

Its units are coulombs per cubic metre (C-m™?).

Surface charge density: In the event that one of the dimensions of the charge distribution
is significantly smaller than the other two (for example, a hollow sphere or a plane), the
electric charge ¢ is distributed continuously over a surface S, which is considered as a set
of small elementary surface elements dS carrying an elementary charge dg. The charge
per unit area or the surface charge density, is then defined as follows:

dg
=15

g

Its units are coulombs per square metre (C - m™2).

Linear charge density: In the case of a charge distribution comprising two negligible

dimensions in comparison to the third (such as that of a wire), the electric charge ¢ is

distributed continuously along a (straight or curved) line of length, which is considered

as a set of small elements of elementary length d¢ carrying an elementary charge dg. The
charge per unit length or the linear charge density, is then defined as follows:

dg

A= U

[ts units are coulombs per metre (C-m™1).
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— Remark: Mesoscopic scale - Local charge density :3

When an electrically charged body is studied in terms of volume, surface area or length, it is broken

down into small elements that can be compared to point charges. These small elements must be :

@ large on the microscopic scale of length, so that all the microscopic elementary charges can

be averaged together.

@ small with respect to the macroscopic scale, so that local behaviour can be defined.

A mesoscopic scale is therefore selected. Around each point, the local density of charges is very well
defined.

4.2 Calculating the electrostatic field

The Calculation of the E-field produced at a point /

M in space, by a charge ¢ distributed in an object over Vs

a certain region of space is performed as follows:

@ The object is divided into infinitesimally small elements of charge dg and of distance

r from the point M.

@ Each element, considered as a point charge, will then generate a field dﬁ in accord-

ance with the law:

d 1 d
dﬁ K q7 = qﬁ 7 unit vector directed from dq to M.

dreg 12

@ The net electrostatic field is obtained by applying the principle of superposition
and summing all the electrostatic fields dﬁ produced by all the charges dq con-
tained in the space under consideration. the summation in Equation 2.3 becomes

an integral. Furthermore, ¢; is replaced by dg. This results in the following equation:

ﬁ:/dﬁ ! /O% (2.4)

471'80

@ Depending on whether the charge is distributed by volume, area or length, the net

field produced at a point M in space is expressed as follows:

dq p-dVv 7
47‘(’50 ﬂolume 2 477—50 ///volume ( r? )
B 477—50 /Zurface r B 471—60 Murface ( r? > ’

E—l/@ﬁ—lf A-de
B 47-[_50 line TQ B 4WEO line T2 '

or:

or:
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Example : E-field of a line segment ﬁ

Consider a straight line segment, of length £ = 4m, that carries a charge ¢ = 80 uC with positive

uniform linear charge density.

1. Find the electrostatic field at point M, a distance z = 6 m on its axis:
The line segment is situated on the z-axis between the abscissa points x = 0m and z = 4 m.
Given that this is a continuous charge distribution, it is possible to conceptualise the charged
segment as a series of differential segments of length d¢ = dz, with abscissa x, each of which
carries a differential amount of charge dg = Adz.
Given that the linear charge density is constant and that the integration is performed along

a line of charge situated on the z-axis, the following expression can be derived:
dg=Xz = q:/)\dx:)\/dx:)\~£ :>>\:% (A>0).

The differential electrostatic field dﬁ generated by this length element at point M is oriented
in the z-direction. Its expression is given by:
d - Az -
dE = K <§> i=dE,i=K <f) i
r r
r is the distance between M and the element dz. Sor =6 — z.

The electrostatic field is then calculated as follows:

r=4 4
E:D:/dEz:/ K LQCQ :K)\[ 1 } _EX | |g_EA
2=0 (6 —x) 6-z], 3 3

NA:A=2=204Cm™ =2x10°C-m™! = [E=6x10°N.C"]
14 T
07 dvyy M dE

z=0m r=4m x=0m z

2. Find the electrostatic field at point M, a distance R = 2 m above the midpoint of the wire:
The line segment is situated on the z-axis between the abscissa points * = —2m and x = 2m.
Similarly, the segment is divided into differential line elements d¢ = dz. Let us consider one
of the aforementioned line segments at abscissa x, carrying an elementary charge dg = A\dz.
At the point M, the differential electrostatic field dﬁ is generated at an angle a (varying
between —ag and «g) to the y-axis:

d Ad
dE_K<g)a_K< ‘”)ﬁ . W =—sine ¢ +cosaj.
T

o
Then dﬁ can be expressed as follows:

dE = dE, 7 +dE, J,

with:
dE, =-K2%sina
dE, = K)‘T%‘T CoS Q.

The differential terms of the E-field comprise three variables, namely r, a and z. Two of

these (r and ) are subsequently expressed in terms of the third («):

tana:% — x:Rtanaﬁdx:R%da

cos?
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Then :

dE, = —K% sin v do
dE, :K%cosadoz

The net electrostatic field created at M is then :

ﬁ:/dﬁ:Ew?—&—Ey?,

with :
B, = [7%° K sinarda = K [eoso] 52 = K [cxsag — cos (—ao)] =
E, = fj;oo K% cosada = K3 [sina]fzg = K% [sinag — sin (—ag)] = 2K % sin .
So, we have:
ﬁ 2K\ . =
= sin ag 7.
with:
. £/2
Sl g = f7
O
and finally:
KA\ l
E="2— 7| = NA: [E=13x10°N.C".
R £\2 | p2
(5)" +R

.
\

l} 13&
r=4m T
| ——-

x
- It can be observed that for R > ¢, R? has a greater influence than #2 on the result obtained

Y
dﬁ\
hid

4 ¢
/
N

r=-2m 0

=
J
ﬁ
()

previously. Consequently, the net electrostatic field may be simplified to:

7K Kq

R R

We retrieve the expression for the field of a point charge. From far away, the finite line
segment looks like a point charge.
- Furthermore, for an infinite wire (where £ > R), /?dominates R? in the denominator of the

aforementioned result. Consequently, the net electrostatic field may be simplified to:

2K\
E="3"7

5 Electrostatic field lines

Given the enhanced experience we have accrued in calculating electrostatic fields, it’s
now appropriate to direct our attention to their geometric representation. As previously

stated, an electrostatic field describes a change in space that is caused by the mere presence
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Figure 2.1: The electrostatic field vector distribution around a positive point charge in
(a) two dimensions and (b) three dimensions (credit: D.Janzen).

of an electrically charged object (the source charge). This change is manifested in the
form of an electrostatic force exerted on another electrically charged object (the test
charge) placed in the same region. An illustration of electrostatic field vectors that are
uniformly distributed around a positive point source charge is provided in the Figure 2.1.
The arrows displayed at each point in space indicate to the direction of the electrostatic
field vector relative to the source charge. Their lengths correspond to the magnitude of
the electrostatic field vector, which decays as the square of the distance from the charge.
When multiple source point charge are considered (see the example of two identical source
point charges of opposite sign in the Figure 2.2), the electrostatic field vector distribution

becomes more complex.

A ~ -

\

- =

.-’,,‘/ \‘\..._‘-...
. . =

—

. o 4

]
.-..\\\//,..-.
:,'/l\\\\

|
' 1 ’
-\\\\\I//lu-
.--...\..._\ //,--
—v-///\\\'\-‘v
3 a i .

Figure 2.2: The electrostatic field vector distribution around two identical point charges
of opposite signs (credit: D.Janzen).


https://openpress.usask.ca/physics155
https://openpress.usask.ca/physics155

20 Electrostatic field

Rather than depicting this electrostatic field vector distribution with a multitude of di-
minishing vector arrows, it is more efficacious to interconnect them to form uninterrupted
lines and curves, designated as electrostatic field lines (alternatively termed force
lines). The notion of electrostatic field lines is invaluable for attaining a spatial rep-
resentation of the electrostatic field and subsequently visualising the manner in which
the surrounding space is altered by the source charge. The electrostatic field line can be

defined as follows:

— Definition :3

An electrostatic field line is defined as a curve whose tangent at any given point in space is aligned
_>
with the direction of the field vector E Thus, when an elementary displacement d? is considered

_)
along this curve, the electrostatic field B, at any point on the curve is parallel to d/. This can be

Exdl=T7.

expressed as:

The electrostatic field line diagrams for the two preceding cases are presented in Figure
2.3. In both diagrams, the field vector (not shown) is tangent to the field line at all points.

The arrowhead placed on a field line indicates its direction.

)

r

)
|
4

((1

(@) (b)

Figure 2.3: The electrostatic field lines of (a) a positive point charge and (b) two dissimilar
point charges (credit: D.Janzen).
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Field line properties

@ The behaviour of electrostatic field lines can be described as either diverging away

from positive source charges or converging towards negative source charges.

@ It is not possible for two electrostatic field lines to cross each other. It is not possible

for the electrostatic field to have two different directions at the same point.

@ The magnitude of the electrostatic field is indicated by field line density, which is
defined as the number of field lines per unit area passing through a small-cross-
sectional area perpendicular to the electrostatic field. This is illustrated in Figure
2.4. Tt can be concluded from this property that the magnitude of ﬁ at the point
of interest will be large if the field lines are close together (i.e. greater field line
density) and small if the field lines are far apart in the cross section (i.e. lower field

line density).

@ The number of field lines emanating from or converging on a charge is directly pro-
portional to the magnitude of that charge. As illustrated in Figure 2.5, a charge

of 43¢ will have three times as many field lines leaving it as entering the charge of —q.

Figure 2.4: Tllustration of the existence of disparate magnitudes of electrostatic field at
disparate points, attributable to the variation in field density across the two regions. The

identical number of field lines pass through the distinct imaginary areas designated as S
and S’ (credit: D.Janzen).
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Figure 2.5: Illustration of the electrostatic field lines of two charges with opposite signs
and different magnitudes (credit: D.Janzen).
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IChap’[er 3

Electrostatic Potential and potential

energy

1 Electrostatic potential

Prior to examining the concept of electrostatic potential, it’s essential to introduce
an integral mathematical attribute of electrostatic fields, namely the circulation of the
electrostatic field vector. The concept of circulation is employed in a multitude of applic-

ations pertaining to electricity and magnetism.

Consequently, it is of paramount importance to establish a formal definition of circula-
tion, and susequently determine the optimal methodology for utilising it throughtout the

remainder of this chapter.

1.1 Circulation of the electrostatic field

Let us consider the case of an electric charge ¢ at
point O. This charge will produce an electrostatic vector
field at any point M in space, at a distance r from O.
The E-field is given by:

—
B-xlq 7=
r r

Consider two points, designated M; and M,, which are q>0

situated in close proximity and situated along a curve,

designated (AB), within this field. It is defined that the elementary circulation of
the electrostatic field between points M; and Ms is defined by the quantity :

_>
d¢ = E - MMy =E - dl.
%
In the polar basis (uy., i), the elementary displacement d? is expressed as:

@:drﬁr+rd9u§,

23
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where dr and df are elementary displacements along the radial and angular directions,

respectively.

Given that the electrostatic field vector is radial, that is to say, that U = ﬁr, then:

a¢ = (K L) (drd, +rd0 %) = K L dr.
r r

Consequently, the circulation of the electrostatic field between points A and B can

be expressed as follows:

B B s . B
%:/d%i/ﬁag/ KLar=[-K1] :>/pﬁ@:quﬁﬂ
A A ra r A B

Tlry rA

— Definition :3

The circulation of an electrostatic field vector E along a curve from point A to point B is given by

the following equation:

B

B
/ ﬁ.@zKTi—Ki. (3.1)
A A

@ The circulation of the electrostatic field is independent of the path taken, only of the initial

and final states. The electrostatic field is conservative.

@ The circulation of the electrostatic field over a closed curve is equal to zero. This is of great

importance in electrokinetics, as will be discussed subsequently.

1.2 Electrostatic potential of a single point charge

The Equation 3.1, which serves to translate the circulation of the electrostatic field

generated by a point charge g can be written as follows:
B
%
/ §M:Ki—Ki:@4+éy(Ki+®zvmpva
A ra B A B
V' is a scalar function called electrostatic potential. 1t’s defined by:

q
=+ C.
dmeg 1 +

xqm:Kg+O=

The assumption that the electrostatic potential is zero at infinity (V (r — o0) = 0)
eliminates the constant C' (C' = 0).

— Definition Lj

The electrostatic potential generated by a point charge g at a distance r (in a vacuum) is a scalar

function, expressed as follows:

vy =ki-L1 1.0 (3.2)

r  Admeg r

@ Its units in SI units are volts (V).

@ The electrostatic potential is defined with a certain degree of precision, within the limits set by

a constant C'. This constant can be determined by the boundary conditions V (r — c0) = 0.
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1.3 Electrostatic potential of discrete charge distribution

Let us consider a set of point charges, designated as ¢; (i = 1,2,3,...), situated at
points M; (i = 1,2,3,...), respectively. Each of these charges generates an electrostatic

potential at a point M in space, which we may write as Vi, Vo, V3, ...

As previously seen, the circulation of the electrostatic field and the principle of superpos-

ition of electrostatic fields allow us to express this as follows:

Ba-yB-a = [Ba-y([F5a)-Tw v

i A i

The net electrostatic potential at M is thus given by:

vzv1+v2+v3+...:Zv;.

Example d

Let’s calculate the electrostatic potential created by three charges ¢ = 30 uC, ¢ = —20 uC and
g3 = 40 uC at a point designated as M (2a,a). The three charges are situated at the vertices of a
right triangle such that a = 1 m (see figure below).

The net electrostatic potential at point M is:

with:
vi = K&
r
q2
Vo = K—
2 2a
Vs = K8,
a
and:
7‘2=a2—|—(2a)2:5a2 —  r=+/5a.
Thus :
K| q q2 5
V(M — | =4+ = — A.N.: V(M)=~3,9%x10°V
0= | %+ 2 [von =39~
Y
g < 0."M
a roe
S - :
U e : %
7> 0@— ®
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1.4 Electrostatic potential of continuous charge distribution

The electrostatic potential V' at a point M in space,
created by a charge ¢ that is continuously distributed,

along a line or over a surface or a volume, on a non-point

object, is calculated in the same way as the electrostatic field:

@ The object is divided into infinitesimally small elements of charge, designated as dg,

situated at a distance r from the point M.

@ Each element is regarded as a point charge and generates an electrostatic differential
potential dV', in accordance with the law:
dq 1 dg

dV =K— = )
r dmeg r

@ By applying the principle of superposition and summing up all the potentials dV'
created by all the charges dg contained in the space under consideration, the net

electrostatic potential is obtained:

V:/dV:/ L dg.
dmteg T

@ The net electrostatic potential produced at a point M in space is expressed as fol-

(3.3)

lows, depending on whether the charge is distributed by volume, area or length, :

el (e
N 47'('50 volume T B 471—50 volume r ’

or:
47T€0 surface T 47T€0 surface r
or. 1 d 1 \-de
471'80 line T 471'50 line r
Example 25

Consider a straight line segment, of length ¢ = 4m, that carries a charge ¢ = 80 uC with positive
uniform linear charge density. The line segment is situated on the z-axis between the abscissa
points £ = Om and z = 4m. Given that this is a continuous charge distribution, it is possible to
conceptualise the charged segment as a series of differential pieces of length d¢ = dz, with abscissa

x, each of which carries a differential amount of charge dg = A\dzx.
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Given that the linear charge density is constant and that the line of charge in question lies on the

T-axis, we can write:
dg=Adz = q:/)\dx:)\/dx:)\~€ :)\:%(A>O).

The differential electrostatic potential generated by this length element at point M is given by the

following equation:
d Ad
av=kI-g22
r r
r is the distance between M and the element dz. Thus, r = 6 — .

The net electrostatic potential is then calculated as follows:

v/dv/a:i;4K(6Afz)KA[ln(Gz)]g = [V=KAln(3) |

N.A.: A:%:QOMC-m_1:2x10_5C-m_1 — |V =1,98x10°V.]

T r
o7 de ‘ AV (M)

a::'()m - x:I4m r=06m z

1.5 Relationship with the electrostatic field

Having defined electrostatic potential, we now turn our attention to the relationship
between electrostatic field and electrostatic potential. We have previously expressed the
elementary circulation of the electrostatic field generated by a point charge ¢ along an
elementary displacement between two infinitely closed points M; and M, located along a
curve (AB) situated in this field:

“6=F-dl=KkLd — E-d=-d(k?)=-av

It can thus be inferred that a local relationship exists between the electrostatic field ﬁ

and the electrostatic potential V', given as follows:

v = —F . dl. (3.4)

It is therefore possible to deduce the specific relationship between the electrostatic field ﬁ
and the electrostatic potential difference between two positions, A and B, by calculating

the circulation of the electrostatic field along the curve (AB):

Ve B B
AV=-F.dl — dV:—/ Fdl — AV:VB—VA:—/ ..
Va A A

If the value electrostatic field is known, the aforementioned relationship can be employed

to ascertain the electrostatic potential difference, AV.

Conversely, the electrostatic field can be calculated by determining the scalar function

of the electrostatic potential. The elementary circulation of the electrostatic field can be
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developed in Cartesian coordinates as follows:

E, dx
%
ﬁ-dﬁz E, dy | = E,doe + E,dy + E.dz,
E, dz

while the differential electrostatic potential dV is written as :

oV oV oV

By undertaking a term-by-term identification of the two preceding equations, we obtain

the following result:

b
o O
Cd
Ez:_Ea
and then:
ﬁ:— a—vzﬁta—vﬁra—vg — ﬁ:—?V,
ox oy 0z

where 6 is the gradient operator.

The electrostatic field component in a given direction (Oz, Oy or Oz) is defined as the
change in electrostatic potential per unit length in the same direction, with a change in

sign.

Example 2!

Given the scalar function of the electrostatic potential, V (x, y) = 2%y — 5, and in consideration

—
of the relationship E = —grad V/, the components of the electrostatic field are given by:

The electrostatic field vector is therefore:

E:(5—2xy)z"’—:c2j




1. Electrostatic potential 29

— Supplement: Relationship between ﬁ and V in polar coordinates

In polar coordinates, the electrostatic potential is expressed as a function of r and 6, that is, V' (r, ).

In polar coordinates, the electrostatic field is written as :
ﬁ = FE, i, + Ey Uy.

The elementary displacement vector is subsequently expressed in the following form:

d = dOM = d (r &,) = dr &, + r da,.
Since : da a5
Up _ dUp dU - _ o
& @ ddr = tpdf,
then we can write:
ﬁ

df = dr i, +rdf .

The differential electrostatic potential is:

oV oV
dV = —dr+ —df
V=r 4t e 1
so that: oV 51
W=-F & = Zdr+%-df=—E,dr— Eyrdf.
or 00
The radial and angular components of the electrostatic field can then be expressed as follows:
ov
E,=———
or
10V
Ey=————
0 r 00’

and the electrostatic field vector is:

— ov . 10V
E——gradV——Eur—;@ug

;- 4

— Summary

@ The variation AV of the scalar electrostatic potential between two positions,
designated A and B, in space is equal to the circulation of the electrostatic field

vector along the curve (AB) connecting these two positions.

@ The magnitude of the electrostatic field is equal to the gradient of the scalar

electrostatic potential, with the sign changed.




30 Electrostatic Potential and potential energy

1.6 Equipotential surfaces

In light of the interrelationship between the electrostatic field and the electrostatic
potential, it’s feasible to construct diagrams of electrostatic potentials in a manner ana-
logous to the construction of diagrams of electrostatic fields. In the case of an isolated
point charge, the electrostatic field lines are depicted as originating from the charge in the
positive case or terminating at the charge in the negative case. Regions of constant elec-
trostatic potential are represented by lines known as equipotential surfaces in three

dimensions, or equipotential lines in two dimensions, as illustrated in the figure below.

— Definition :3

An equipotential surface or equipotential is defined as a set of points that have the same
electrostatic potential. It can thus be concluded that V = C* and dV = 0 on an equipotential
surface.
It can therefore be stated that:

@ In the case of a point charge: V (r) = Vj = r = C%*. An equipotential surface may be

conceptualised as a sphere with the charge situated at its centre.

@ Equipotential surfaces are always perpendicular to electrostatic field lines :

dVv=0 = ﬁ.@:o =

@ The orientation of the electrostatic field lines is towards regions of decreasing electrostatic

potential:
%
dV<0 = E- d? >0

@ Two equipotential surfaces that correspond to different potentials cannot cross each other.

@ In the case of an infinite straight wire with a uniform charge, V (r) = Vj == r = Cs*®. This
implies that the equipotential surfaces are cylinders with the charged wire as their axis.

______
e Sa

-
Seandoe-"

~ )~
~

q>0 qg<0

2 Electrostatic potential energy

Let us consider a region of space with an electrostatic field ﬁ At a point M on

a curve (AB), a charge ¢ is placed within this region. The elementary circulation of the



2. Electrostatic potential energy 31

%
electric field during an elementary displacement df is given by :
%
E.dl = —av.
The charge ¢ is subject to an electrostatic force, ? =q ﬁ, so that :

JF -dl=—qdv — F.dl=—qaV.

_>
The quantity ? - d¢ represents the elementary work done by the electrostatic force ?
%
during the elementary displacement d¢. The total work on the path (AB) is therefore:

B —
W/HB—/ ?-cw——q/ AV = gV — gV = E, (A) — E, (B).
A

VB
Va

where the scalar function E, is the electrostatic potential energy.

— Definition ﬁ

@ The electrostatic potential energy of an electric charge g subjected to an electrostatic potential

V is given by the following equation :

E,=qV. (3.5)

@ The work of an electrostatic force? acting on an electric charge ¢ along a path (AB) is

expressed as follows:

\WA_,B =qVa—qVp=E,(A) - E, (B).\ (3.6)

In light of the fact that the work done by the electrostatic force is independent of the path

taken, the electrostatic force may be classified as a conservative force.

2.1 Interaction energy of two electric point charges

The interaction energy of a system compris- A
r
ing two electric charges ¢; and ¢o, represents the L2 b
. . o @ W
work required to bring these two initially unrelated ! q, \Oo

charges into proximity. In other words, it is the po-

tential energy of the charge ¢ situated within the field of the charge ¢; (or conversely).

Let us consider a charge ¢, situated at point A, which creates an electrostatic potential
Vi at point B at a distance r15. A second charge ¢y, initially at infinity, is brought back to
point B by the action of a force 7 = —? (where ? is the electrostatic force experienced
by the charge ¢2) to form a system of two charges. The interaction energy of the system
is the work done by the force ? from infinity to B:

B B 1%
U=WOHB=/ 7-d7=—/ ?-?ﬁzqz/ AV = g Vi — s V.
00 00 Voo
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given that we have established that the electrostatic potential is zero at infinity (V,, = 0),
it follows that the interaction energy of the system of two charges formed in this way is

equal to the potential energy of the charge ¢, in the field of ¢;:

U=Ep2:C]2V1=(_I2<K£):KQ1q2' (3.7)

12 12

2.2 Interaction energy of n electric point charges

The result for a system of two electric charges
can be extended to a system of any number of elec-
tric charges. The interaction energy of a system of
n electric charges q1, ¢2, , ¢, can be expressed as the
sum of the potential energies of each electric charge,
initially situated infinite distance, brought success-

ively into the fields of the charge already present:

U = K |:qIQQ+Q1Q3+Q2QS+.”+Q1Qn+Q2Qn+QSqn+Qn1Qn:|
T12 T13 T23 Tin Ton T3n Tn—1n
_ |:Q1Q2+Q1Q3_|_”‘Q1Qn+Q2Q3+“.QQQn+”‘:|‘
712 13 T1in 723 Ton
In general:
1 ¢ q
U =322 K )
2 i “
1
=52 Vi (3.8)
1 (2
=52 B
Example f!

In this example, we will calculate the interaction energy of a system of three electric point charges,
g1 = g2 = 60uC and g3 = 120 uC, placed at the vertices of an equilateral triangle with side

a = 9 cm(see figure below).

1 Kqq
B3 )
7 7 Ty
There are 3 point charges, so that : ¢ =1,2,3 and j = 1,2, 3.
For ¢+ = 1, then j = 2,3, we have:

1 /K K 1 /(K K
Uy = - a4 + @93\ _ 142 + 4143 :
2 12 r13 2 a a

for ¢ = 2, then j = 1,3, we have:

1 /K K 1 /K K
Uy == 4291 4 9293\ _ 4291 4 9293 :
2 T21 T23 2 a a
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and for 4 = 3, then j = 1,2, we have:

1 /K K 1
Us = - 4391 + 9392\ _ *
2 31 32 2 a a

(KQSQI . KQ3Q2) _

The net interaction energy is therefore:

1 /K K 1 /K K 1 /K K
U:< Q1Q2+ Q;UJ?,)_’_Q( (J2Q1+ 612(13)+ < Q3Q1_|_ ngQ)

2 a a a 2 a a
K K K K
U= (iqu + (ilq3 + (fq3 — |U = ; (Q1L]2 +q193 + L]QQ3) — AN, U = 1800J.

4
q, & a ™ 4,

3 Application: electrostatic dipole

An intriguing configuration of electric charges is that

which forms an electric dipole. An electric dipole can be A a B
defined as a system comprising two equal but opposite charges, _Oq-?- --------- %
—q and +q, separated by a a fixed distance a, which is very

small.

— Definition ﬁ

An electric dipole is defined as a vector quantity called the electric dipole moment, which is
expressed as follows:

P =qAB=q73. (3.9)

@ The electric dipole moment is a vector pointing from the negative to the positive charge.

@ Its unit in ST units is the coulomb-meter (C - m).

@ The Debye (D) is another unit of measurement used in atomic physics and chemistry:
1
1D=§~10_290-m.

This specific configuration is observed at both the atomic and molecular levels.

@ In an atom, the centres of mass (barycentres) of the negative charges (the cloud
of electrons) and the positive charges (the nucleus) coincide. The average dipole
moment of the atom is equal to zero. When an external electric field is applied,

the electron cloud is driven to move in the opposite direction to the electric field,
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resulting in the formation of an induced electric dipole with a dipole moment pro-
portional to the electric field. This induced dipole is observed to disappear when

the external electric field is removed.

@ In some molecules, the centre of mass of the positive charges does not coincide
with that of the negative charges in the absence of an external electric field. These
molecules exhibit the behaviour of permanent electric dipoles and are therefore clas-
sified as polar molecules (examples include HCI and H,0O). Molecules that do not

possess a permanent electric dipole are designated as non-polar.

Example :!

In the hydrogen chloride (HC1) molecule, the electronegativity of the chlorine atom is greater than
that of the hydrogen atom. The electron doublet in the covalent bond exhibits a greater degree of
attraction towards chlorine than towards hydrogen. The chlorine atom exhibits a slight excess of
negative charge (denoted as 0—), which is less than a full negative charge as observed in the Cl~
ion. Additionally, a slight excess of positive charge (denoted d+) is present, which is less than a full
positive charge as observed in the HT ion. The arrangement of charges, which are separated from
each other by a very small distance, gives rise to the formation of an electric dipole. The molecule
exhibits a dipole moment ? with a magnitude p ~ 3.4 x 1073°C - m ~ 1.08 D.

3.1 Electrostatic potential of a dipole

Let us consider a point M situated at a distance r from
the centre O of a dipole with a dipole moment 7 = ¢ @. It
is also assumed that M is situated at a considerable distance
from O : r > a. The electrostatic potential generated in M
by the two charges is:

V:K(E_E)ZKM

1 T2 r1 -T2
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Since M is situated at a considerable distance from O, we can assume that : r; > a et

ro > a. In this case, we can write:

PN TN T = T Ty P

To —T1=a cosa ~a cosf (>~ 0)
0 is the angle between 7/ and 5?\7 .

The electric potential of the dipole is therefore expressed as follows :

0 0
Vqua(;os :Kpcozs : (3.10)
r r
The electric dipole moment in the polar base (,, o) is P
given by the following equation: o7
Py 0
T =pcosO U, —psinb Ly —q +q
Then, we can write :
? U, = p cosb.
Thus, the electric potential of the dipole can be expressed as follows:
v-x L2 (3.11)
r

3.2 Electric field of a dipole

The electric field generated by an electrostatic
dipole at a given point M can be obtained by means
of the following relationship, derived from the ex-
pression for the electric potential generated by the

dipole at the same point:
e
ﬁ = —grad V.

The electric field in the polar base (., @) is given
by :
E = B, i, + By iy,

with :
g - oV 2K pcost
T o -3
1 %V _Kp gin@ (3.12)
Ty 3

The magnitude of the electric field at M is therefore :

K
E = E2+E92:—3p(1—|—3(30829)1/2.
r
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— Supplement: Intrinsic field vector expression ﬁ

in light of the preceding outcome, the field vector generated by an electric dipole at a point M,

situated at a distance r from the centre of the dipole, can be expressed as follows:

ﬁ 2Kpcosf , Kpsinf
= 3 Wy 2 3 ug,
7 7

with: 7 = p cos 0, — p sin 6 @p.
Then :
p sinfuy = p cos U, — ?,

and :

ﬁ—— 3(p cosf) i, — P].

Knowing that p cosf = P - @,, the final ﬁeld vector expression is :

E=S B a)a -7l

1
The variation of the electrostatic potential in terms of — and the electric field in terms
r

1
of — characterises the dipolar structure and conditions the interactions between dipoles
r

and matter.

@ In the particular case of # = 0 (M on the axis of the dipole on the positive pole
side), the electric field is given by :

E ﬁ 2K pcosf 2K(?-ﬁr)ﬁ:2K?

73 Ur 73 " 73
%
| —
P | ur‘ T B

@ In the particular case of § =

| X

(M on the perpendicular bisector of the dipole), the
electric field is given by :

Kpsing , K . K7
E:ﬁgzpr—gu@:ﬁ(pcoseur—?):— Tgp.
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3.3 Rotation of the dipole caused by an electric field

If an electric dipole with a dipole moment

? is placed in an external uniform electric field +qgm . ?
E, then the two electric charges that comprise ﬁ 7 -
the dipole will experience an electric force. The ,",

y . . . _F—& —q
positive charge will experience an electrostatic
force, ? = —q ﬁ, and the negative charge will
experience an electrostatic force, —? = —q E ‘B
The net force on the dipole is zero because the ﬁ /(éé q
forces on the two charges are equal and oppos- /7
ite. However, there is a torque, represented by —q ~
the vector ?, given by: A

T—@ANF=qaAE=TAE
H?H:p«Eﬂina, a= (?, B)

The torque exerted by the external electric field has the effect of rotating the dipole so
that its direction is parallel to that of the external field.

3.4 Potential energy of a dipole in an external electric field

If a dipole with a dipole moment of 7 is placed in a uniform external electric field,
then each of the charges in the dipole has a potential energy. As we have seen, the

potential energy of the dipole is expressed as follows:

Ep:qVB_qVAZQ<VB_VA)ZQ[AV]E

(B AB) = F -7

Therefore, the potential energy of a dipole in a uniform external electric field E is ex-

pressed as follows:

Ep:—ﬁ-ﬁ:—E-p-cosa.
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@ For cosa = 1 (a = 0), the potential energy is minimal. The dipole is in a stable
state of equilibrium and oriented in the same direction as the external electric field.
If the dipole is moved slightly away from its position of stable equilibrium, it will

experience a pair of forces that will bring it back to its original position.

@ For cosaw = —1(av = ) the potential energy is maximal. The dipole is in an unstable
equilibrium and is oriented in the opposite direction to the external electric field. If
the dipole is moved slightly away from its position of unstable equilibrium, it will

tilt towards the stable equilibrium state (a = 0).

—q +q -¢



IChap’[er 4

Gauss Theorem

Introduction

This chapter presents a demonstration and application of a theorem of great import-
ance in the theory of electromagnetism. The theorem was formulated in the 19th century
by the German mathematician and astronomer Friedrich Gauss (1777-1855). This the-
orem, which bears his name, provides a highly useful and straightforward method for
calculating the electric field ﬁ produced by specific distributions of charges with a high
degree of symmetry (for instance, an infinitely charged wire, a sphere charged in volume

or surface, and so forth).

As previously discussed, a qualitative representation of the electrostatic field can be con-
structed by depicting electric field lines without specifying the precise number of lines,
with the field magnitude ‘E‘ proportional to the field line density. This latter quantity
is defined as the number of lines Ny per unit area. To illustrate, consider the case of a
single charge generating the electric field given by:
L
dregr?
If the single charge is circumscribed by a sphere of radius r and area 47r?, the field line

density is given by:

Nfl ﬁ
472 > ‘ ’
so that :
Ny o ‘B‘éﬁﬂg = 2
€0

The aforementioned sphere is to be referred to as the Gaussian sphere and the quantity

represented by the expression % is to be understood as the electric field fluz.

it should be noted that the number of electric field lines emerging from the single charge
and crossing the Gaussian sphere is independent of the sphere’s size, provided that the
charge remains inside. With this simple situation in mind, we are now prepared to intro-

duce and prove the Gauss theorem, after presenting some necessary definitions.

39
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1 Electric field flux

1.1 Area vector

Prior to defining the flux of a vector field, it is
beneficial to introduce the area vector, which will facil-
itate the expression of the vector flux in a more concise

manner.

in the case of a flat surface of area A, the area vector Z

is defined as follows:

@ Its direction is aligned with the normal to the surface, that is, Z is perpendicular

to the surface.

@ Its magnitude is equal to the area, that is,

If the event that the surface in question is of an
arbitrarily shape, it is divided into a multitude of tiny
surfaces that are approximately flat, with areas desig-
nated as dA;. Each of theses elements is represented by

_>
a vector dA;, such that:

_>
@ dA; is oriented perpendicular to the surface of the

element.

@ Its magnitude is Hcﬁ, =dA;.

A =a

— Remarks

inside to the outside.

direction of the area vector X of an open surface must be selected.

@ The normal to a flat surface can point in either direction from the surface. Therefore, the

@ In the cas of a surface that is closed, that is, a surface that encloses a volume, the direction

H
of the normal area vector X or dA at any point on the surface is chosen to point from the

- 4

1.2 Electric field flux

Having defined the area vector of a surface, we may proceed to define the electric

flux of a uniform electric field through a flat surface.
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Let us consider a uniform electric field E and a flat surface of area A represented by an
outgoing vector Z The flux of the electric field E through this surface is defined as

the scalar product of the electric field and area vectors :

@:E-Z:E-A-COSQ, 9:<E,Z>. (4.1)

/1)

In the event that the surface is not flat, the elementary flux of the electric field ﬁ over

the surface element dA is defined as follows :
A% = E - dA.

The net flux of the electric field E across the area A is given by:

q)://sﬁwle://sE-dA'cos@. (4.2)

In the case of a closed surface S, the net flux of the electric field B across this surface

@:#ﬁ-dﬁ.

@ The units of the electric field flux in the SI units are newton-metres squared per

coulomb (N -m? - C™!) or volt-meters (V - m)

can be expressed as follows :

@ The electric field flux through a surface is proportional to the number of field lines

passing through it.

@ The electric flux is positive if the field lines are in the same direction as X

Example 25

In this example, we will calculate the flux of a uniform electric field, oriented in the pos-
itive direction of the (oz) axis of a Cartesian frame of reference, across the surfaces of a cube

with an edge length of £, whose axes correspond to the three axes of the Cartesian frame of reference.
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The cube is characterised by 6 flat faces, each of which can be represented by an elementary area
—
vectors dA4;. The electric field, which is perpendicular to faces (1) and (2), is therefore parallel
to the vectors dA; and dA;. Conversely, the electric field B is parallel to the remaining faces
, — s — i
and therefore perpendicular to the vectorsdAs, dAy, dAs and dAg. consequently, the electric flux

through these lateral surfaces is zero (Pjatera; = 0).

—
With regard to the face (1), the electric field exhibits a direction opposite to that of dA;. Con-

sequently, we may conclude that:

(I)l://ﬁ'm://E‘dAl'COSﬂifE//dAl:7E‘A1:7E'€2.

With regard to the face (2), the direction of the electric field is identical to that of (ﬂz . Therefore,

we may write that:

@2://E)-J;://E-dAg-cosozE//dAg:E-Ag:E-EQ.

The net electric flux through the entire surface area of the cube can thus be expressed as follows:

Do = Py + Py + Platoya = —EL+EL+0) — [d=0V -m.

=l

‘-—_‘-f’
P
{ -
/ .
® - . T,
/ T ™~
z { // X @
@ ‘n‘K

From this example we can derive a general rule, which is that:

If a closed surface has no charges within the enclosed volume, then the net

electric flux through the surface is zero.

2 Gauss Theorem P d}/ E
/ ’ M

in order to illustrate Gauss theorem, we will con- r/':
sider the example of a point charge ¢ > 0 situated at }'
a point O in space. The electric field generated by this 2> 0
charge at a point M situated at a distance r from O is

given by:

Boxiw w00

r r
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Consider an imaginary sphere (.#) with radius r and centre O. At every point on the

surface of this sphere, the magnitude of the electric field is constant and equal to :
E=KkZ
2

H
At any point on the surface, the vector dA is perpendicular to the sphere. As the surface

is closed, the vector is an outgoing vector and is therefore:

A7 = dA|E.

The total electric field flux ® across the surface of the sphere (.#) is therefore given by :

<1>:#?ﬁ:ﬂE-dA-coso:E#dA:E-A.

The area of () is A = 47 r?. Consequently :

b= Edrr® — d=K-Ldrr’=
T

Finally, we get the electric field flux as:

The aforementioned result can be readily extended to any set of charges through the

application of the principle of superposition.

— Gauss Theorem 3

The total electric field flux through a closed surface in a vacuum is equal to the ratio of the total

electric charge @Q);,, contained in that surface to the permittivity of vacuum &g.

@:#E-ﬂ:%. (4.3)
0

The shape of the surface is inconsequential, as is any external charge.

— Remarks :!

@ In the field of physics, Gauss Theorem serves to establish a connection between the flux of

electric field and the sources of this field, namely, electric charges.

@ The preceding demonstration employed Coulomb’s law, which is experimentally verified phe-
nomenon. Conversely, Coulomb’s law can be derived from Gauss theorem. This is a process
that occurs in the context of electromagnetism, where Gauss theorem is, in fact, a funda-

mental law that cannot be proven. It is one of the four Maxwell equations.
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How to apply Gauss theorem for Calculating electric field

Gauss’s theorem offers a highly effective method for calculating the magnitude of an
electric field when it exhibits a special symmetry properties. These properties facilitate
the calculation of the flux. Given that the Gauss theorem is applicable to any surface, it
is sufficient to identify a suitable closed surface that respects the electric field’s symmetry

properties.

To calculate the electric field generated by a continuous distribution of charges at point

M in space, the following steps are required:

1. A suitable closed surface (.#), designated as a Gaussian surface and consistent with

the requisite symmetry, must be selected:

a) This surface passes through the point M,
b) the magnitude of the electric field is the same at every point on (.%),

%
c) the electric field at any point is perpendicular or parallel to (), i.e. E | dA
E 1 dA i
or £ 1 dA respectively.

2. Calculate the net flux ® over the entire surface (.%).

3. Write the Gauss theorem : The flux ® est equal to Q;,, /0, where @, is the sum of
all charges inside the surface (.%).

3 Application examples

Gauss theorem has two principal applications. The first is to determine the field of
a distribution of charges that is symmetric and, in general, continuous. The second is to
identify the charge when the field is known, as in the case of a conductor. This section
will focus on the first application, while the second will discussed in greater details in
the following chapter. Two symmetric charge distributions will be introduced, and other

types of symmetry will be discussed in greater depth in the susequent exercises.

3.1 Electric field created by a uniformly charged sphere

Let us consider a sphere with centre O and radius R, carrying a positive charge ()
uniformly distributed throughout its volume with a volume charge density p > 0. We
shall calculate the magnitude of the electric field generated by this sphere at any point

M in space, r away from its centre O.

1. Given the spherical symmetry of the distribution in question, the resulting elec-

trostatic field will also exhibits this symmetry and will be radial in nature: B =

E(r) d,.
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a) in consideration of this symmetry, the sphere with a radius r and a centre O

is selected as the adapted Gaussian surface.

b) It can be asserted that at any point on the Gaussian surface, where r is held

constant, £ (r) is also constant.

__)
¢) At any point on the Gaussian surface, the outgoing area vector dA is radial.
Consequently, The electric field is parallel to dA : dA || @, and dA || E.

2. The Gauss theorem is employed to express the electric field flux as follows:
€o
#?&Z:#E(@ mﬁfxzﬂmr) ds,
Q= [ pav

The constant value of £ (r) at any point on the Gaussian surface gives rise to the

with:

and:

following result:
E . d4 i
dA=E(r) () dA = E(r) Agaus = E (r) 471°.

3. by applying Gauss theorem, we can express the following :

#ﬁ-d?x:% — EMdn?=9n . ppy= 9

£0 o dregr?’

4. The calculation of the electric field is contingent upon whether it is being performed

within the interior of the sphere (r < R) or outside the sphere (r > R).

id, E T
------- dﬁ' N
- ~
. — ’ —> A \
e Uy ‘M ! Ur o7 d \
I T 1 \
1 \ 1 1
1 1 1 1
1 O 1 1 O 1
' ! \ 1
5 \ 1
\
~. R \ RY
“““““““ \\ 1'
Gaussian_surface \\ /'

________

Gaussian surface

r< R r>R

@ In the case where r < R, the Gaussian surface is located within the sphere. The

charge inside the Gaussian sphere can then be expressed as follows:

43
Qin:Wpdv:pde:vaausssphere:p 3
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therefore, the electric field can be expressed as :

By = Fm_ 1 (fwg) — B =L

Aegr?  4dmwegr? 3

@ For r > R: The Gaussian surface is observed to surround the sphere. The charge
inside the Gaussian sphere is therefore the total charge of the sphere, given by the

following equation:

At R3
QinZ///PdVZP///dVZPVSheHZP 7

Consequently, the electric field can be expressed as follows:

E(r) = - — g =2
(r) dregr?  dmegr? P 3 (r) 3egp 12

Upon substituting the expression of the e charge () contained within in the sphere,

we arrive at the final expression of the electric field magnitude, which is given by:

Q

Aregr?’

E(r)

This indicates that a spherically symmetric distribution of charges will generate
an identical electric field magnitude at any point outside of it as a charge of of

equivalent size situated at the centre point O.

E

3¢€q

R r

The magnitude of the electric field is zero at the centre of a volume-charged sphere. It
then increases linearly with distance inside the sphere until it reaches its maximum at the

1
surface. Thereafter, it decreases in —, outside the sphere, reaching zero at infinity.
r

3.2 Electric field created by an infinite positively charged plane

Consider an infinite plane (II) carrying a positive charge @) uniformly distributed
over its surface with a surface charge density o > 0. Let’s calculate the magnitude of the

electric field generated by this plane at any point M in space, z away from the infinite
plane (II).
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1. All the planes that are perpendicular to the infinite plane (IT) are planes of symmetry

of the latter. The electric field E belongs to these planes of symmetry and is there-

- =
fore perpendicular to (II). If this plane is generated by the vectors ( 1, J ), then

E=

since

a)

— —
E (z) k above the plane and E=-E (—z) k below the plane. Furthermore,
the plane (II) is itself a plane of symmetry, £ (z2) is odd (E (—z) = —E(2)).

Because of these symmetry properties, the most suitable Gaussian surface is
a cylinder of height h = 2 z with sections perpendicular to the plane and at
symmetrical heights; the 2 bases of the cylinder with radius r are symmetrical
with respect to (II).

At any point on the surface of the 2 bases of the Gaussian cylinder (z = 5),

E (2) is constant.

At any point on the lateral surface of the Gaussian cylinder, the outgoing vector
— — . —

dAy is radial. The electric field is then perpendicular to dAy): dAp L ﬁ

At any point on the surface of the 2 bases of the Gaussian cylinder, the outgoing

— —
vectors dA; and dAsare parallel to the electric field : c@ 1| B et (I)% I E )

2. We write the Gauss theorem expressing the electric field flux as:

with:

and:

@—ﬂﬁ-&ﬁ—Q?,

ﬂﬁ.ﬂ:#ﬁ-ﬁﬁ#ﬁﬂﬁ#?ﬂ%

Qin = //adA.

Since the electric field F (z) is constant at any point of the Gaussian surface, so

that

E(—z) = —E(), and since dA;, L E , dA, | E, and dA, | E , we have :
#Ez-&ﬂ:o
ﬂﬁ.ﬁlzﬂE(z).dAle(z)#dAl:E(z>.,41
#ﬁ~ﬂ2:#—E(—z)-dA2:—E(—z)#dAng(z)-AZ.

Since A; = Ay = w1

#E-ﬂzzE(z)-Ale(z) o 12,

3. Applying Gauss theorem, we can write :

#B.JZ:QW — E(@QM:QW —  E(z2)= Cin

€0 €o 271'807’27
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Qm://adAI:a//dAI:aAI

A; = mr? is the area occupied by the charge inside the Gauss cylinder, we have:

with:

Qin omr? o
E(z) = = — |E(z) = —.
(2) 2megr?  2mwegr? (2) 2¢eg
%
a) For any point M above the plane : E = QL k .
€0
ﬁ
b) For any point M below the plane : E -2 %
€0
<
uﬁ
—
dAlt
a7 ¥ o
Gaussian surface ! !
1 1 —%
e
L 51| ——
¥IZIITII
(IT)
l:::':--:J
—
dAs
VE
— Remarks 3

@ The electric field generated by an infinitely charged plane changes direction as it passes
through.

@ This result can also be applied to any uniformly charged surface. It is sufficient to interpret
E as the electric field immediately around the surface, close enough to the surface to be

assimilated to an infinite plane.
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Conductors in Electrostatic Equilibrium

Introduction

Thus far, our focus has been on electric charges and their effects in space, specific-
ally the electrostatic field and potential. The objective of this chapter is to examine the
behaviour of electric charges when they are placed on a conductor. It should be recalled
that an electrical conductor is a body in which some of the electrons are capable of
moving freely within the body. These electrons are referred to as conduction elec-
trons. A material is defined as a perfect conductor if, upon being electrified, the
excess charge carriers are able to move freely throughout the volume occupied by the
material. If the uncompensated carriers are unable to move freely and remain localised,
the material will be a perfect insulator (or dielectric). In the presence of an electric
field (usually external), the free charges of a conductor redistribute and reach an elec-
trostatic equilibrium very quickly. The resultant charge distribution and electric field
have many interesting properties that can be studied with the help of the Gauss theorem

and the concept of electric potential.

1 Conductor in Electrostatic Equilibrium

A conductor is defined as being in electrostatic equilibrium when no electric charge

is present within its interior.

1.1 Properties of a conductor in electrostatic equilibrium

1. In an electrostatically equilibrium state, the electric field ﬁ inside a
conductor is identically zero.
If the electric field inside a conductor were not zero, an electric force? =q E would

be exerted on the free electrons. this would result in acceleration of the electrons,

49
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indicating a departure from the equilibrium state. The charge is therefore distrib-
uted so that the electric field inside the conductor disappears when electrostatic

equilibrium is reached.

. In electrostatic equilibrium, the outer electric field near the surface of

a conductor in electrostatic equilibrium is everywhere perpendicular to
the surface.

If the electric field had a tangential component parallel to the surface, this would
indicate that the free electric charges on the surface would also move and gener-
ate a surface current. This would be in contradiction with the condition of the

electrostatic equilibrium of the conductor.

. A conductor in electrostatic equilibrium exhibits a consistent electro-

static potential at all points within its interior and along its surface.
Such a conductor can be described as an equipotential surface.
Indeed, the variation of the electrostatic potential between two arbitrary points M;

et My, can be expressed as follows:

S S
dV = —E-MlMg =0 (because ﬁ = 6> inside and ﬁ 1 MM near the surface) .

. It is no possible for an electric field line to “return” to the conductor

in a state of electrostatic equilibrium
Indeed, the circulation of the electric field along a field line gives rise to the following

equation:

V(A)—V(B):/jﬁd_z

In the event that points A and B are situated within the same conductor (such that
the field line returns to the conductor), the circulation must be deemed to be zero
(due to the fact that V (A) =V (B)). This is not feasible along a field line (where,
by definition, E | d?)

. In a conductor in electrostatic equilibrium, the total charge s zero

(p=0), indicating that the number of positive and negative charges is
equal. When an additional charge is introduced to this conductor, it
is distributed uniformly across the surface, with no net accumulation
within the conductor.

Inside a conductor in electrostatic equilibrium, the electric field flux over a Gaussian

surface is given by:
%
b = # ﬁ -dA =0 (because ﬁ -0 inside) .
s

Therefore, from the Gauss theorem, the net charge inside the conductor is:

Qm:///pdV:O.
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At the outer surface of a conductor in electrostatic equilibrium, the electric field

flux over a Gaussian surface is given by:
o = # E.dA = # E-dA=FEA (because E [ dA at the outer Surface) :
s S

Subsequently, the Gauss theorem can be applied to yield the following result:

Qin - QSurface = //O'dS = F Sey.

The free electric charges are distributed over the surface of a conductor in electro-
static equilibrium, which in reality has a thickness of a few atomic layers. This is
due to the repulsive nature of the charges, which cause them to repel each other

and therefore tend to be as far apart as possible in equilibrium.

— Remarks :g
@ The properties of a solid charged conductor in electrostatic equilibrium are applicable to a
hollow conductor.

@ When a charged conductor is connected to another conductor (e.g. the earth), an exchange

of electric charges occurs in such a way that, once the charges have been transported, the

entire system forms a single equipotential.

1.2 Coulomb’s Theorem

The electrostatic field on the outer surface of a con-
ductor in electrostatic equilibrium can be determined by

applying the Gauss theorem.

@ At any point M close to the surface S of a conductor in electrostatic equilibrium,
the electrostatic field B is constant and perpendicular to S (one of the properties

of a conductor in electrostatic equilibrium).

@ We can therefore select a Gaussian surface in the form of a cylinder passing through

the conductor surface, with ﬁ parallel to the outer base vector of the Gaussian
. —
cylinder dA;.

@ As the total charge is distributed over the surface (a property of a conductor in

electrostatic equilibrium), the Gauss theorem can be written as follows:

@:ﬂﬁ.EZZQ

in
)
€0
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with :

#ﬁﬂ:#ﬁ-ﬂﬁ#ﬁﬂﬁ#ﬁﬁ%

and:

Qin = // cdA = // odA;; (o is the surface charge density at the considered point)

Given that (félL L E7 and that (ﬁh | ﬁ, and E = 6> inside the conductor

property of a conductor in electrostatic equilibrium) , we conclude that:

#ﬁ-d?ﬂ:()

#ﬁ-d_f)éh:#E-dAl

#ﬁ-&?@:o.

Therefore, we obtain:

#E-dAlem:ff"dAl — |E=2.

€0 €o €0

(a

— Coulomb’s Theorem

The electrostatic field in the immediate external vicinity of a conductor in electrostatic equilibrium

with a surface charge density o is given by the following equation :

E=-Z%. (5.1)

the unit vector 77 is defined as outgoing and normal to the conductor surface.

- 4

— Remark

Indeed, as it traverses the surface layer of the conductor where its electric charge is situated, the
electric field undergoes a continuous variation from zero (within this layer) to — (outside this
€0

layer), as illustrated in the figure below.

1 1
1 1
| oA [ A ——

1 1
1 €0 1
1 1
1 1
1 o 1
1 = 1
1

1

1

1

I
inside ! surface layer

(S
™
=
4

outside

It can be deduced that the average electric field generated by all charges on the conductor at point

2 _0

2¢0

M inside this surface layer is:
i

. 4
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1.3 Electrostatic pressure

The experiment indicates that when a bubble is charged, it expands irrespective of
the sign of the charge. This phenomenon can be attributed to the exertion of repulsive
forces between the charges present on the surface of the conducting bubble. This property
is characteristic of the electrostatic pressure p, a force per unit area, that exists at any

point on a conductor, which is expressed as follows:

_dF
p_dA’
with:
(ﬁ:dq-ﬁm—a aA 27
250
Then:
2 2
250 250

In general, the pressure exerted is insufficient to facilitate the removal of charges from the
surface of the conductor. Nevertheless, the transfer of electrostatic force may result in

deformation or displacement of the conductor.

1.4 Tip effect

It is a well-established phenomenon that the distribu-
tion of the charges on the surface of a conductor is not uni-
form. This implies that the charge on the surface is not a
constant value. Parts of the surface with a small radius of

curvature exhibit a tendency to accumulate charges. Con-

sequently, the charge density is greater at the extremity of

the tip. This phenomenon is known as the tip effect.

To illustrate this phenomenon, consider two charged spheres

of different radii R; and Rs, with different surface charge densities o7 and o5, connected
by a conductor wire and sufficiently far apart. in this configuration, we can consider
that each sphere is isolated, but that they share the same electric potential (one of the

properties of a conductor in electrostatic equilibrium).

04
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In accordance with Gauss theorem, the electric potential at the surface of a sphere con-

ductor of charge () is given by the expression V' = . Consequently, the property of

471'80 R
an equipotential volume imposes that:

0'1'141 . O'Q'AQ 0'1'47TR%_0'2'47TR%

=V, = = - = ,
! 2 47’(’80 Rl 471'2’50 RQ 471'80 Rl 47T€0 RQ

and finally that:

O'l'Rl:O'Q'RQ.

It can be concluded that a greater surface charge density is associated with a reduction
in the radius of curvature of the surface under consideration. It can therefore be deduced
that a tip, with a relatively low radius of curvature, will carry a high surface charge

density.

1.5 Capacitance of an isolated conductor

Consider an isolated conductor on which a quantity of charge ) has been deposited.
The conductor generates, at any point in space, an electric field E and an electric potential
V' proportional to this charge. The charge ) and the potential V' of a conductor in
electrostatic equilibrium are proportional to each other and are related by the following

equation:

Q=C-V. (5.2)

@ C represents a positive constant, specifically the electrostatic capacitance of
a conductor at equilibrium. Its SI unit is the farad (F), however, the units most
commonly utilised in electrokinetics are the nanofarad (nF) or the picoFarad (pF),

given that the capacitance of a single conductor is typically very small.

@ The electrostatic capacitance C' is contingent upon the geometric characteristics of
the conductor in question. It is defined as the ability of a conductor, when raised

to a given electrical potential, to store the electrical charge that it has received.

Example f!

The electrostatic capacitance of a conducting sphere of radius R, charged with a surface density o,

can be expressed as follows:
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with:
__Q
471'50 R

@ A conducting sphere with a radius of R = 10cm has an electrostatic capacity of C' ~ 10 pF.

Thus:

@ The Earth, with a radius of R = 6400 km has an electrostatic capacity of Cpapen ~ 710 uF.

1.6 Energy of a charged conductor in electrostatic equilibrium

Consider an isolated conductor of capacitance C' carrying a charge (). The electro-

static energy of this conductor can be defined as the work required to charge it, that is

to say, to bring it to the electrostatic potential V' = %:

=Q 7=Q
Wimo—@=E)(¢=Q) - E,(¢=0) = / dE, = / VdQ.

Given that E, (¢ = 0) = 0, we can conclude that:

QQ
F.

=Q 9=Q
B=Ela=Q=[ vig-[ "Zio-;

=0

The electrostatic energy of the conductor can then be expressed as follows:

E =

P

Q> 1 R PR
- =QV =50V (5.3)

N | —

@ The electrostatic energy of a charged conductor in electrostatic equilibrium is always

positive.

@ If the conductor is charged by a generator with a constant electromotive force (e.m.f.)
of V, the energy supplied by the generator is Q V. This energy is twice the energy

1
stored in the conductor (5 Q V). The other half has been converted into heat during

the charge transport, which is known as the Joule effect.
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2 Electrostatic inductions

2.1 Neutral conductor exposed to an external electric field

A uniform external electrostatic field ﬁ is applied to a
neutral conductor of zero total charge. As the electric charges
are free to move within the conductor, the positive charges
will move in the direction of E, while the negative charges
will move in the opposite direction to ﬁ The phenomenon
whereby positive and negative charges are separated and pos- @
itive and negative poles are created is referred to as polar-
isation. This results in a non-uniform surface distribution, whereby the total charge
remains zero due to the absence of an external charge addition. This new charge distri-
bution gives rise to a new electric field ?, known as the polarisation field, which is
opposite to the applied field ﬁ As the charges move, this polarisation field increases

until it reaches the same magnitude as the applied field:

[ =1%]

Consequently, the conductor will once again be in electrostatic equilibrium, as the sum of

the two fields is equal to zero:

Em=E+E=1.

In contrast to its initial state, the conductor is polarised when in electrostatic equilibrium.

2.2 Mutual electrostatic induction

We may now consider the case of a conductor (A1) of charge @)y > 0 with a surface
charge density oy placed in the vicinity of a neutral conductor (A2). As a consequence
of the electrostatic field generated by the charges on the conductor (A1), a non-uniform
surface charge density oy is observed on the conductor (A2). Conversely, the presence of
charges in the vicinity of (A1) modifies the charge distribution of (A1) due to the electric
field they create in the vicinity of (Al).

(A1) (A2) (A1) (A2)

(A1) and (AZ2) isolated from each other (A1) in the vicinity of (A2)
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In an equilibrium state, the two charge distributions o; and oy are mutually dependent.

This interdependence is referred to as mutual electrostatic induction.

In this example, some of the electrostatic field lines originating from (A1) do not reach

(A2), indicating a partial influence.

2.3 Total electrostatic induction

The placement of a conductor (A1) of charge @1 > 0
within a hollow conductor (A2) allows for the creation of
conditions conducive to total electrostatic influence.
In such a configuration, the electric field within (A2) is
observed to be zero in electrostatic equilibrium. Con-
sequently, the electrostatic field flux through a closed Gaus-

sian surface () selected within (A2) is also found to be

%
o=(d) E-di=0
()
The Gauss theorem is thus formulated as follows:
Qin _ Qz2n + Ql

€0 €0

zero, given that £ = 0:

= =0 = |QV=-Q.

A chargeQ?" of the same sign and opposite to that of (A1) is present on the inner surface
of the conductor (A2). This phenomenon is referred to as Faraday’s law. It is postu-
lated that electricity condenses on the inner surface of the hollow conductor due to the

appearance of charges on the inner surface of (A2).

If Qs is defined as the total charge of the hollow conductor (A2), then the charge Q9*,

which is carried by the outer surface of the conductor (A2), can be expressed as follows:
Q2 = Q5" + Q"
Susequently, we can deduce that:
=Gy

Since Q% = —Q1, we can therefore conclude that:

Q5" = Q2 — Q3" = Qs + Q1.

In the specific instance where the conductor (A2) is initially neutral (Qy = 0), we get:

7= Q' = QL.

In this example, the influence is classified as total, as all the electrostatic field lines

originating from (A1) converge on (A2).
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2.4 Faraday shield - Screening effect

It is now widely accepted common knowledge that a conductor in electrostatic equi-
librium has an internal electric field of zero. Consequently, in the event that the conductor
is of a hollow nature, the cavity within it is inherently electrostatically isolated. In the
event that a hollow conductor is subjected to a charge, and is is situated in an environ-
ment devoid of any neutral or charged conductors, the charges will disperse throughout
the conductor’s outer surface, thereby verifying the property of a zero electric field within
the cavity. The cavity is thus rendered immune to any external influence. The conductor

thus serves to form an electrostatic screen in relation to its internal cavity.

In the aforementioned example of total influence, if the exterior of (A2) is connected
to the earth, we have Q3" = 0 (charges flowing to or from the earth). Consequently,
the electrostatic field measured outside (A2) is zero, despite the presence of charged
(A1) inside (A2). This indicates that the space outside (A2) is safeguarded from any

electrostatic influence originating from the cavity. The converse is also true.

Q/ >0 Eout 7& 6)
(A2

We may consider the case where (A1) carries a zero charge and (A2), still connected to

the earth by its outer surface, is placed in proximity to other conductors.

In equilibrium, Q% = 0, but a non-zero electrostatic field is present outside (A2), which
depends on the distribution of charge on the outer surface of (A2). therefore, despite the
charge carried by the outer surface of (A2), the inner cavity has a zero electrostatic field.
It can thus be concluded that the electrostatic field inside (A2) is completely independent
of that outside.

It has been shown that any hollow conductor kept at a constant potential will form an

electrostatic screen in both directions. Such a device is referred to as a Faraday shield.
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3 Capacitor

3.1 Electricity condensation

A capacitor is defined as a system that is capable of storing potential electrical
energy by maintaining the separation of positive and negative charges. It is composed of
two conductors, referred to as armatures, which are separated by an insulating or dielectric
material, such as air. The armatures are enabled to carry charges of equal magnitude but

opposite sign.

A capacitor is represented by the symbol : _| l_

— Definition :!

A capacitor is defined as any system of two conductors under the electrostatic influence. There
are two principal types of capacitor:

@ Those with close armatures,

@ and those with total induction.
These devices are designated as capacitors due to their ability to exhibit the phenomenon of elec-
trical condensation, which is the accumulation of electrical charges in a confined space. As a
result, the construction of capacitors with high capacitance allows for the attainment of high elec-

trical charges at low voltages.

In order to return to the case of two mutually inductive conductors, it is necessary to
consider the case where the conductor (A1) is maintained at a constant electric potential
V1 (for instance positive) by connecting it to a generator, and the conductor (A2) is kept at
an electric potential V5 (for instance zero) by connecting it to earth. As a consequence of
the negative charges on (A2), additional positive charges emerge on (A1l). The generator
will facilitate the transfer of these additional positive charges to maintain the constant
electric potential V1. In equilibrium, the charge on (A1) has increased, as has that on
(A2). The phenomenon of condensation of electricity on the two opposite surfaces is
observed, particularly given that the distance between the two conductors is smaller than
their size. The combination of the conductors (A1) and (A2) forms a close-armature

capacitor.

To return to the example of the two conductors in total induction, let us consider the case
where the conductor (A1) is held at a constant electric potential V; and the outer surface
of the hollow conductor (A2) is connected to earth (Vo = 0 and Q9** = 0). In this case
Qs = Q" = —(Q, resulting in electrostatic condensation on the surface of (A1) and on
the inside of (A2). The two conductors, (A1) and (A2), can therefore be considered to

form a total induction capacitor.
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3.2 Capacitance of a capacitor

(A1) and (A2) are two conductors which form a capacitor of charge (). The potential
difference, or voltage, between(Al) and (A2) is represented by the symbol AV. The

capacitance of the capacitor is therefore given by the equation:

Q

NG
Since AV = — [ E - dl, the capacitance of a capacitor is determined by calculating the

circulation of the electric field between the two armatures and their charge.

3.2.1 Example 1 : Spherical capacitor

Consider a capacitor comprising two spherical conductors(Al) and (A2), with a common
centre 0. The conductor (A1) has a radius R;, while the hollow conductor (A2) has an
inner radius Ry > R;. These two conductors are separated by a vacuum. The conductor
of radius R; is positively charged with the charge +@), while the inner surface of the
conductor of radius R, is characterised by a negative charge —(). The outer surface of

the latter is connected to the earth.

by applying the Gauss theorem with a spherical Gaussian surface of radius r, it can be
demonstrated that the electrostatic field at a point M between the two armatures of the
capacitor (R; < r < Ry) is such that:

#ﬁ.ﬂﬂj,

3

and then:

E~47r7‘2:g - :_Q .
€0 dmeg 12

The voltage between the two armatures (with V; > V5) is :

R 1 1
AV:-/B«T@ — 1/1—1/2:—/ E-dr — Vl—vzzi<———>
R2 471-50 Rl RQ

The capacitance of the spherical capacitor is then given by:
Q Ry - Ry

— |C =dmgpg———.
Vi — Vs R R

C =
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3.2.2 Example 2 : Flat capacitor

A flat capacitor is composed of two parallel planar armatures, or plates, (A1) and (A2), of
equal surface area A, positioned orthogonally to an axis (Ox) and separated by a vacuum
of thickness, d = x5 — x1, less than the dimensions of the plates themselves. the surface

charge density of plate (A1) is +o, while the surface charge density of plate (A2) is —o.

Lof-mmmmmmaeten - —0 v,
e
S - +o 14

The electric field between the armatures is uniform. by applying Gauss theorem, it can
be demonstrated that the electric field generated by the positive armature, for example,

is that of an infinite plane (as previously discussed in the preceding chapter):

g -

=—1

260

The total electric field produced by the two plates can thus be considered as the super-
position of the electric fields produced by the two infinite planes:

E=27+ (=2 (—f)—iff
_250 280 _80 )

The voltage between the two plates (with V; > V53) is :

z1

T2

The capacitance of the flat capacitor is then given by:

Q o-S N COZS'{:‘O'

C: pu—
V-V V-1 d

in general, if the plates are separated by a dielectric material of permittivity € and thick-

ness d, the capacitance is given by the following equation:

S -e
C_T.
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3.3 Energy storage in a capacitor

The electrical energy stored in a capacitor can be defined as the work required to
charge the two plates of the capacitor. If the conductor (Al) is positively charged with
the charge +@Q and (A2) is negatively charged with the charge —@Q), the electrical energy

stored in the capacitor can be expressed as:
1 1
E,=Ep + Ep, = 5@1‘/1 + §Q2V2a

and finally as:

1 1

The electrical energy stored in a capacitor can be expressed in a number of way, including

the following :

1 1
Ep:—Q-AV:§C-AV2:

Q2
2 -

N | —

3.4 Connection of several capacitors

Capacitors can be connected in two distinct ways:

1. Series connection : The positive plate of one capacitor is connected to the negative
plate of the next capacitor. This configuration allows all the capacitors to carry the

same charge.

2. Parallel connection : All the positive plates are connected to the same pole of the
generator, and the negative plates to the other pole. The voltage of all capacitors

is identical.

A single equivalent capacitor with the same capacitance as all n capacitors can be

used in place of a set of n capacitors.

— Equivalent capacitor :!

A single equivalent capacitor can be employed to replace a set of n capacitors such that the following
conditions are met:

@ The equivalent capacitor has the same voltage as all n capacitors.

@ The equivalent capacitor stores the same energy as all n connected capacitors.
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3.4.1 Series connection

let us consider a set of n capacitors with capacitances C; connected in series between
points A, at potential V4, and B, at potential V. A charge @) is applied to the initial
capacitor. It is assumed that all the capacitors are initially at the same potential, and
that the charge 4+(@) is established on the plates of the adjacent capacitors by induction.

The total voltage of the series of capacitors is then simply written as follows:

AV =Vy— Vg = AV, + AVy + - + AV,

All of the capacitors carry the same charge (), so we write:

A%:%,A%:%,-~,Avn:%,
and then:
AV = AV + AVs+ -+ AV, = Q:Q[L+L+...+L
! Ceq Gy Gy Cn

The single equivalent capacitor has the following characteristics:

1 1 1 1 "1
AR N OF s

(5.4)
Qeq =Q-
C, C, C, Ceq
AV, AV, AV AV

3.4.2 Parallel connection

Now consider now a set of n capacitors with capacitances C; connected in parallel
between points A, at potential V4, and B, at potential Vz. A charge @); is applied to each

capacitor of capacitance C;. The total electric charge is then:

Qeg=Q1+ Q2+ +Qn
All of the capacitors have the same voltage, so we write:
AV =V =V =AVi =AVy =--. = AV,
and then:
Quu=Q +Qa+-+0Q, = AV-Cpu=AV(Ci+Co+---+0C,).

The single equivalent capacitor has the following characteristics:

Cog =Ch+ Co 4+ Co =Y C;
=1

Qeq:Ql+Q2+"'+Qn‘
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Cl

+Q1 7Q1
AV
02

A o 19 B A 40 Ceq 0. B
+6&,, e

AV,
: AV
C’n

+Q,,| I*Q,,
AV

Example ﬁ

Calculate the capacitance of the single equivalent capacitor of the combination of capacitors shown
in the diagram below. We get : C; = C3 =2 uF et Cy = Cy = 4 uF.

- BiE

11 _Ga 1
Ciz C1  Co C’1+C'273u

Capacitors C15 et C3 are connected in parallel. Their equivalent capacitance is:
10
Ci23 = C12+C3 = 3 uF.

Capacitors Co3 et Cy are connected in series. The final single equivalent capacitance is therefore :

L 1 1 Ci23-Cy 20
= +7 = g — ——————— — — F.
Ceq Ci23 Cy 4 Cio3 + Cy 11 H
Cl 02 Cl_
| | |
C C
A T 1 _{ ‘op A _{ ‘1op

| |
| |
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Electrokinetics

1 Electric current

In the first part of this course we looked at electrostatic phenomena caused by
electric charges that are immobile in space. In this second part we will have a look at
electrokinetic phenomena due to the displacement of free electric charges in a conductor
by an electric current. In the following, we will only consider only the direct electric

current.

1.1 Origin of electric current

Consider two conductors A and B in electrostatic equilibrium. They are so far apart
that no mutual induction can be considered. These two conductors carry different charges,
@4 and Q) g, and have different electrostatic potentials, V4 and Vg, respectively. We will

consider the case where V4 > Vp.

Vi>Vp

QB
Q4
Vg

V4 Vi

Q

I
&
sy

Far appart conductors Connected conductors

When these two conductors are connected by a conducting wire, a single conductor is
formed (consisting of the two conductors and the wire). The electrostatic equilibrium of
this conductor is broken (different electrostatic potential at each point). This leads to a

displacement of electric charges along the connecting wire. Conductor A (the area with

65
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the highest electrostatic potential) is partially discharged, while conductor B (the area
with the lowest electrostatic potential) is discharged. This displacement of electric charges
is due to the action of an electric field directed along the decreasing potentials (hence an
electric force ? =q- ﬁ) and will continue until a new state of electrostatic equilibrium
is established with a new distribution of the total electric charge Q) = Q4 + Q) between

conductors A and B.

This charge displacement corresponds to a transtent electric current passing through.

— Remarks ﬁ

@ In the new state of equilibrium, the new electric charges of conductors A and B are
Q:4 and Q;B respectively. The charge g that has moved between the 2 states of equilibrium
is:

1=Qa—-Q,=Qp Qs

@ We can’t tell whether the charge ¢ represents the decreasing positive charge of A or its
increasing negative charge. It is as if there were a migration of a positive charge ¢ = Q4 — Q;‘

from the highest electrostatic potential V4 to the lowest electrostatic potential Vp.

The state of non-equilibrium between conductors A and I

B, connected by a conducting wire, can be maintained =

by continuously adding electric charges to one of the two 1 l ’7..-—“[
conductors. This is the role of the voltage source (gen- Qn
erator), which collects the charges arriving on B and Qa f
returns them to A, maintaining a constant potential dif- VB

ference V4 — Vp. v
A

This continuous movement of electric charges corres-

ponds to the passage of a permanent electric current.
@ In metals, electric current results from the movement of free electrons (negatively
charged).

@ In other materials, such as gases, semiconductors, electrolytes, current can result
from the movement of negative charges (electrons, negative ions) or positive charges

(positive ions).

Only electrical conduction in metals is considered below.

1.2 Some characteristics
Electric current intensity

Current intensity is defined as the amount of electric charge d@) carried per unit
time dt:
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_ 4@

1=—%. (6.1)

@ Its ST unit is the ampere (A), so that 1A =1C-s™1.

@ An electric current is called direct if its intensity is constant over time.

Conventional direction of electric current

Since electric current in metals results from the movement of electrons, the conven-
tional direction of current, chosen by Ampere in the early 19th century, is opposite to

that in which electrons move.

By convention, when a metal conductor is connected to the terminals of a generator, a
continuous electric current flows from the positive pole to the negative pole outside the
generator and from the negative pole to the positive pole inside the generator (see figure

above).

Current density vector

In a conductor, electrons are driven by an electric potential difference and, con-
sequently, an electric field ﬁ This phenomenon gives rise to the electric force ? =q E

All electrons acquire an average velocity 7, which is referred to as the drift velocity.

%
The current density vector j is then defined as follows:

-

j=p7.
The volume charge density in the conducting medium, denoted by the symbol p, can be
expressed as a function of the number density n of free charges, which are electrons with
a charge of —e, per unit volume:

p=-—ne

It follows that the current density vector can also be written as follows:

7} — —ne. (6.2)

The value of the constant n is dependent upon the specific material under consideration.

current line and current tube

@ A current line or a streamline is defined as a line that is tangent at any point

in space to the current density vector 7 .
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@ A current tube is formed by all the current lines that lie on an arbitrary closed

contour (C).

current line

1.2.1 Relating current intensity to current density vector

let us consider a cylindrical metal conductor with cross-section A and an axis (zz’)
through which an electric current of intensity I flows. Inside this conductor, let us imagine
a cylindrical current tube with an axis (zz’) and section dA (represented by an area vector
cﬁ perpendicular to it), through which an electric charge dq passes at a velocity K (see
the adjacent figure).

T tHd

so that:

When considering the entirety of cross-sectional area S of the metal conductor, it can be

determined that the total charge passing through is:

9_ 15 .ai
dt g
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Furthermore, the electric current intensity can be expressed as follows:

1_//57.?. (6.3)

@ The intensity of an electric current can be defined as the current density vector flux

through a given surface.

@ The SI unit of current density vector is the ampere per square metre (A -m=2 ).

2 Ohm'’s law

2.1 Macroscopic Ohm’s law- Electric resistance

The movement of free electrons in a metal is impeded by their interactions with
the positive ions that constitute the metal’s crystal lattice. In the absence of an external
electric field, the free charges move randomly in all directions, resulting in a net zero total

motion. In the the absence of an an external electric field, there is no electric current.

However, when an external electric field (i.e. an electrostatic potential difference) is
applied, the random motion of the electrons is superimposed by a drift motion, resulting
in the formation of an electric current. The intensity of the current is dependent on the
magnitude of the applied electric field and the internal structure of the metal in question.
This relationship has been established through experimental observation, as expressed by

Ohm’s law:

In a metallic conductor maintained at a constant temperature, the
ratio of the voltage AV between two points to the electric current I

remains constant.

This constant, denoted R, is defined as the electrical resistance of the conductor
between the two points. The conductor is referred to as an ohmic conductor or res-

1stor.

% ~R. (6.4)

@ The SI units of R are Ohms (), with the definition of 1Q =1V - A~L.

@ The Electrical resistance of a metal is dependent upon the internal structure of the

material.
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@ In an electric circuit, the electrical resistance is represented by the diagram shown in

the adjacent figure. The receptor convention, which is a standard practice in this

field, indicates that that the potential difference AV (or electric voltage U) across

the resistance is represented by an arrow pointing towards the higher potential, in

the opposite direction to the electric current.

2.2 Microscopic origin of Ohm'’s law - Electric conductivity

Let us consider a cylindrical metal conductor 4. 1 _ I B

of length ¢ and cross-section S which is subjected

<<
<

to a potential difference AV between its two ends. U=AV =Vy—Vg>0
The resulting electric field is given by:

AV
E=="
i

The result is a permanent electric current in accordance with the relation 6.3:

R==F="7

A relationship is then derived between the current density and the applied electric field:

0
-~ " E—o4L.
J=RAa"T°

It can be demonstrated from the receptor convention of electric current that the vectors

J and ﬁ have the same direction. The microscopic Ohm’s law can therefore be written

as follows:

7 =0k

(6.5)

l
@ The constant ¢ = —— is called the electrical conductivity of the metal. It

RA

depends on the geometric parameters of the conductor and its internal structure.

@ The SI unit of the electrical conductivity is Q7! - m™1.
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— Supplement: electrons velocity ﬁ

From equations 6.2 and 6.5, we can derive the following relationship:

%
j =—ne T =0 ﬁ
It can thus be deduced that:
7=-LFE=uE.
ne
o e .
@ The constant y = ——— is referred to as electron mobility. Its SI units are square metres

ne
per volt second (m? - V=1 .s71).

@ In a metal, conduction electrons reach a constant drift velocity under the action of an external
electric field. This is contrast to vacuum, where, according to the Newton’s law of motion,

the electrons velocity, increases continuously with time:

?:—e :md? = 7:—e—t

d m

@ In addition to the electric force exerted by the external electric field, the effect of the crystal
lattice within the metal can be considered as a frictional force, 7 =k (where k being a
constant depending on the nature of the metal), which would cancel out the electric force:

_>
?4—?: 0 — —eE=kv =— 7:—% :pﬁ.
@ In the transient regime between the moment the electric field is applied and the moment the

electron drift velocity becomes constant (steady state), the drift velocity increases during this

time interval. This can be expressed by:

—e B k7Y =m Q
dt
This leads to a differential equation of the form:
dv
Y ikv=-SE
dt m
The solution of the differential equation is given by:
B
T (t) = 72 l—e m

e
The average limiting velocity, U, = 7z E, which characterises the steady state, is reached

m
after a time t = 57 (VU (t = 57) ~ 0,99 ¥;), where 7 = T is the characteristic time constant.

V e e e e = =
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2.3 Connection of several resistors
2.3.1 Series connection

Consider a series of n resistors, each with a resistance R; (i =1, ..., n), connected
in such a way that the same current / flows through them (see figure below). This

combination of resistors is referred to as a series connection.

T B e LT L T WY P S

- - -

U, U, U <

-
-«

-
-«

U=V,—-Vp U=V,—-Vp

The total electric potential difference across the resistors is expressed as follows:

AV = U +Us+...+U,
= (Ri+Re+...+ Ry I

This potential difference is analogous to that observed in a single ohmic conductor through

which the same current flows and which has an equivalent resistance such that:

AV = R, 1,
with:
Ry=Ri+Ry+...+Ry=> R, (6.6)
i=1
2.3.2 Parallel connection
We may now consider a series of n resistors, each with a resistance R; (i =1, ..., n),

connected in such a way that they are exposed to the same potential difference AV (see

figure below). This combination of resistors is referred to as a parallel connection.
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[l
— R
I|1 I
Aest 5 R, B <= A R, |—F
‘[ \ U=Vy— Vg
5 R’II
U=V,y—Vp

The net electric current through all the resistors can be expressed as follows:

I = L+L+...+1,

_ v, v U
Ry Ry R,
1 1 1
= U=+ =+ .. +—=—].
<&+&+ +m>

This current is analogous to that which would be observed with a single ohmic conductor

subjected to the same potential difference and having an equivalent resistance such that:

I = u )
Req
with:
1 1 1 1 — 1
= — 4+ —+ ...+ == —. 6.7
Req Ry * Ry * + R, — R; ( )
Example g

In the electric circuit depicted below, the objective is to ascertain the equivalent resistance between

terminals A and B. For the purposes of this analysis, the following values have been assumed:

Ri=5Q , R,=10Q2 , R3=15Q
A D A A
A Rl A A
ﬁa Sa >D°
| | |
| Hliles Hes b
I Il Il
o o o
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@ the resistors with resistances Ry and R3 are connected in parallel de to their subjection to
the same potential difference between nodes C' and D. The resistance Rg3, which represents

this association is such that:

RSN
Rss Ry  R3’
and then: oy
Ros = =22 —6Q.
» " R+ Rs

@ The resistors with resistances Ry and Ras are associated in series, given that the same electric
current flows between nodes A and B. The resistance R., equivalent to this association is
such that:

Reqg = Ri + Ro3 =110

3 Joule’s Law

It has been established that in order to sustain a constant electric current in a
conductor, energy must be supplied to the conduction electrons in the metal. Some of this
energy is dissipated in collisions with the crystal lattice, which increases the vibrational
energy and the temperature of the material. This thermal effect of the electric current is
referred to as the Joule effect.

Let us consider the quantity dg of charge passing through a conductor from point A to
point B under the action of an electric field. The work done by the electric forces is

written as:

AW =dq (V4 — Vi) = Idt (Va— Vg).

We write the Ohm’s law as :

AV =V, -V =RI.

Subsequently, the expression for the electric force work is derived as follows:

dW = AV Idt = RI*dt.

This energy is dissipated in the form of heat, and its value is equivalent to the electric

electrical power such that:

d
P:d—Vf:AVJ:RF. (6.8)

The electrical power dissipated by the Joule effect is constant over time, as AV and [

remain constant.
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In the case of a cylindrical metal conductor of length ¢ and cross-section S subjected
to a potential difference AV between its two ends, and introducing current density and
electrical conductivity, the expression for electrical power is given by:
¢ 2 J
P=— (A" =>~/A.
oA (G.4) o
The power density dissipated by the Joule effect at any point on the conductor is then

expressed as follows:

P P 52
P=y =~ o
Given that the current density vector is proportional to the applied electric field, the

power density can then be written as:

The general formulation of the power density dissipated by the Joule effect is :

p=7 E. (6.9)

4 Electrical circuit components

4.1 Definition

@ An electric circuit can be defined as a closed structure comprising a series of devices,
known as dipoles, connected by conducting wires that permit the flow an electric
current. The resistance of the connecting wires is typically considered to be negli-

gible in comparison to that of the dipoles.

@ A dipole is defined as any device that is connected to an electrical circuit via two
poles: the positive pole, through which the electric current enters, and the negative

pole, through which the electric current leaves.

@ Each dipole is characterised by a curve, known as the characteristic I = f (U),
which describes the response of the dipole (the electric current I flowing through
it) to the application of a potential difference or electric voltage U between its two

poles.

@ If the characteristic curve of the dipole is a straight line, the dipole is said to be
linear. Should the characteristic curve pass through the origin, the dipole is clas-
sified as passive (resistors, coils, capacitors, etc.). In contrast, it is designed to be

active (presence of an electric current even in the absence of an electric voltage).
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@ In an electrical circuit, a node represents a point of connection where three or more

wires converge.

@ In an electrical circuit, a branch is defined as a section of the circuit situated

between two nodes.

@ In an electrical circuit, a loop is a configuration of branches forming a closed loop.

4.2 Electromotive force - Electric generator

It has been demonstrated that a constant electric current can be sustained in an
electric circuit by maintaining a potential difference between the terminals of the various
dipoles that comprise the circuit. This is the role of the electric generator, which moves

mobile electric charges and transports electric energy through the circuit.

There are two types of generators:

@ The voltage generator, which maintains a constant potential difference at its ter-

minals regardless of the external circuit.

@ The current generator, which delivers a constant current regardless of the external

circuit.

the subsequent discussion will focus on voltage generators.

— Remark :3

It is a common misconception that an electrical generator produces energy. In fact, it is merely
transforms one form of energy (such as mechanical, chemical or light) into electrical energy.
@ A battery, or accumulator, when discharged, converts chemical energy into electrical energy.

It is an electrochemical generator.

@ A dynamo or alternator converts mechanical energy into electrical energy. It is an elec-

tromechanical generator.

4.2.1 Electromotive force and internal resistance

The experimental characteristic curve U = f (I) of a voltage generator is a decreas-

ing straight line that does not pass through the origin:

U=—-al+Db ;a and b positive constants

@ The coefficient b has the dimension of an electrical voltage. It represents the no-
charge (open circuit) voltage of the generator (I = 0). This voltage is referred to
as the electromotive force, or emf of the generator and is represented by the

symbol E.
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@ The coefficient a is a quantity of dimension of resistance. This is the internal

resistance of the generator, which is denoted r.

In an electrical circuit, a voltage generator, denoted (E, r), is modelled by the equivalent
diagram shown in the figure below. It consists of an emf (E) in series with a resistor
of resistance r, representing its internal resistance. in accordance with the convention,
which is also known as the generator convention, the potential difference, AV = E,
is represented by an arrow pointing towards the higher potential (from the negative pole

to the positive pole) in the same direction as the electric current.

If the generator has no internal resistance, it is said to be zdeal. In the following sections,
the focus will be on the battery, for which an equivalent diagram is provided in the figure

below.

(E, r)
G =N

- - E Ur
U U
Voltage Generator
(E, 1)
I ] I I,|_1
Aot = B Ag o 1| B
< | | @ | | E—°
B . E U~
U U

Battery

The voltage at the terminals A (positive) and B (negative) of a voltage generator can

thus be expressed as follows:

U=Vi—Vg=E—rl

Thus, the emf of a generator is given by:

E=U+rl. (6.10)

In a closed electrical circuit with a resistor of resistance R, the emf can be deduced from

the following expression:

U=Vy—Vg=RI=E—rI,

so that:
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E=(R+r) I

4.2.2 Energy balance

The expression for the mechanical or chemical power received and transformed by

a generator is given by:

P=EIlI=U+r)I=UI+rTI?

@ The initial term, U I, represents the power supplied by the alternator to the external

circuit.

@ - The second term, 7 I?, represents the power dissipated in the generator by the

Joule effect.

The efficiency of a generator, denoted by the symbol 7, is defined as the ratio between
the usable power at its terminals (i.e., the power supplied to the external circuit) and the

power received and transformed by the generator. Its expression is given by:

Ul  Vy—Vp
T"EIT T E
@ In the case of an ideal generator (r = 0), the usable voltage at its terminals is equal

to its emf., and the efficiency is therefore equal to 1.

@ In the case of a real generator (r # 0), the usable voltage at its terminals is always

less than its emf, and the efficiency is always less than 1.

4.2.3 Connection of several generators
Series connection

Let us establish a connection between n voltage generators (E;, r;) (i =1, ..., n)
in manner that ensure that the positive pole of each generator is linked to the negative
pole of the subsequent one (see figure below). The same electric current flows through
the generators connected in this manner. This configuration of generators is referred to

as a sertes connection.

A
A
A
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The net potential difference across the generators is equal to the sum of the voltages

across each generator:

U=Vy,—-Vg = Ui+Us+...+ U,
= (El—T1])+(E2—T21)+—|—(En—7”n])
= (Ey+Ex+...+E,)—(ri+r+...+m) L

This potential difference is analogous to that obtained with a single voltage generator(E.,, 7¢,),

through which the same current flows, such as:

U:VA_VB:Eeq_Teq]a

with:

Ey=Ei+E+...+E, =Y 2IE;
. 232—1 (6.11)
Teqg=T1+To4 ... +1=> | T
4.2.4 Parallel connection
Let there be n generators (E;, r;) (i = 1, ..., n), of identical emf (E; = E), connec-

ted in such a way that they are subjected to the same potential difference U = V4 — Vg

(see figure below). This connection of generators is known as a parallel connection.

I
—
o
A . B A Ll - B
— : Teq

A
\

=
=

=
i)
o]
=

A




80 Electrokinetics

The net electrical current delivered by all these generators can be expressed as follows:

I = L+L+...+1,

E-U E-U E-U
= + +...+
T T2 Tn
1 1 1
= (E—U) (—+—+...+—)
1 T2 Tn

This current can be considered analogous to that delivered by a single voltage generator

(Eeq, Teq), subjected to the same potential difference, such that:

,_By-U
Teq
with:
Eo,=Ei=E;,=...=E,=E
oo - (6.12)
Lodedeo+i-mEnd

4.3 Back electromotive force - Electrical receptor

An electrical receptor is defined as a dipole that, when an electric current flows
through it, transforms the received electrical energy into another form of energy. There

are two main types of electrical receptors:

@ Active receptors that convert the electrical energy received into mechanical energy
(for example, electric motors), chemical energy (for example, charged batteries) or

light (for example, fluorescent tubes).

@ Passive receptors, such as resistors, which dissipate the electrical energy they are

exposed to as heat.

4.3.1 Back electromotive force and internal resistance

The experimental characteristic curve U = f (I) of an active receiver is an increasing

straight line that does not pass through the origin:

U=al+b ; a and b positive constants

@ The coefficient b has the dimension of an electric voltage, and represents the back

electromotive force, or bemf, of the receptor. It is commonly denoted E'.

@ The coeflicient a is expressed in units of resistance. This is the internal resistance

of the receptor, denoted r.
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In an electrical circuit, a receptor (E/, r) is modelled by the equivalent diagram shown
in the figure below. If the receptor has no internal resistance, it is said to be tdeal. In
the receptor convention, the potential difference AV = E’ across the bemf is represented
by an arrow pointing towards the higher potential (from the negative pole to the positive

pole) in the opposite direction to the electric current.

(E, 1)
G L S s
) T F 0
) U ) U

The voltage at terminals A (positive) and B (negative) of an active receptor is therefore
expressed as follows:
U=Vy—Vg=E+rl,

and the expression for the bemf of a receptor is therefore:

E=U-rlI
The bemf is therefore the minimum voltage that must be applied to an active receptor in
order for it to convert the electrical energy it receives into energy other than heat.
4.3.2 Energy balance

The electrical power received by the receptor is expressed as follows:

P=UI=(E+r)I=FET+rI%

@ The initial term, E’ I, represents the power supplied by the generator to the external

circuit, which may be of a mechanical, chemical, or other nature.

@ The second term, 7 I?, represents the power dissipated by the Joule effect in the

receptor.

The efficiency 1 of a receptor is defined as the ratio between the usable power at its
terminals to the power received and transformed by the receptor. it can be expressed as

follows:

_EI F
Ul Va—Vg

Ui
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@ In the case of an ideal receptor (r = 0), the usable voltage at its terminals is identical

to its bemf . Consequently, the efficiency is equal to 1.

@ In contrast, in the case of a real receptor (r # 0), the usable voltage at its terminals

is always less than its bemf. Therefore, the efficiency is always less than 1.

5 Kirchhoff’s laws

the principles of electrokinetics are founded upon the laws of conservation of current

and electrical energy, which are collectively known as the Kirchhoff Laws.

5.1 Conservation of the electrical current - Kirchhoff’'s current law

Consider any node in an electric circuit comprising
a number n of electric wires carrying different electric

currents [;(i =1, -+, n) (see adjacent figure).

In the steady state, the principle of conservation of elec-

tric charge dictates that:

No accumulation of electric charge can occur at any point in an

electric circuit.

This provides the first Kirchhoft’s law, or Kirchhoff’s law of conservation of elec-
tric current, which is more commonly referred to as the Kirchhoff’s current law.
This states that:

The total current entering a node is equal to the total current

leaving 1t.

the law can be written as follows:
> lenter =Y Lexit
In the case of the adjacent diagram :
L+1I3=01+1i+1Is.

in other words:
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The algebraic sum of all currents entering and leaving the node

must be zero.

The law can be written as follows:

I; represents the algebraic value of the intensity of the current. in accordance with this
definition, a plus sign (+) is assigned to this value when the current enters the node, and

a minus sign (—) is assigned when the current leaves the node.

5.2 Conservation of the electrical energy - Kirchhoff's voltage law

In an electrical circuit, consider a loop consisting of n branches containing resistors,

emfs and bemfs.

In the receiver convention, the voltage across each branch ¢ is given by the general ex-

pression

U =Rl +E, — E,;

where R;, I;, E;, and E; are, respectively the total resistance, current, emf and bemf

contained in this branch.

the principle of conservation of electric energy states that:

The algebraic sum of the voltages occurring in a loop is equal to

ZEero.

Indeed, the total potential difference in a loop is zero, as the same point of electrical
potential is traversed when the loop is both initiated and completed. Thus, we can

express the following:

i=1

i=1

This yields the second Kirchhoft’s law, or Kirchhoff’s law of conservation of elec-

tric energy, more commonly known as the Kirchhoff’s voltage law.
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5.3 Application example

The adjacent electrical circuit, comprising two nodes (A A

and B) and three branches, is considered.

R R,
@ Loop 1 contains the following components: E;, R;
and Rg.

|

@ Loop 2 contains the following components: Rs3, R
and BEs.

@ Loop 3 contains the following components: E;, Ry,
R2 and EQ.

Although the direction of the emf arrows is known (com-

ing from the positive pole), the direction of the various currents is not always known.

Let us consider loop 1, for which we will apply the second

Kirchhoff’s law:

@ The electrical currents (I et I3) in each branch are

assigned an arbitrary direction and the voltages

across each resistor are represented using the re-

ceptor convention.

@ An arbitrary direction is selected for the loop.

@ The sign convention is employed whereby voltages
whose representative arrow is in the direction of
travel of the loop are assigned a sign of (+), and voltages whose representative
arrow is in the opposite direction to the direction of travel of the loop are assigned

a sign of (—).

@ The Kirchhoff’s voltage law is then expressed as
follows: E1 — Ul — U3 = El — lel — Rg[g =0.

Subsequently, the Kirchhoft’s voltage law is written for each of the other two loops, fol-
lowing the same procedure. This yields a system of threee equations with three variables,

which enables the calculation of the three current intensities I;, I and I3.

it should be noted that if the calculation of a current intensity yields a positive value,
then the arbitrary direction chosen for this current is correct. Otherwise, the real current

is in the opposite direction to the one chosen initially.
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5.4 General method for applying Kirchhoff’s laws

Let us consider the general case of an electric circuit comprising N nodes and B
branches. The objective is to calculate the different current intensities I; (i =1, ---, B)
in each of the B branches of the circuit. This necessitates the resolution of a system of B

equations with B variables.

once an arbitrary direction has been selected for each of the B currents in each branch,

the subsequent procedure is as follows:

@ The Kirchhoff’s current law is written for the remaining N — 1 nodes, resulting in

N — 1 equations.

@ The Kirchhoft’s voltage law is then written for the remaining B — (N — 1) loops,

resulting in the necessary B — (N — 1) equations.

@ This process yields the system of B equations required to determine the B current

intensities. Solving this system will yield the required solution.

Example f!

The aim of this calculation is to determine the different currents flowing in the electrical circuit
shown below with:

E, =110V , E;=106V , E3=90V

R =050 , Ry=0,25Q , R3=0,5Q

Il
Ul Rl U2
i T AN
— K
?2

B

A
A
Us| | B
)\ |
+
| B

| |k

1. Let us select an arbitrary direction for the three currents I3, I3, and I3, which flow in the three
branches of the circuit (B = 3). The differing voltages across the resistors are represented by

arrows, in accordance with the receptor convention.

2. The circuit contains two nodes (N = 2). Kirchhoff’s current law is expressed for a single
node (N — 1 =1). To illustrate, for node A:

L+1=1s

3. The number of loops is three, yet the Kirchhoff’s voltage law is written for only two loops

(B— (N —1)=3-1=2), with any direction chosen for these two loops. To illustrate:
a) For Loop (1) containing E;, Ry, Rs, and Ey, we can write that:

Es —Us+U; —E; =Es — Rolo + R1I) —E; =0.
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For Loop (2) containing Es, Ra, R3, and E3, we can write:
Es +Us + Uy — Ega = E3 + R3ls + Roly — Eo = 0.
4. This gives us the following system of three equations with three variables to solve:

Ril — Ryl +0 =E; —E;
0 + Rols + R3ls =E; —Eg
L +L — I3 =0,
and then:
0,5I; — 0,256, +0 =5
0 +0,25I,+0,5I3 =15
L +1 — I3 =0.

This system can be solved using the Cramer method.

The determinant of the system is given by:

0,5 —0,25 0
D=| 0 0,25 0,5]|=-05
1 1 -1

The system of equations possesses a unique solution (7, Is, I3) due to the non-zero value of
D (D # 0). This solution is:

5 —0,25 0
15 0,25 0,5
0 1 —1 —-7.5
I = =" —15A
! —0,5 —0,5 :
0,5 5 0
0 15 0,5
I Lo - 5 _104
2 —0,5 —0,5
0,5 —0,25 5
0 0,25 15
1 1 0 —12,5
Iy = = —2° _95A.

—0,5 —0,5
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Magnetic force and field

1 Introduction

In order to illustrate the concept of magnetic force, let us consider the example of a
metal wire surrounded by iron filings. When an intense electric current is flowing through
the wire, the small iron particles are deposited in a circular network around the wire (see
Figure 7.1). It is postulated that the electric current has exerted a magnetic force on
the other moving charges or currents inside the iron particles. As with the electric force
(Coulomb’s Law), which is explained by the presence of an electric field induced by a
source charge, the magnetic force can also be described in terms of the magnetic field

produced by this source current.

Figure 7.1: Imprinting the magnetic field of a current-carrying wire using iron filings
(credit).

Historically, magnetic interaction is the oldest known interaction when compared with
the other interactions (gravitational and electrical). It has long been established that
certain ores, such as magnetite (iron oxide, Fe30y), possess the innate capacity to attract
small fragments of iron. This natural property is also exhibited by various pure metals,

including iron, cobalt, manganese, and alloys composed of these same metals. These

87
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materials are known as magnetic. A magnetic body is also referred to as a magnet. In
its natural state, the magnet is said to be permanent. The magnetic force is thus defined
as the force exerted by one magnet on another. This force, similar to electrical force,
can exhibit either an attractive or repulsive nature. When two bar magnets are brought
into close proximity, one pole of the first bar will attract one pole of the second bar and
will repel the other pole. Consequently, each bar magnet possesses two distinct poles,

designated as the north pole and the south pole.

This attraction or repulsion between the poles of a perman-
ent magnet is responsible for the behaviour of the magnetised
needle of a compass, which is free to rotate around a fixed
pivot. When positioned in close proximity to a bar magnet,
the needle undergoes a rotational movement until it attains

a state of equilibrium, wherein its north pole is oriented to-

wards the south pole of the bar magnet (see opposite figure).
Once the influence of the bar magnet has been removed, the
compass needle is subject to the exclusive influence of the magnetic force exerted by the
Earth. The Earth behaves as a permanent magnet, with the geographical poles of the
Earth aligning approximately with the magnetic poles. The magnetic force exerted by
the Earth will cause the needle to rotate towards an equilibrium configuration in which
its north pole is oriented towards the Earth’s magnetic south pole, close to its geographic
north pole. Its south pole is thus oriented towards the Earth’s north magnetic pole, in
close proximity to its south geographic pole. The phenomenon of attraction or repulsion

between two permanent magnets can be summarised as follows:

Magnetic forces push like magnetic poles (north-north or south-south) apart and

pull unlike magnetic poles together (north-south or south-north).

Although the existence of a magnetic force between two natural magnets had been known
for centuries, it is only in the 19th century that experiments, performed by Hans Christian
Oersted (1777-1851), demonstrated that an electric current flowing through a metal wire
caused the magnetised needle to deviate towards an equilibrium configuration, resulting
in it being oriented perpendicular to the metal wire. The experiment also demonstrated
the existence of a magnetic force between two metal wires carrying electric currents.
It has been demonstrated that metal wires carrying an electric current exhibit behaviour
similar to that of non-permanent magnets, due to the fact that the magnetic force exerted
disappears when the electric current does. In accordance with the principle of electrical

force (Coulomb’s law), it can thus be concluded that:
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The magnetic force is exerted between electric currents, or more generally,

between moving electric charges.

The magnetic forces observed between permanent magnets can be explained by the same
mechanism as that involving electric currents or moving electric charges. Indeed, the
phenomenon of magnetic forces between two permanent bar magnets has its origins in
microscopic currents. These currents consist of the movement of charges between the
atoms that constitute the magnet. Given the substantial number of atoms constituting
the bar and the combination of these microscopic currents, the macroscopically induced
magnetic force is significant enough to be perceived by another magnet, another current,

or other nearby moving charges.

In a manner analogous to the conceptualisation of an electric charge, where the surround-
ing space is characterised by the concept of an electric field, the concept of a magnetic
field facilitates the characterisation of the space surrounding a permanent magnet, an
electric current, or a moving electric charge. In this chapter, the magnetic force exerted
on a moving charge is expressed in terms of a magnetic field, in a manner analogous to
the expression of the electric force in terms of an electric field. In addition, the genera-
tion of magnetic fields in response to currents will be investigated, encompassing various
methodologies and established principles for the calculation of magnetic fields produced

by specified current distributions.

2 Magnetic force

It is conceivable to conceptualise the formulation of magnetic forces between two
moving electric point charges in a manner analogous to that of Coulomb’s law between
two static electric point charges. However, the strong dependence of the magnitude and
direction of this magnetic force on the intensities and directions of the velocity vectors
of these charges renders this formulation very complicated. It can thus be concluded
that the magnetic force exerted on a moving point electric charge by an electric current
flowing through a long metal wire, at a distance r from this charge, would be more readily
apparent. This formulation will be regarded as a fundamental law of physics, substantiated
by empirical evidence. This formulation bears a certain resemblance to the electric force
exerted by a long charged wire on a point charge. The similarity with the electric force lies
in the inverse proportionality to the distance r of the magnetic force. The distinction can
be attributed to the dependence of the magnetic force, both in magnitude and direction,
on the intensity and direction of the velocity vector ¥ of the moving charge. In order
to illustrate the aforementioned dependence, three distinct situations will be considered.
These situations will involve an electric current flowing through a metal wire along the

Oz axis in the direction z > 0 (see figure).
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Figure 7.2: The schematic illustrate the direction of the magnetic force exerted, by a
current flowing in the z direction, on a charge ¢ (assumed to be positive) moving with a
velocity in three possible directions.

1. ¥ is oriented along the z-axis, , in parallel to the current I flowing through the

wire (see Figure 7.2-a):

_>
@ The magnetic force F), is oriented radially (perpendicular to the direction of

the electric current) along the y-axis.

— —
@ In the case of a moving charge ¢ > 0, Fm is attractive (F,,, = F,, 7 ) if T s
— s —
directed in the same direction as I (¥ = v i ), and repulsive (Fy, = —F,, J )
%
if ¥ is directed in the opposite direction to I (v = —v ).
__>

F,7)if 7 isin
= _F, )it T

@ In the case of a moving charge ¢ < 0, Fm is attractive (F,

=1

%
the opposite direction to [ (7 = —v 1 ), and repulsive (
—
i).

@ The magnitude of the magnetic force is hereby determined as follows :
to lg| - |71
27 r '

is in the same direction as / (7 =v
F,, = (7.1)
Lo is the magnetic permeability of free space. Its value in the SI units is:
po =471 x 107" Kg-m-A"2.s72
2. O is oriented along the y-axis, perpendicularly to the direction of the current I (see
Figure 7.2-b):
@ The magnetic force F,, is oriented in the same direction as the electric current,
along the z-axis.

_>
@ In the case of a moving charge ¢ > 0, F,, is oriented in the same direction as

— — —
I (F, =F, i)if ¥ is radially outward from the wire (7 = —v j ), and in
— —
the opposite direction to I (E,, = —F,, 4 ) if ¥ is radially inward towards the

%
wire (U =v j ).
@ In the case of a moving charge ¢ < 0, F,, is in the same direction as I (F,, =
— —
F,, 4 )if ¥ is directed into the wire (¥ = v j ), and in the opposite direction

of I (?m =—F, _z>) if ¥ is directed out of the wire (7 = —v 7)
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AT T

@ The magnitude of magnetic force is hereby expressed as follows: F,,, = 5—0 M
s r
3. U is directed tangentially to the circumference of a circle that is concentric with

the wire, in the (yz) plane (see Figure 7.2-c):

@ The magnetic force is zero : F,, = 0.

In the more general case where the velocity is oriented in an arbitrary direction, that is
outside the three basic directions previously mentioned, the velocity vector can be divided
into three components along these directions. The magnetic force is then obtained by

vectorial summation of the contributions in each direction.

It is imperative to acknowledge that, in all instances:

The magnetic force vector is perpendicular to the velocity vector of the moving

point charge.

Example f!

Let us consider a long, straight wire carrying a current I = 10 A along the z-axis and oriented in
%
z > 0. An electron is moving in the vicinity of the wire with a velocity T =87x%x10°7 — 5.0 x
5 -1
10° j (m -8 ) .
We are calculating the magnetic force exerted by the wire on the mobile charge when it attains the

point M at a distance of r = 2 cm (see figure below).

d

i I
e : e ——— —_————

; ;

| _g=—c

I N

:Fm2 *1? (%3

1 )

! ! K4

1 — !

\FF, VE,

The velocity vector is not oriented in one of the three basic cases previously studied. Thus we split

the velocity into two components along the parallel and radial directions respectively.

— —
@ For the parallel velocity contribution v =8.7x 10° 7, the magnetic force F,,, is radial and

repulsive because ¢ = —e < 0. Therefore, we have:
%
— wo lel - |vg| - I—
le(M):,7| |- lvz] 7

2 r
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@ For the radial velocity contribution U_>y = —5.0 x 10577 the magnetic force F},, is along the
z-axis, in the opposite direction of the current flow because ¢ = —e < 0. Therefore, we have:
%
— el |vy|-I—=
27 r

Consequently, the total magnetic field exerted on the moving electron is :

= po lel - I = o=
P (M) = —£2 5= |31 7 + 1221 7]

R

NA (M) =16 x 107 [5.0 x 10° 7 +8.7 x 10° 7 | =

H
‘Fm (M)‘ ~ 1.6 x 1071 N,

3 Magnetic field

As demonstrated previously in the case of static electric charges, the electric force
exerted at a distance between two charges is communicated via the electrostatic field
created by one of the charges and felt by the other. Similarly, the magnetic force exerted
at a distance by a moving electric charge (or an electric current) on another moving electric
charge is also communicated via a magnetic field created by one of the two moving charges
and felt by the second.

In the preceding example concerning a point charge moving in the vicinity of a long,
straight wire through which an electric current flows (see Figure 7.2), the expression 7.1
for the magnitude of the magnetic force in the first two cases where the speed is parallel
or perpendicular to the direction of the electric current (see Figure 7.2-a and Figure 7.2-b)
should be considered. The quantity associated with the moving charge should be isolated.

The aforementioned assertion may then be expressed in the following terms:

to lal - |7| - ol
e e ARl B
2 T 2rr

The term enclosed in square brackets denotes the Magnetic field generated by the electric

current I at a distance r. This is symbolised by B.

The magnitude of the magnetic force can then be expressed as follows:

Definition 1

An electric current I along a long, straight wire produces a vectorial magnetic field § at an

arbitrary distance r.
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@ Its magnitude is given by:

g

2mr (72)

@ In a manner akin to the electric field, the magnetic field is inversely proportional to the

distance r.

@ In contrast to the electric field, which is radial, the magnetic field is tangential. Its direction is
tangent to a circle, with the centre of the circle coinciding with the current. The determination
of the magnetic field direction can be achieved through the implementation of the right-hand
rule: In the event of the thumb of the right hand being placed in the direction of the current,

the fingers will curl around the wire in the direction of the magnetic field (see Figure 7.3 ).

A\
""-\' ~y Electric current IT
I "'nh'\ "
I\
'-."_"
L
‘%} [ Magnetic field {__é
“~::‘
"'._".I:;

Figure 7.3: The right-hand rule is applied to determine the direction of the magnetic field

exerted by an electric current through a wire.

A re-examination of the three preceding cases of Figure 7.2
reveals that, in cases 1 and 2, the velocity is oriented in a dir-
ection parallel and perpendicular, respectively, to the direc-
tion of the electric current. Consequently, it is perpendicular
to the tangential direction of the magnetic field. In the event
of the direction of velocity being parallel to the direction of
the magnetic field (case 3 of Figure 7.2), the magnetic force

is zero. The absence of magnetic force in the latter case sig-

V- SN o

nifies that, for the more general case of a charge moving in a direction that makes a given

angle alpha with the direction of the magnetic field, only the component of the velocity

perpendicular to the magnetic field (v - sin«) contributes to the magnetic force. It can

thus be concluded that the general expression for the magnitude of the magnetic force is

as follows:

=lq| - || - B-sina.

@ The magnetic force is zero when movement occurs in the direction parallel to the

direction of the magnetic field B (a=0o0oua=m).
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@ The magnitude of the magnetic force is at its maximum when movement occurs

3
perpendicular to the direction of the magnetic field ﬁ (= g ou = g)

The vector expression of the magnetic force, taking into account its amplitude and direc-

tion, is expressed as follows:

%
Frn—q7xB (7.3)
In summary, it can be stated that:

@ The magnetic force exerted on a moving charge is directly proportional to its charge,

its velocity, and the magnetic field to which it is subjected.

@ The magnetic force is perpendicular to the plane formed by the velocity vector o
and the magnetic field vector B, such that the trihedron (7, B,?) is direct.

__)
@ The work of the magnetic force is zero (W (Fm> = 0), as its direction is perpendic-
ular to the trajectory of the moving charge. Consequently, there is an absence of

any variation in kinetic energy.

@ In the more general case where the moving charge is subjected to an electric force
and a magnetic force, the resultant of these two forces is the Lorentz force, given

by the following expression:

?:i+f’z:qﬁ+q7x§:q<ﬁ+7x§) (7.4)

Having established the manner by which the magnetic field resulting from a current flowing
along a straight wire can be calculated, it is now possible to define the magnetic field
produced by a distribution of moving charges or currents at a given point in space. This
can be achieved by introducing test charges moving at different velocities and passing

through that point.

— Definition 2 :!

The direction and magnitude of a magnetic field ? at a given point in space are determined by the
following set of rules:
@ The magnitude is derived in instances where the test charge is moving perpendicular to its

direction (a = 0) and is subjected to maximum magnetic force:

F
B=— 7.5
> (75)

@ The direction of the magnetic field must align either parallel or antiparallel to the direction

motion resulting in zero magnetic force.

@ The direction of the magnetic field can be determined by the right-hand rule, which is a

method of identifying the direction of the magnetic force. In the event of orienting the fingers
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of the right hand along the direction of ¥ ad curling them towards the direction of B through

the smallest angle between o and §7 the thumb will indicate the direction of the magnetic
—

force F,, exerted by a positive test charge. In the event of a negative test charge, the direction

—
of F,, is opposite to that obtained for a positive test charge.

@ The magnetic field is defined as the force per unit charge and velocity. Its SI unit is the tesla
(T): 1T=1N-C~!.m™!.s. Its cgs unit is the gauss (G) : 1G = 104 T. For instance, the
magnetic field at the surface of earth is 5 x 107° T and in MRI (Magnetic resonance Imaging)

magnet is 1.5 T.

4 Magnetic field lines

With regard to the electric field, it would be worthwhile to direct our attention to the
geometric representation of the magnetic field. The magnetic field can be represented
by field lines for which the tangent indicates its direction and the density indicates its
relative magnitude. As illustrated in Figure 7.4, magnetic field lines are produced by a
current flowing along a long, straight wire in two directions. It can be observed that as
distance from the wire increases, there is a decrease in both the density of field lines, and
the magnitude of the magnetic field. The direction of the magnetic field at each point in
space is tangent to the field line at that particular point. The right-hand rule can be used

to identify the direction of the magnetic field along these field lines as follows:

Figure 7.4: Magnetic field lines in the vicinity of an electric current flowing along a straight
wire.

@ Firstly, the right hand should be positioned in such a manner that the thumb is

pointing in the direction of the current I.

@ The next step is to close the right hand and curl the fingers around the axis of the
wire. The direction of curvature of the fingers is thus found to correspond to the

direction of the magnetic field along the field line.
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Another illustration of magnetic field lines produced by a bar magnet is plotted in Figure
7.5. The field lines emerge from the north pole and enter into the south pole. The

magnitude of the magnetic field is relatively stronger at the vicinity of the two poles.

(a) (b)
Figure 7.5: (a) Magnetic field lines in the vicinity of a bar magnet. (b) Magnetic field

lines of a bar magnet revealed through the use of iron fillings, which are dispersed onto a
sheet of paper positioned over the magnet.

It is important to note that, in contrast to the electric field, where field lines originate
or terminate at positive or negative charges, magnetic field lines are closed loops and do
have any defined starting or ending points. This property can be expressed by the total

magnetic flux through a closed surface, of area A, which is:

@B:§1§§-2:o (7.6)

Equation 7.6 is the Gauss’s Law for the magnetic field. It states that the number

of magnetic field lines entering any closed surface is equal to the number leaving it.

5 Some common laws of magnetism

5.1 Ampere’s law

André-Marie Ampere (1775-1836) was the first to formulate the theorem that bears
his name (Ampere’s theorem or Ampere’s law, 1822) and thereby establish a direct re-
lationship between the circulation of the magnetic field over a closed path and the total

electric current flowing through the surface bounded by that path (see Figure 7.6.

— Ampeére’s Theorem ﬁ

The circulation of the magnetic field along a closed, oriented path (C) is proportional to the total

electric current flowing through the area bounded by (C):

_)
d/ is defined as the infinitesimal displacement vector.
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(€)

Figure 7.6: Arbitrary area bounded by a closed path, and intercepting some electric
currents flowing on wires.

— Remarks g

@ The Ampere’s theorem constitutes a fundamental principle within the domain of magnetism,
with the restriction that the currents must be characterised by steadiness. This equation is

one of four Maxwell equations, which form the foundation of electromagnetism.

@ It is imperative to note that solely the electric currents that traverse the surface, and are
confined to the designated path, are to be considered. It is evident that external currents do

not contribute to the circulation of the magnetic field.

@ Ampere’s theorem can be considered as a fundamental principle in magnetostatics, akin to
Gauss’s theorem in electrostatics. This theorem is employed to ascertain the magnetic field
generated by an electric current or by a distribution (whether continuous or discontinuous)
of electric currents.

@ It is evident that the length and shape of the closed path (C) are inconsequential to the result
of the circulation of the magnetic field along this particular path. It is imperative to note
that the sole factor that exerted an influence on the resultant value of the integral was the

total quantity of current that passed through the surface delimited by each path.

Ampere’s theorem provides a highly effective analytic method for calculating the
magnitude of a magnetic field of a given distribution of currents, assuming that this

distribution possesses a high degree of symmetry.

In order to calculate the magnetic field at a point M in space, the following steps must
be taken:

1. The direction of the magnetic field is determined by invoking symmetry arguments.
2. A suitable oriented closed path (C) is selected :

a) This path passes through the point M,

b) the magnetic field at any given point is perpendicular or parallel to (C), i.e.

%
B | dor B Ll respectively.

3. The circulation of the magnetic field around this path is calculated.
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Example 1: long, straight wire ﬁ

In this instance, Ampere’s theorem is to be applied in order to express the magnitude of the
magnetic field produced by a current I, flowing in a long, straight wire, at a point M in space,

distant by r from the wire.

We know that the magnetic field lines generated by this current are concentric circles. The magnitude
of the magnetic field is constant along each of theses circles. The direction of the magnetic field, at

each point M of space, is tangent to these circles and given by the right hand rule (see figure below).

By choosing a closed circular path (C) of radius r,around the wire, following the circular field line
_>
at a distance of r, we have B || d¢ and B constant.

The Ampere’s law can be written as:

%B : d—z - MOIin

§£B -dl = pol
B §I§ d¢ = jpol
B-2mr = pol.

As expected, this yields the magnetic field expression given by equation 7.2:

p=tol|
2mr
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Example 2: discrete long, straight wires distribution

In this example, we have to ascertain the expression for the magnitude of the magnetic field
generated by a discrete distribution of four long, straight wires, positioned in parallel and carrying
electric currents Iy, Is, I3, I, and I5, at a point M in space, at a distance r from the first wire

carrying I (see figure below).

It is evident that by selecting a closed circular path (C) of radius r, surrounding the wire that is
_>
flowed by I;, and following its circular field line at a distance of r, we can ascertain that B | d¢,

and B remains constant.

The Ampere’s law can be written as:

?ﬁ?@ = poli

B 2nr = /J’OZIiin?

where ). I;, is the algebraic sum of the electric current intensities passing through the area delim-
ited by the path (C), i.e. electric currents I, Is et Is. Depending on the orientation of (C), electric
currents I; et I3 will be counted positively and electric current I5 will be counted negatively. Thus

we can write:

B-2mr = uo[ll—lg—i-lg].

The magnitude of the magnetic field expression for this distribution of electric currents is therefore:

B Hoko ([, — Iy + I5]
2 i
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Example 3: long, straight thick conducting wire with a cross section

We are now going to determine the expression for the magnitude of the magnetic field induced by

a long, thick, straight conduction wire of cross-section A and radius R, through which a current I

flows, uniformly distributed over its cross-section. (see figure below).

As the symmetry of this thick wire is identical to that of the thin wire treated in Ezample 1, the

magnetic field lines are also concentric circles, both inside and outside the wire.

1. We determine the magnitude of the magnetic field at a point M inside the wire (at a distance

r < R).
By choosing a closed circular path (C) of radius r < R, that follows its circular field line at a
distance of r, we know that B I & and B constant.

The Ampere’s law can be written as:
_>
% § -dl /"LOIIH
B-2mr = ,ug//j-dAin,

where j is the electric current density given by:

I://j~dA:j//dA:j~7rR2.

The magnetic field circulation is then written as:
I 2

B-2mr = Hoj‘//dAin:uoj'ﬂTQZuoi-m" :
mR?

This provide an expression for the magnitude of the magnetic field at distance r < R :

_ ol .
orR? |

. We determine the magnitude of the magnetic field at a point M outside the wire (at a distance

r > R).

By choosing a closed circular path (C) of radius r > R, that follows its circular field line at a
_)

distance of r, we know that B || d¢ and B constant.

The Ampere’s law can be written as:

$B-a -

/”'Olm
B-2mr = uo//j-dA

B-2nr = poj-mwR?,
1
Knowimng that j = o we deduce an expression for the magnitude of the magnetic field
™
at distance r > R :

1

B=£-

27r

This results in the expression for the magnetic field being equivalent to that of a long, straight

thin wire, as demonstrated in equation 7.2.

We can notice that the magnitude of the magnetic field increases linearly with r from » = 0 to a

1 1
maximum value of ;LR at the wire’s surface (r = R), and decreases in proportion to —outside the
T r

conducting wire.

.4



5. Some common laws of magnetism 101

ﬁ* B(r)
i

xRS 27

© w<®

5.2 Biot-Savart law

Although Ampere’s law facilitates the calculation of the magnetic field resulting
from a highly symmetrical distribution of electric currents, there are instances where this
is not applicable and the magnetic field resulting from a distribution of electric current
other than this one must be calculated. The law governing the magnetic field created
by this distribution of currents was formulated by Jean Baptiste Biot (1774-1862) and
Félix Savart (1791-1841) by analogy with Coulomb’s law for determining the electric field

created by a charged wire.

We recall that the electric field created at a point M in space, distant from a charge
R
element of linear density A (located at a point P such that PM = 7°), has the following

expression:

Z_ 1 Ade T

dE = ,
dreg 13

Biot-Savart law is a generalisation of the aforementioned law, which accounts for the

pseudovectorial nature of the magnetic field. It is expressed by substituting the charge

density by electric current, the simple product by a vectorial product, and the dielectric

permeability of a vacuum by its magnetic permeability.

— Biot-Savart law Lj

The magnetic field created at a point M in space, distant from a segment d¢ of wire through which
S
an electric current I flows (located at a point P such that PM = 7 as shown in the figure below),

is given by the expression:

dﬁ_@](ﬁx?

T s

%

: (7.8)

d
P

M®§

While the application of this law generally necessitates complex calculation methods,
some elementary applications facilitate the straightforward determination of the resultant

magnetic field.
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Example 1: finite strength wire ﬁ

Biot-Savart law is to be applied in determining the expression for the magnetic field produced at
a point M located at a distance R on the y-axis, which is perpendicular to a finite straight wire
located on the z-axis and through which a current I flows in the direction Oz > 0 (see figure below).
%
p dl _I, i

-

It is evident from the expression of the law that the magnetic field vector ﬁ is perpendicular to the
plane that contains both the wire and the point M.
The magnitude of the magnetic field is expressed as follows:

/dB ,uOI dx s21n9

—
0 denotes the angle between the direction of the electric current (z-axis) and the vector PM = 7,
which links the electric current element to the point at which the magnetic field is calculated.

0, r et x are dependent variables such that:

R —R
tanl = — — gz =
—x tan 6
. R
"~ ginf’
Then:

sin“ 0

sin? 0

2 R

and the magnitude of the magnetic field expresses as follows:

wol R . sin?# ol :
B = — 0 df = 0do.
ar | snZe " TR2 iR | "

The angle « is defined as the complement of the 6, such that 6 = g — . It is evident that the
variation in the angle # along the finite wire is directly proportional to the variation in the angle «

between two limit values, —a; and as, so that:

pol
B — dé.
wR ], Cos v
Finally, we can write that:
1
= ZTLR (sinag +sinay) .

T
This result can be generalised to the case of an infinite wire by assuming o = ag = 5 for which

the expression of the magnetic field is given by:

_ Mol
2TR’

This result is consistent with the expression obtained through Ampere’s theorem.
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Example 2: circular ring of current ﬁ

In order to determine the expression for the magnetic field produced by a current I, flowing in a
circular loop of radius R, at its centre point M (see figure below), it is necessary to apply Biot-Savart

law..

The magnitude of the magnetic field is given by :

/dB ,uOI d/ S;né?

0 denote the angle between the direction of the electric current (as specified by d7) and the vector

—

PM = 7, which links the current segment to the point where the magnetic field is calculated.
——

For the circular loop flowing current, ‘PM ‘ =r = R and § = 90°. Thus the magnitude of the

magnetic field expresses as follows:

_ pol . MOI
T 4A7wR2 / de= 47 R2 2R,

and finally:

Kol

B = .
2R

This result can be extended to the case of a circular arc seen at an angle Af, the magnetic field

amplitude of which is determined at its centre of curvature by the following expression:

Kol /dez Hol pag.

4T R? 47 R?

and finally:

,U()I AG
ATR
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