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PREFACE

Dear Second-Year Mathematics Students,

Welcome to this module on Probability and Statistics, a cornerstone of modern mathe-
matics with profound applications across science, engineering, finance, and data analysis.
This field provides the essential language and tools for modelling uncertainty, analysing
data, and making informed predictions in the face of randomness. For a mathematician,
it represents a fascinating world where abstract theory meets tangible, real-world
phenomena.

This manual has been carefully structured to guide you from fundamental concepts to
more advanced topics, ensuring a solid and progressive understanding. The journey
begins with Chapter 1, which serves as a crucial recap of fundamental probability
notions. Here, we will revisit the axiomatic foundations of probability, combinatorial
calculations, conditional probability, and Bayes’ Theorem. This chapter is designed to
solidify your intuition and ensure all students have a common, robust starting point.
Numerous examples and solved exercises will help you master these essential tools.

In Chapter 2, we will move from abstract events to more manageable mathematical
objects by introducing Random Variables. We will explore the key distinctions between
discrete and continuous random variables, focusing on their characterization through
probability mass functions, probability density functions, and cumulative distribution
functions. This chapter will also introduce you to the important concepts of expectation

Y

and variance, which capture the ”average” behaviour and the spread of a random

variable, respectively.

Chapter 3 builds directly upon this foundation by delving into the most Common
Probability Distributions. You will become acquainted with the essential families of
discrete distributions (such as the Binomial, Poisson, and Geometric) and continuous
distributions (such as the Uniform, Normal, and Exponential). A significant part of this
chapter is dedicated to approximations, particularly the use of the Poisson distribution
to approximate the Binomial, a powerful technique for simplifying complex calculations.
Furthermore, we will explore the transformation of random variables, a key concept for
understanding how distributions change under functional mappings, which is vital for
more advanced statistical inference.

A distinctive feature of this manual is its strong emphasis on application and practice.
Each theoretical concept is illustrated with concrete examples, and every chapter
concludes with a set of carefully chosen solved exercises. We strongly encourage you to
not simply read these solutions, but to attempt the problems independently first. The
process of struggling with a problem and then understanding the detailed solution is
where the deepest learning occurs.

Our goal is not only to equip you with the technical skills to solve problems but to also



foster a deeper appreciation for the power and elegance of probabilistic reasoning. We wish
you success and an intellectually stimulating experience as you embark on this journey
into the world of Probability and Statistics.
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CHAPTER I. PRELIMINARIES IN PROBABILITY

1 Introduction

In this first chapter, we begin by axiomatically defining the notion of probability over
a coherent set events (or o-algebra). The idea of conditional probability then follows
very simply. Among other things, it is linked to the notion of independence, which is
fundamental in both probability and statistics.

1.1 What is probability?

In most branches of knowledge, experiments are a way of life. In probability and
statistics, too, we concern ourselves with special types of experiments.

Randomness and uncertainty exist in our daily lives as well as in every discipline in
science, engineering, and technology. Probability theory is a mathematical framework
that allows us to describe and analyze random phenomena in the world around us. By
random phenomena, we mean events or experiments whose outcomes we can’t predict
with certainty.

Let’s consider a couple of specific applications of probability in order to get some intu-
ition. First, let’s think more carefully about what we mean by the terms "randomness”
and "probability” in the context of one of the simplest possible random experiments:
flipping a fair coin.

One way of thinking about "randomness” is that it’s a way of expressing what we
don’t know. Perhaps if we knew more about the force I flipped the coin with, the
initial orientation of the coin, the impact point between my finger and the coin, the
turbulence in the air, the surface smoothness of the table, the coin lands on, the material
characteristics of the coin and the table, and so on, we would be able to definitively
say whether the coin would come up heads or tails. However, in the absence of all that
information, we cannot predict the outcome of the coin flip. When we say that something
is random, we are saying that our knowledge about the outcome is limited, so we can’t
be certain what will happen.

Since the coin is fair, if we don’t know anything about how it was flipped, the probability
that it will come up heads is 50%, or % What exactly do we mean by this? There
are two common interpretations of the word ”probability.” One is in terms of relative
frequency. In other words, if we flip the coin a very large number of times, it will come
up heads about % of the time. As the number of coin flips increases, the proportion that
come up heads will tend to get closer to %

A second interpretation of probability is that it is a quantification of our degree of
subjective personal belief that something will happen. To get a sense of what we mean
by this, it may be helpful to consider a second example: predicting the weather. When
we think about the chances that it will rain today, we consider things like whether there
are clouds in the sky and the humidity. However, the beliefs that we form based on these
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factors may vary from person to person - different people may make different estimates
of the probability that it will rain. Often these two interpretations of probability coincide
- for instance, we may base our personal beliefs about the chance that it will rain on an
assessment of the relative frequency of rain on days with conditions like today.

The beauty of probability theory is that it is applicable regardless of the interpretation
of probability that we use (i.e., in terms of long-run frequency or degree of belief).
Probability theory provides a solid framework for studying random phenomena. It starts
by assuming axioms of probability, and then builds the entire theory using mathematical
arguments.

Before delving into studying probability theory, let us briefly look at the following exam-
ples.

Ezxample 1.1.

A coin is tossed. Assuming that the coin does not land on the side, there are two possible
outcomes of the experiment: heads and tails. On any performance of this experiment
one does not know what the outcome will be. The coin can be tossed as many times as
desired.

FExample 1.2.

A roulette wheel is a circular disk divided into 38 equal sectors numbered from 0 to 36
and 00. A ball is rolled on the edge of the wheel, and the wheel is rolled in the opposite
direction. One bets on any of the 38 numbers or some combinations of them. One can also
bet on a color, red or black. If the ball lands in the sector numbered 32, say, anybody who
bet on 32 or combinations including 32 wins, and so on. In this experiment, all possible
outcomes are known in advance, namely 00, 0, 1, 2,..., 36, but on any performance of
the experiment there is uncertainty as to what the outcome will be, provided, of course,
that the wheel is not rigged in any manner. Clearly, the wheel can be spun any number
of times.

1.2 Review of Set Theory

Probability theory uses the language of sets. As we will see later, probability is defined
and calculated for sets. Thus, here we briefly review some basic concepts from set theory.
We discuss set notations, definitions, and operations (such as intersections and unions).
We then introduce countable and uncountable sets. Finally, we briefly discuss functions.

1.2.1 Some definitions

Definition 1.1.
A set is a collection of distinct objects called elements. We often use capital letters
to denote a set. To define a set we can simply list all the elements in curly brackets.
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Ezxample 1.3.

We define a set A that consists of the two elements > and &, we write A = {{, &}. To
say that { belongs to A, we write ) € A, where € is pronounced ”belongs to”. To say
that an element does not belong to a set, we use ¢. For example, we may write © ¢ A.

Remark 1.1.
Note that ordering does not matter, so the two sets {{, &} and {d, O} are equal. We
often work with sets of numbers. Some important sets are given in the following example.

Ezxample 1.4.
Consider the following usual sets;

e The set of natural numbers, N ={0,1,2,3,...,}

e The set of integers, Z = {...,—3,—-2,—1,0,1,2,3,...}.
e The set of rational numbers Q.

e The set of real numbers R.

e Closed intervals on the real line. For example, [2, 3] is the set of all real numbers x
such that 2 < x < 3.

e Open intervals on the real line. For example (—1, 3) is the set of all real numbers x
such that —1 <z < 3.

e Similarly, [1,2) is the set of all real numbers x such that 1 <z < 2.

e The set of complex numbers C is the set of numbers in the form of a + bi, where

a,be R, and i = /1.

Definition 1.2.

Set A is a subset of set B if every element of A is also an element of B. We write
A C B, where ” C 7 indicates "subset”. Equivalently, we say B is a superset of A,
or B D A.

Remark 1.2.

Two sets are equal if they have the exact same elements. Thus, A = B if and only if
A C B and B C A.

The set with no elements, i.e., ) = {} is the null set or the empty set. For any set A,
DcA.

~ ~

Definition 1.3.

The universal set is the set of all things that we could possibly consider in the
context we are studying. Thus every set A is a subset of the universal set. We often
denote the universal set by 2 (As we will see, in the language of probability theory,
the universal set is called the sample space.)




Mouroup MAMMERI UNIVERSITY INTRODUCTION TO PROBABILITY.

Ezxample 1.5.

if we are discussing rolling of a die, our universal set may be defined as Q2 = {1,2,3,4,5,6},
or if we are discussing tossing of a coin once, our universal set might be Q = {H, T} (H
for heads and T for tails).

1.2.2 Set operations

Property 1.1.

The union of two sets is a set containing all elements that are in A or in B (possibly
both). For example, {1,2} U{2,3} = {1,2,3}. Thus, we can write v € (AU B) if and
only if (x € A) or (x € B). Note that AUB = BU A.

Remark 1.3.

Similarly we can define the union of three or more sets. In particular, if Ay, Ao, As,..., A,
are n sets, their union A; U Ao U Az ... U A, is a set containing all elements that are in
at least one of the sets. We can write this union more compactly by

Property 1.2.
The intersection of two sets A and B, denoted by AN B, consists of all elements that are
both in A and B. For example, {1,2} N{2,3} = {2}.

Remark 1.4.
More generally, for sets Ay, Aa, As, ..., their intersection (), 4; is defined as the set con-
sisting of the elements that are in all A;’s.

Property 1.3.
The complement of a set A, denoted by A¢ or A, is the set of all elements that are in the
universal set £ but are not in A.

Remark 1.5.

Two sets A and B are mutually exclusive or disjoint if they do not have any shared
elements; i.e., their intersection is the empty set, AN B = (). More generally, several
sets are called disjoint if they are pairwise disjoint, i.e., no two of them share a common
elements.

Property 1.4.

The difference (subtraction) is defined as follows. The set A— B consists of elements that
are in A but not in B. For example if A ={1,2,3} and B = {3,5}, then A— B = {1,2}.
Note that A— B=ANB.

Definition 1.4.
A collection of nonempty sets A, Ao, ... is a partition of a set A if they are disjoint
and their union is A.
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Ezxample 1.6.

e If the earth’s surface is our sample space, we might want to partition it to the different
continents.

e A country can be partitioned to different provinces.

Here are some rules that are often useful when working with sets. We will see examples
of their usage shortly.

Theorem 1.1. De Morgan’s law.
For any sets Ay, Ao, ..., Ay, we have

° (A1UA2UA3...UAn):AlﬂAgﬂAg...ﬂAn ;

° (AlﬂAgﬂAg...ﬁAn):AlUAQUAg...UAn ;

Theorem 1.2. Distributive law.
For any sets A, B, and C we have

e AN(BUC)=(ANB)U(ANC) ;

e AU(BNC)=(AUB)N(AUQ) ;

FExample 1.7.
If the universal set is given by Q = {1,2,3,4,5,6}, and A = {1,2}, B = {2,4,5},
C' = {1,5,6} are three sets, find the following set,

1. AUB.

2. AN B.

3. A

4. B.

5. Check De Morgan’s law by finding (AU—B) and AN B.

6. Check the distributive law by finding AN (BUC) and (AN B)U(ANC)

Solution

1. AUB ={1,2,4,5}.
2. AnB ={2}.
3. A={3,4,5,6} ( A consists of elements that are in  but not in A).

4. B =1{1,3,6}.
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5. We have

(AUB) = {1,2,4,5}¢ = {3,6},

which is the same as

ANB={3,4,56}N1{1,3,6} = {3,6}.

6. We have
AN(BUC) = {1,2} N {1,2,4,5,6} = {1,2},

which is the same as

(ANB)U(ANC)={2}u{1} ={1,2}.

Property 1.5.

A Cartesian product of two sets A and B, written as A X B, is the set containing ordered
pairs from A and B. That is, if C = A X B, then each element of C is of the form (z,y),
where x € A and y € B:

Ax B={(z,y)|lr€e A and y € B}.

Ezxample 1.8.
Let be A= {1,2,3} and B = {H, T}, then

AxB={(1,H),(1,T),(2,H),(2,T),(3,H),(3,T)}
Note that here the pairs are ordered, so for example, (1, H) # (H,1). Thus A x B is not

the same as B x A

FExample 1.9.
An important example of sets obtained using a Cartesian product is R", where n is a
natural number. For n = 2, we have

R2=R xR = {(z,y)]z € R,y € R}.

Thus, R? is the set consisting of all points in the two-dimensional plane. Similarly,
R? =R x R x R and so on.

1.2.3 Cardinality: Countable and Uncountable Sets

We talk about cardinality of a set, which is basically the size of the set. The cardinality
of a set is denoted by |A|. We first discuss cardinality for finite sets and then talk about
infinite sets.

a. Finite Sets
Consider a set A. If A has only a finite number of elements, its cardinality is simply the
number of elements in A. For example, if A ={2,4,6,8,10}, then |A| = 5.
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We consider a very useful rule: the inclusion-exclusion principle. For two finite sets A
and B, we have
|AUB| = |A|+ |B| - |AN Bj.

We can extend the same idea to three or more sets.

JAUBUC| =|A|+|B|+|C|—|ANB|—|ANnC|—|BnC|+|ANnBNC|.

Generally, for n finite sets Ay, Ao, A3, ..., Ay, we can write

n n

WA =D 1Al =D 1A A1+ > JAn A n Ay — o+ ()" A N 0 Ayl
i=1 i=1 i<j i<j<k

b. Infinite Sets

What if A is an infinite set?

We need to distinguish between two types of infinite sets, where one type is significantly
"larger” than the other.

In particular, one type is called countable, while the other is called uncountable. Sets
such as N and Z are called countable, but ”bigger” sets such as R are called uncountable.
The difference between the two types is that you can list the elements of a countable set
A, i.e., you can write A = {ay, ag, ...}, but you cannot list the elements in an uncountable
set. For example, you can write

e N=1{0,1,2,3,...},
o Z=1{0,1,-1,2,-2,3,-3,...}.

The fact that you can list the elements of a countably infinite set means that the set can be
put in one-to-one correspondence with natural numbers N. On the other hand, you can-
not list the elements in IR, so it is an uncountable set. To be precise, here is the definition.

Definition 1.5.
Set A is called countable if one of the following assertion is true

1. if it is a finite set, |A| < oo; or

2. it can be put in one-to-one correspondence with natural numbers N, in which
case the set is said to be countably infinite.

A set is called uncountable if it is not countable.

Here is a simple guideline for deciding whether a set is countable or not. As far as applied
probability is concerned, this guideline should be sufficient for most cases.
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Remark 1.6.

e N, Z, and any of their subsets are countable.

e Any set containing an interval on the real line such as [a, b], (a,b], [a,b), or (a,b),
where a < b is uncountable.

Theorem 1.3.
Any subset of a countable set is countable.
Any superset of an uncountable set is uncountable.

\.

Proof
The intuition behind this theorem is the following: If a set is countable, then any ”"smaller”
set should also be countable, so a subset of a countable set should be countable as well.

Theorem 1.4.
If A1, Aa, ... is a list of countable sets, then the set UZ A =A1UA3UA;3 ... is also
countable.

Theorem 1.5.
If A and B are countable, then A x B is also countable.

2 Random experiments

Definition 2.1.
A random experiment is a process by which we observe something uncertain.

Example 2.1.
Before rolling a die, you do not know the result. This is an example of a random experi-
ment.

7

Definition 2.2.
After the experiment, the result of the random experiment is known. An outcome
is a result of a random experiment.

Definition 2.3.
The set of all possible outcomes is called the sample space. Thus in the context of
a random experiment, the sample space is our universal set.

Here are some examples of random experiments and their sample spaces.
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Ezxample 2.2.

e Random experiment: toss a coin; sample space: Q = {heads, tails} or as we usually
write it, {H,T}.

e Random experiment: roll a die; sample space: Q ={1,2,3,4,5,6}.

e Random experiment: observe the number of goals in a soccer match; sample space:
Q=1{0,1,2,3,...}.

Definition 2.4.
A subset of the sample space is called an event. So, if A C €, then A is an event.
Thus an event is a collection of possible outcomes.

Property 2.1.
If A and B are events, then AU B and AN B are also events.

Remark 2.1.

1. The empty event () never occurs, we call it an impossible event.
2. The entire event, () always occurs, it represents a certain event.

3. The complement of an event A is the event A¢ such that A and A° cannot occur
simultaneously. If A occurs, A¢ does not occur, and vice versa.

4. The events A and B are compatible if they can occur simultaneously.
5. The events A and C are incompatible if they cannot occur simultaneously.

6. Events that consist of an individual outcome are sometimes referred to as elementary
events or simple events.

Definition 2.5.
If the result of our random experiment (outcome) belongs to the set E C €, we say
that the event E has occurred.

Property 2.2.
By remembering the definition of union and intersection, we observe that AU B occurs if
A or B occurs. Similarly, AN B occurs if both A and B occur.
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Definition 2.6.
We assume that F is a o-field (or o-algebra), i.e., a (nonempty) collection of subsets
of €2 that satisfy

1. Qe F.
2. if A€ F,then A € F.

3. if A; € F is a countable sequence of sets, then | J, A; € F.

Remark 2.2.
Here and in what follows, countable means finite or countably infinite.

Ezxample 2.3.
F1 ={0,Q} is a trivial o-field, it represents the smallest o-field.
Fo = P(0) is the biggest o-field.

Definition 2.7.
Let be € the sample space, and F the o-field related to 2, we call (2, F) a mea-
surable space

Definition 2.8.
Given a sample space {2 and an associated o-field F, a probability function P is a
function with domain F and range [0, 1] (P : F — [0, 1] ) such that

1. For every A € F, P(A) > 0.
2. P(Q) =1

3. If Ay, Ay... are pairwise disjoint (i.e, Aj N A; = 0, forall i # j) then
P(U?; A;) = 221 A;

Definition 2.9.
Let be € the sample space, F the o-field related to 2, and P the probability
function, a probability space is a triple (2, F, P).

Property 2.3.

e Non-Negativity: The probability of any event is always non-negative. For any
event A, P(A) > 0.

e Normalization: The probability of the sure event (sample space) is 1. If Q2 is the
sample space, then P(€) = 1.

10
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e Additivity (Sum Rule): For any two mutually exclusive (disjoint) events A and
B, the probability of their union is the sum of their individual probabilities:
P(AUB) = P(A)+ P(B).

o Complementary Rule: The probability of an event not happening is 1 minus the
probability of it happening. For an event A and its complement A, this is P(A) =
1—P(A).

e P())=0.

e IfAC B, then P(A) < P(B). This is intuitive because A is contained in B.

2.1 Construction of a probability measure

Consider an arbitrary countable set @ = {wj,ws,...} and an arbitrary collection
(p1,p2, - . .) of non-negative numbers with sum p; + p2 + ... = 1, such that P({w;}) = p;.
Put,
P(A) = >
1w €A

Then P satisfies the above axioms. The numbers (pi,p2,...) are called a probability
distribution.

Theorem 2.1.

For Q finite or countable and (2, P())) a measurable space, if (Py)uecq are non-
negative numbers such that Zweﬂ P, = 1, then (P,)weq represents a probability
distribution.

.

Remark 2.3.

As mentioned above, if € is not finite then it may not be possible to let F be all subsets
of . For example, it can be shown that it is impossible to define a P for all possible
subsets of the interval [0, 1] that will satisfy the axioms. Instead we define P for special
subsets, namely the intervals [a, b], with the natural choice of P([a,b]) = b — a. We then
use F, Iy, I3 to construct F as the collection of sets that can be formed from countable
unions and intersections of such intervals, and deduce their probabilities from the axioms.

Remark 2.4.
As a consequence of property 2.3, we say that P is a subadditive set function, as it is one
for which

P(AUB) < P(A) + P(B),

for all A, B. It is also a submodular function, since
P(AUB)+ P(ANB) < P(A) + P(B),

for all A, B.

11
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2.2 Characterization of probabilities in the case of equiprobable
events

Consider an arbitrary countable set 2 = {w1,wa,...,wy}, and let be (2, P(Q2), P) the
probability space. The elementary events {w;} constitue a partition of Q, {w;} # 0, for
i=1,...,nand U jw; = Q and {w;} N{w;} =0 for i # j. We put P({w;}) = p;.

P(A)= Y p

;€A

Definition 2.10.

An assignment of probability is said to be equally likely (or uniform) if each ele-
mentary event in {2 is assigned the same probability. Thus, if €2 contains n points
Wy, P{w]-} = 1/n, j = 1,2, o,

With this assignment

P(4) = |A] The number of outcomes in event A
|| The total number of possible outcomes in the entire sample space €2

Remark 2.5.
This probability is called an uniform probability on (2, P(2)).

FExample 2.4.
A coin is tossed twice. The sample space consists of four points. Under the uniform
assignment, each of four elementary events is assigned probability 1/4.

FExample 2.5.
Three dice are rolled. The sample space consists of 63 points. Each one-point set is
assigned probability 1/63.

3 Conditional probability

So far, we have computed probabilities of events on the assumption that no information
was available about the experiment other than the sample space. Sometimes, however,
it is known that an event B has happened. How do we use this information in making a
statement concerning the outcome of another event A? Consider the following example.

Ezxample 3.1.

Let urn 1 contains one white and two black balls, and urn 2, one black and two white
balls. A fair coin is tossed. If a head turns up, a ball is drawn at random from urn 1
otherwise, from urn 2. Let E be the event that the ball drawn is black. The sample space
is Q = {Hb11, Hb12, Hw11, Tha1, Tway, Twos }, where H denotes head, T' denotes tail, b;;
denotes j black ball in i** urn, i = 1,2, and so on. Then

3 1
P(E) = P{Hbiy, Hbip, Thy} = = = .

12
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If, however, it is known that the coin showed a head, the ball could not have been drawn
from urn 2. Thus, the probability of E, conditional on information H, is 2/3. Note that
this probability equals the ratio PHead and ball drawn black/PHead.

- )

Definition 3.1.
Let (Q,F,P) be a probability space, and let B € F, with P(B) > 0. For an
arbitrary A € F we shall write

P(ANB)

P(AIB) = ~5 1)

and call the quantity so defined the conditional probability of A, given B. Condi-
tional probability remains undefined when P(B) = 0.

Theorem 3.1.
Let (2, F,P) be a probability space, and let B € F, with P(B) > 0. Then
(Q, F, Pg), where Pg(A) = P(A|B) for all A € F, is a probability space.

Proof
Clearly Pg(A) = P(A|B) > 0 for all A € F. Also, Pg(Q) = P(Q|B) = Z&0B8) _
If Ay, Ag, ... is a disjoint sequence of sets in F, then

o[£ (G S S

Remark 3.1.
Let A and B be two events with P(A) > 0, P(B) > 0. Then it follows from (1) that

P(ANnB)= P(A)P(B|A)

P(ANB)= P(B)P(A|B) (2)
Equation (2) may be generalized to any number of events. The result is given in the
following theorem.

7~

Theorem 3.2. (The Multiplication Rule).
Let (Q, F, P) be a probability space, and Ay, Aa, ..., Ay € F, with

k
P(ﬂA]) >0 k=1,...,n—
j=1

P{ﬂAj}P<A1>P<A2A1> (A3]41 1 43). (Aﬂ ) 3)

Then

13
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Ezxample 3.2.
Consider a hand of five cards in a game of poker. If the cards are dealt at random, there

5
B = {all 5 cards of spades}. Then

2
are ( > ) possible hands of five cards each. Let A = {at least 3 cards of spades} and

13 )
)
P(AN B) = P{all 5 cards of spades} =

(%)

[\

and
P(B|A) = % -

13 52
13 39 . 13 39 n 13 / 52
3 2 4 1 5 5
In fact, all rules that we have learned so far can be extended to conditional probability.
We can see it in the following proposition,

Proposition 3.1.
Let (2, F, P) be a probability space, and A, B,C' € F, three events, with P(C) > 0,
we have

o P(A— B|C) = P(A|C) — P(AN B|C);
e P(AUB|C) = P(A|C) + P(B|C) — P(AN B|C);

e if AC B then P(A|C) < P(BI|C).

Let’s look at some special cases of conditional probability.

Proposition 3.2.
Let (Q, F, P) be a probability space, and A, B € F, with P(B) > 0. When A and
B are disjoint: In this case AN B =), so

P(A|B) =0

14
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Remark 3.2.
This makes sense. In particular, since A and B are disjoint they cannot both occur at
the same time. Thus, given that B has occurred, the probability of A must be zero.

Proposition 3.3.
Let (2, F, P) be a probability space, and A, B € F, with P(B) > 0.
e When B is a subset of A: If B C A, then whenever B happens, A also happens.
Thus, given that B occurred, we expect that probability of A be one. In this case
ANB =8B, so

P(AIB) =1

e When A is a subset of B: In this case AN B = A, so

P(AB) = %

.

FExample 3.3.

We roll a fair die twice and obtain two numbers X7 = result of the first roll and Xy =
result of the second roll. Given that we know X; + X5 = 7, what is the probability that
X 1 = 4 or X2 =47

Solution.
Let A be the event that X7 = 4 or X9 = 4 and B be the event that X7 + X9 = 7. We
are interested in P(A|B), so we can use
P(ANB)
P(AB) = ————=
(A1B) = =5

We note that
A = {(47 1)’ (47 2)7 (47 3)7 (4’ 4)’ (47 5)7 (47 6)’ (1’4)7 (27 4)7 (37 4)7 (574)7 (6’ 4)}’

B = {(671)7 (572)’ (47 3)7 (374)7 (2’5)7 (176)}7
ANB=1{(4,3),(3,4)}.

We conclude P(ANB) .
P(AIB) = ———= = —
(4]B) P(B) 3

3.1 Law of total probability

Let us start this section by asking a very simple question: In a certain country there
are three provinces, call them Bj, Bs, and Bs (i.e., the country is partitioned into three
disjoint sets Bj, B2, and Bs). We are interested in the total forest area in the country.
Suppose that we know that the forest area in By, B, and Bs are 100km?2, 50km?2, and
150km?, respectively. What is the total forest area in the country? If your answer is

100km? + 50km? + 150km? = 300km?,

15
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you are right. That is, you can simply add forest areas in each province (partition) to
obtain the forest area in the whole country. This is the idea behind the law of total
probability, in which the area of forest is replaced by probability of an event A. In
particular, if you want to find P(A), you can look at a partition of €, and add the
amount of probability of A that falls in each partition. We have already seen the special
case where the partition is B and B: we saw that for any two events A and B,

P(A) = P(ANB)+ P(AN B)

and using the definition of conditional probability, P(AN B) = P(A|B)P(B), we can
write

P(A) = P(A|B)P(B) + P(A|B)P(B).

We can state a more general version of this formula which applies to a general partition
of the sample space ().

Theorem 3.3.
A (finite or countable) collection {B;}; of disjoint events such that | J, B; = Q is
said to be a partition of the sample space ). For any event A,

P(A)=Y P(ANB;) = P(A|B)P(B))

where the second summation extends only over B; for which P(B;) > 0

.

Proof
Since Bj, Ba, Bs, ... is a partition of the sample space (), we can write
A=ANQ=AnN <UBZ~> = JAng).
So,
P(A) =P (U(A N Bi)> =) P(ANB;) =Y P(AB)P(B)).
[
Remark 3.3.

Here is a typical scenario in which we use the law of total probability. We are interested
in finding the probability of an event A, but we don’t know how to find P(A) directly.
Instead, we know the conditional probability of A given some events B;, where the B;’s
form a partition of the sample space. Thus, we will be able to find P(A) using the law of
total probability, P(A) = ). P(A|B;)P(B;).

16
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3.2 Bayes’'formula

Now we are ready to state one of the most useful results in conditional probability: Bayes’
formula. Suppose that we know P(A|B), but we are interested in the probability P(B|A).

Theorem 3.4. (Bayes’ formula).
Suppose {B;}; is a partition of the sample space and A is an event for which
P(A) > 0. Then for any event Bj in the partition for which P(Bj) > 0,

P(A|B))P(B;)
P(Bj|A) = S, p(A|]Bi)P(sz')

where the summation in the denominator extends only over B; for which P(B;) > 0

FExample 3.4.

A screening test is 98% effective in detecting a certain disease when a person has the
disease. However, the test yields a false positive rate of 1% of the healthy persons tested.
If 0.1% of the population have the disease, what is the probability that a person who tests
positive has the disease?

The event 4+ means that a person is tested positive.

P(+|D) =098, P(+|D)=0.01, P(D)=0.001.

P(+|D)P(D)

{1 P(D) 1 P(1D)PD) - "

P(DI+) =

4 Independence of events

Let (92, F, P) be a probability space, and let A, B € F, with P(B) > 0. By the multipli-
cation rule we have

P(ANB) = P(B)P(A|B).

In many experiments the information provided by B does not affect the probability of
event A, that is, P(A|B) = P(A).

FExample 4.1.
Let two fair coins be tossed, and let

A = {head on the second throw}, B = {head on the first throw}.

Then X 1
P(A) = P(HH,TH) =5, P(B)=P(HH,HT) =,

and
P(A|B) = P(ﬁ(gf) _ 1721 = % — P(A)

17
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Thus
P(ANB) = P(A)P(B).

Definition 4.1.
Two events, A and B, are said to be independent if and only if

P(AN B) = P(A)P(B).

Remark 4.1.

Note that we have not placed any restriction on P(A) or P(B). Thus conditional proba-
bility is not defined when P(A) or P(B) = 0 but independence is. Clearly, if P(A) = 0,
then A is independent of every E € F. Also, any event A € F is independent of () and .

Theorem 4.1.
Let (2, F, P) be a probability space, and let A, B € F. If A and B are independent

events, then
P(A|B) = P(A) if P(B)>0

and
P(B|A) = P(B) if P(A)>0

Theorem 4.2.
Let (Q, F, P) be a probability space, and let A, B € F. If A and B are independent,
so are A and B, A and B, and A and B.

Proof
P(ANB)=P(B—-(ANB))=P(B)— P(ANB) since (ANB)C B
— P(B)(1 - P(A)) = P(A)P(B).
Similarly, one proves that (i) A and B and (i) A and B are independent. |
Remark 4.2.

We wish to emphasize that independence of events is not to be confused with disjoint
or mutually exclusive events. If two events, each with nonzero probability, are mutually
exclusive, they are obviously dependent since the occurrence of one will automatically
preclude the occurrence of the other. Similarly, if A and B are independent and P(A) > 0,
P(B) > 0, then A and B cannot be mutually exclusive.

Ezxample 4.2.
A card is chosen at random from a deck of 52 cards. Let A be the event that the card is
an ace and B, the event that it is a club. Then

4 1 13
:_:_>P(B)
52 13

so that A and B are independent.

1 1
P(A) -, P(AN B) = P{ace of clubs} = =

T 52 4

18
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Ezxample 4.3.

Consider families with two children, and assume that all four possible distributions of sex
{BB, BG,GB,GG}, where B stands for boy and G for girl are equally likely. Let E be
the event that a randomly chosen family has at most one girl and F', the event that the
family has children of both sexes. Then

1 1
P(F) =5 and P(EOF):?

so that E and F' are not independent.
Now consider families with three children. Assuming that each of the eight possible sex
distributions is equally likely, we have

P(E) ==, P(F)=-, and P(EﬂF):g,

so that E and F' are independent.

An obvious extension of the concept of independence between two events A and B to a
given collection L of events is to require that any two distinct events in 4 be independent

Definition 4.2.
Let U be a family of events from F. We say that the events 4 are pairwise inde-
pendent if and only if, for every pair of distinct events A, B € 4,

P(AN B) = P(A)P(B).

A much stronger and more useful concept is mutual or complete independence.

Definition 4.3.

A family of events 4l is said to be a mutually or completely independent family
if and only if, for every finite sub collection {Aj, A, ..., Ag} of U, the following
relation holds:

P(AinAxn....n4) =[] P(4)).

Jj=1

. J

In what follows we will omit the adjective mutual or complete and speak of independent
events. It is clear from the above definition that in order to check the independence of n
events Ay, As, ..., A, € F, we must check the following 2" — n — 1 relations.

P(AiﬂAj) = P(AZ')P(AJ‘), Z;é], 1,7=12....n.
P(A; 1 A5 1 Ag) = PLAYP(A)P(AY), i 4 #k ijk=1,2..,m.

The first of these requirements is pairwise independence. Independence therefore implies
pairwise independence, but not conversely.

19
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Ezxample 4.4.

Take four identical marbles. On the first, write symbols A;A2A3. On each of the other
three, write Ay, As, A3, respectively. Put the four marbles in an urn and draw one at
random. Let E; denote the event that the symbol A; appears on the drawn marble. Then

P(Ey) = P(Ey) = P(By) = 5.

1
P(El ﬂEQ) = P(EQﬂEg,) = P(E1 ﬂES) = 17

and 1
P(ElﬂEgﬂE;g) = Z
It follows that although events E7, Fs, 3 are not independent, they are pairwise inde-

pendent.

20
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5 Some exercises

5.1

Suppose that the universal set  is defined as Q@ = {1,2,...,10} and A = {1,2,3},
B={re€Q:2<z<7} and C ={7,8,9,10}.

1. Find AUB

2. Find (AUC)—-B

3. Find AU (B - C)

4. Do A, B and C form a partition of Q7

Solution.
1. AUB=1{1,2,3,4,5,6,7}
2. AUC ={1,2,3,7,8,9,10} and B = {2,3,...,7} thus, (AUC) - B={1,8,9,10}
3. A=1{4,5,...,10}, B—C =1{2,3,4,5,6} thus, AU(B - C) ={2,3,...,10}

4. No, since they are not disjoint. For example,

ANB={2,3}#0

5.2

Determine whether each of the following sets is countable or uncountable.
1. A={1,2,...,10'0}.
2. B={a+b/2]a,beQ}.
3. C={(x,y) e R? | 2?2 + 42 < 1}

Solution.

1. A is countable because it is a finite set.

2. B is countable because we can create a list with all the elements. we can write any

B:UU:{%}

where indices ¢ and j belong to some countable sets, that set in this form is countable.

set B in the form of

For this case we can write

B=JUJ = o+ 1,v3)
1€Q jeQ

So, we can replace g;; by a; + bj\/§

3. C is uncountable. To see this, note that for all x € [0,1] then (z,0) € C.
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5.3

Two teams A and B play a soccer match, and we are interested in the winner. The sample

space can be defined as:
QO ={a,b,d}

where a shows the outcome that A wins, b shows the outcome that B wins, and d shows
the outcome that they draw. Suppose that we know that (1) the probability that A wins
is P(a) = P({a}) = 0.5, and (2) the probability of a draw is P(d) = P({d}) = 0.25.

1. Find the probability that B wins.
2. Find the probability that B wins or a draw occurs.

Solution.

1. P(a)+ P(b) + P(d) =1, P(a)=0.5, P(d)=0.25.
Therefore P(b) = 0.25.

2. P({b,d}) = P(b) + P(d) = 0.5

54

I roll a fair die twice and obtain two numbers. X; = result of the first roll, Xy = result
of the second roll.

1. Find the probability that X, = 4.
2. Find the probability that X7 + Xo = 7.
3. Find the probability that X7 # 2 and X < 4.

Solution.
The sample space has 36 elements:

Q=1{(1,1),(1,2),...,(1,6),(2,1),(2,2),....(2,6),...(6,1),(6,2),...,(6,6)}

1. The event Xo = 4 can be represented by the set.

A={(1,4),(2,4),(3,4),(4,4),(5,4),(6,4)}

Thus,
| Al 6 1
P(A = =
(4) 19| 36 6
2.
Therefore 6 .
P(B)=—=-
36 6
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3.

C={(X1,X2) | X1 #2,Xy>4}
={(1,4),(1,5),(1,6),(3,4),(3,5),(3,6), (4,4), (4,5), (4,6), (5,4), (5,5), (5,6), (6,4), (6,5), (6,6)}
Therefore

|IC| =15
Which results in: 15 .
=%=1n
5.5
Continuity of probability.
For any sequence of events Aj, As, Az, .... Prove
o0 n
PJAi| = tm P ]as
i=1 e i=1
o0 n
i=1 1=1
Solution.
Define the new sequence By, Ba, ..., as
B = A
By = Ay — Ay

By = A3 — (Al UAQ)

i—1
&&<U@>
j=1

Then we have:

(a) By’s are disjoint.
(b) Uiy Bi = UL Ai
() U, B; = UX, 4
Then we can write:

P (O Ai) =P (D Bi) = i P(B;), (Bji’s are disjoint)
=1

1=1 1=1

n
= lim P ( BZ') , (definition of infinite sum)
1=1

n—oo
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n
= lim P <U BZ-) (B;’s are disjoint)
n—00 )

i (U Ai)

To prove the second part, apply the result of the first part to Ay, A, .. ..

5.6

A professor thinks students who live on campus are more likely to get As in the probability
course. To check this theory, the professor combines the data from the past few years:

1. 600 students have taken the course.
2. 120 students have got As.
3. 200 students lived on campus.

4. 80 students lived off campus and got As. Does this data suggest that ”getting an
As” and ”living on campus” are dependent or independent?

Solution.

From the data, you can see that 80 students out of the 400 off- campus students got an
As (20%). Also, 40 students out of the 200 on campus students got an A (again 20%).
Thus, the data suggests that ”getting an As” and "living on campus” are independent.
You can also see this using the definitions of independence in the following way: Let C'
be the event that a random student lives on campus and A be the event that he or she
gets an As in the course. We have:

120 1
W~500 =3
200 1
(@~ 50~ 3
_ 80 2
P(A = =
(AN~ 556 = 15
PANC) = P(A)— P(ANC) =2 - 2 _ L
N 5 15 15
Therefore,
1
1z = P(ANC) = P(A)P(C)

The data suggests that A and C' are independent.
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5.7

Consider a communication system. At any given time, the communication channel is in
good condition with probability 0.8 and is in bad condition with probability 0.2. An error
occurs in a transmission with probability 0.1 if the channel is in good condition and with
probability 0.3 if the channel is in bad condition. Let G be the event that the channel is
in good condition and E be the event that there is an error in transmission.

1. Find P(GN E) and P(G N E).
2. Find P(E).
3. Find P(G|E).

Solution.

1. P(GNE)=0.08 and P(GNE) = 0.06

. P(E) = P(GNE)+ P(GNE)=0.08+0.06 = 0.14
> P(GNE) 0.72
P(GNE)= PE) 1 _'0.14 ~ .84
5.8

One way to design a spam filter is to look at the words in an email. In particular, some
words are more frequent in spam emails. Suppose that we have the following information:

1. 50% of emails are spam.
2. 1% of spam emails contain the word ”refinance”.
3. 0.001% of non-spam emails contain the word ”refinance”.

Suppose that an email is checked and found to contain the word "refinance”. What is
the probability that the email is spam?

Solution.
Let S be the event that an email is spam and let R be the event that the email contains
the word "refinance”. Then,

1 1 - 1
P(S) =5, P(RIS)= 155 P(BIS) = 750000
Then,
P(S|R) P(R|S)P(S) _ P(RIS)P(S) 0.01 x 0.5 0,999
P(R) P(R|S)P(S) + P(R|S)P(S)  0.01 x 0.5+ 155 ¥ 05
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5.9

A family has n children. We pick one of them at random and find out that she is a girl.
What is the probability that all their children are girls?

Solution.
Let G7r be the event that a randomly chosen child is a girl. Let A be the event that all
the children are girls. Then,

P(GrlA) =1, P(A)= 2in P(Gr) = %

Thus,
GrlA)P(A) 1x 4 1

Paien = SO = T =
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CHAPTER II. RANDOM VARIABLES

1 Introduction.

What are random variables?
The Holy Roman Empire was, in the words of the historian Voltaire, "neither holy, nor
Roman, nor an empire”.

Similarly, a random variable is neither random nor a variable:

A random variable is a function defined on a sample space. The values of the function can
be anything at all, but for us they will always be numbers. The standard abbreviation
for 'random variable’ is r.v.

Ezxample 1.1.

We select at random a student from the class and measure his or her height in centimetres.
Here, the sample space is the set of students; the random variable is "height’, which is a
function from the set of students to the real numbers: h(€2) is the height of student S in
centimetres. (Remember that a function is nothing but a rule for associating with each
element of its domain set an element of its target or range set. Here the domain set is
the sample space 2, the set of students in the class, and the target space is the set of real
numbers.)

FExample 1.2.
We throw a six-sided die twice. We are interested in the sum of the two numbers. Here

the sample space is
Q={(i,j):1<i,j <6}

and the random variable F' is given by F(i,j) = ¢ 4+ j. The target set is the set
{2,3,...,12}.

The two random variables in the above examples are representatives of the two types of
random variables that we will consider. These definitions are not quite precise, but more
examples should make the idea clearer.

In Chapter 1, we dealt essentially with random experiments which can be described by
finite sample spaces. We studied the assignment and computation of probabilities of
events. In practice, one observes a function defined on the space of outcomes. Thus, if a
coin is tossed n times, one is not interested in knowing which of the 2" n-tuples in the
sample space has occurred. Rather, one would like to know the number of heads in n
tosses. In games of chance one is interested in the net gain or loss of a certain player.
Actually, in Chapter 1 we were concerned with such functions without defining the term
random variable. Here we study the notion of a random variable and examine some of
its properties.
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In this chapter, we define a random variable, while we study the notion of probability
distribution of a random variable. We deal with some special types of random variables,
and we consider functions of a random variable and their induced distributions.

The fundamental difference between a random variable and a real-valued function of
a real variable is the associated notion of a probability distribution. Nevertheless our
knowledge of advanced calculus or real analysis is the basic tool in the study of random
variables and their probability distributions.

2 Random variables

In Chapter 1 we studied properties of a set function P defined on a sample space
(©Q,F). Since P is a set function, it is not very easy to handle; we cannot perform
arithmetic or algebraic operations on sets. Moreover, in practice one frequently ob-
serves some function of elementary events. When a coin is tossed repeatedly, which
replication resulted in heads is not of much interest. Rather one is interested in
the number of heads, and consequently the number of tails, that appear in, say, n
tossings of the coin. It is therefore desirable to introduce a point function on the sample
space. We can then use our knowledge of calculus or real analysis to study properties of P.

s D

Definition 2.1.

Let (€, F) be a sample space. A finite, single-valued function which maps 2 into
R is called a random variable (r.v.) if the inverse images under X of all Borel sets
in R are events, that is, if

X IB)={w:X(Ww)eB}eF, forall BcB (1)

Remark 2.1.

In order to verify whether a real-valued function on (€2, F) is a r.v., it is not necessary
to check that (1) holds for all Borel sets B € ®B. It suffices to verify (1) for any class A
of subsets of R which generates 8. By taking A to be the class of semiclosed intervals
(—o0,x], © € R we get the following result.

Theorem 2.1.
X is a r.v. if and only if for each x € R

{w: X(w)<z}=X<zeF (2).
Remark 2.2.
Note that the notion of probability does not enter into the definition of a r.v.
Remark 2.3.

If X is arv, thesets {X =z}, {a < X < b}, {X <z}, {a < X <b}, {a <X <0},
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{a < X < b} are all events. Moreover, we could have used any of these intervals to define
a r.v. For example, we could have used the following equivalent definition: X is a r.v. if

and only if
{w: X(w) <z}eF, forall zeR (3).
We have
= 1
{X<x}:LJ1{X§:c—E} (4)
n=
and
~ 1
{Xga:}:q{ngJrﬁ} (5)
n—=
Remark 2.4.

In practice (1) or (2) is a technical condition in the definition of a r.v. which we may ignore
and think of r.v.s simply as real-valued functions defined on €2. It should be emphasized
though that there do exist subsets of R which do not belong to 8 and hence there exist
real-valued functions defined on €2 which are not r.v.s but we will not encounter them in
practical applications.

Ezxample 2.1.
For any set A C (2, define

0, wé¢ A
]A(w):{l wiA.

I4(w) is called the indicator function of set A. I4 is a r.v. if and only if A € F.

FExample 2.2.
Let Q = {H,T} and F be the class of all subsets of Q. Define X by X(H) =1, X(T') = 0.

Then

0, if x<0;
X Y—o0,x] =< {T}, if 0<x<1;
{H,T}, if z>1.

and we see that X is a r.v.

Ezxample 2.3.
Let Q={HH,TT,HT,TH} and F be the class of all subsets of 2. Define X by

X (w) = number of H’s in w.

Then X(HH) =2, X(HT) = X(TH) = 1, and X(TT) = 0.

0, if ©z<0;
TT) i 0<z<l:
X—l . — { ’ = )
(=00, 2] (TH,HT,TT}, if 1<z <2

Q if > 2.

Y

Thus X isar.v.
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Remark 2.5.

Let (Q,F) be a discrete sample space; that is, let 2 be a countable set of points and F
be the class of all subsets of 2. Then every numerical valued function defined on (2, F)
Is ar.v.

Ezample 2.4. Let Q = [0, 1] and F =B N0, 1] be the o-field of Borel sets on [0,1]. Define
X on ) by
X(w) =w, welo1].

Clearly X is a r.v. Any Borel subset of {2 is an event.

Remark 2.6.
Let X be a r.v. defined on (2, F) and a, b be constants. Then aX + b is also a r.v. on
(Q, F). Moreover, X2 is a r.v. and so also is 1/X, provided that {X = 0} = 0.

3 Probability distribution of a random variable

In the above section, we introduced the concept of a r.v. and noted that the concept of
probability on the sample space was not used in this definition. In practice, however,
random variables are of interest only when they are defined on a probability space. Let
(Q, F, P) be a probability space, and let X be a r.v. defined on it.

Theorem 3.1.
The r.v. X defined on the probability space (2, F, P) induces a probability space
(R,B, Q) by means of the correspondence

Q(B) = P(X YB)) = P{w: X(w) € B} for all B € B. (1)

We write Q = PX ™! and call Q or PX ™! the (probability) distribution of X .

Proof

Clearly Q(B) > 0 for all B € B, and also Q(R) = P{X € R} = P(Q) = 1. Let
B; €®B,1=1,2,... with BN Bj = 0,i # j. Since the inverse image of a disjoint union
of Borel sets is the disjoint union of their inverse images, we have

o) @)} (o)

(0. 9] o0
= ZP (X~ '(By) = ZQ(Bz')
i=1 i=1
It follows that (R,*B, Q) is a probability space, and the proof is complete.

Let us first introduce and study some properties of a special point function on R.
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Definition 3.1.
A real valued function F' defined on (—o00, 00) that is nondecreasing, right continu-

ous, and satisfies
F(—00) =0 and F(+c0) =1

is called a distribution function (DF).

Theorem 3.2.
The set of discontinuity points of a DF is at most countable.

Definition 3.2.
Let X be a r.v. defined on (2, F, P). Define a point function F(.) on R by using
(1),

F(z) =Q(—o00,2] = P{w: X(w) <z} forall zeR (2)

The function F' is called the distribution function of r.v. X.
If there is no confusion, we will write

F(z) = P{X < z}.

\. J

The following result justifies our calling F' as defined by (2) a DF.

Theorem 3.3.
The function F defined in (2) is indeed a DF.

Proof
Let 21 < 2. Then (—o0,x1] C (—o00, x2], and we have

F($1):P{Xéxl}SP{XSIEQ}:F<l‘2).

Since F' is nondecreasing, it is sufficient to show that for any sequence of numbers z,, — =z,
Ty > > .. > x> ... >, F(x,) - F(x). Let A, = {w: X(w) € (z,z,]}. Then
Anp € F and A, 7. Also,

oo
A= () A0 =0,
n=1

since none of the intervals (x,x,| contains x. It follows that lim,_,., P(A4;) = 0. But,
P(A,) =P{X <x,} — P{X <z} =F(x,) — F(x),
so that
lim F(z,) = F(x)

n—oo
and F' is right continuous.
Finally, let {x,} be a sequence of numbers decreasing to —oo. Then,

(X <0} D {X <301}
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for each n and
lim {X <az,} =0
n—oo

Therefore,
F(—00) = lim P{X <z} = P{ lim {X < mn}} 0.

n—oo n—oo

Similarly,
F(400) = lim P{X <uz,}=1

Tp—>00

and the proof is complete.

Theorem 3.4.
Fvery DF is the DF of a r.v. on some probability space.

Remark 3.1.

If X isar.v. on (9, F, P), we have seen that F'(z) = P{X < x} is a DF associated with
X. The above theorem assures us that to every DF F we can associate some r.v. Thus,
given a r.v., there exists a DF, and conversely. In this chapter, when we speak of a r.v.
we will assume that it is defined on some probability space.

FExample 3.1.
Let X be defined on (2, F, P) by

X(w) =c¢ forall weQ.

Then
P{X =c} =1,
F(z) = Q(—00,2] = P{X (—o00,2]} =0 if z<c
and
Flz)=11if z>c.
FExample 3.2.

Let Q = {H,T} and X be defined by

If P assigns equal mass to {H} and {T'}, then

P{X:O}:%:P{le}

and
0, =<0
F(z) = Q(—o0,z] = %, 0<z<1;
1, 1<z
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4 Discrete and continuous random variables.

Let X be a r.v. defined on some fixed, but otherwise arbitrary, probability space
(Q,F,P), and let F' be the DF of X. We shall consider two cases, namely, the case in
which the r.v. assumes at most a countable number of values and hence its DF is a step
function and that in which the DF F' is (absolutely) continuous.

Definition 4.1.

A r.v. X defined on (2, F, P) is said to be of the discrete type, or simply discrete,
if there exists a countable set £ C R such that P{X € E} = 1. The points of E
which have positive mass are called jump points or points of increase of the DF of
X, and their probabilities are called jumps of the DF.

Note that E € ‘B since every one-point is in ‘B. Indeed, if z € R, then

=0 (5+0) »

n=1

Thus {X € E} is an event. Let X take on the value z; with probability p;, (i =
1,2,...). We have

Plw: X(w)=ax;} =p;, 1=1,2,..., and p; >0 for all i.

Then

o
sz‘ =L
i=1

Definition 4.2.

The collection of numbers {p;} satisfying P{X = x;} = p; > 0, for all i and
Z;’il pi = 1, is called the probability mass function (pmf) of r.v. X.

The DF F of X is given by

Fla)= PIX <a} =Y pi @

r;<x

\. J

Remark 4.1.
If 14 denotes the indicator function of the set A, we may write
o0
X(w) = Z%[[szi] (w)- (3)
i=1

Let us define a function e(z) as follows:
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Then we have

o0
F(z) =) pelz — ). (4)
=1
Ezxample 4.1.
The simplest example is that of a r.v. X degenerate at ¢, P{X =c¢} = 1:
0, z<cg
F — _ — ) Y
() =¢e(z —¢) {17 >

FExample 4.2.

A box contains good and defective items. If an item drawn is good, we assign the number
1 to the drawing; otherwise, the number 0. Let p be the probability of drawing at random
a good item. Then

1—p ifx=0,
P(X:x):{ D ifx=1
and
0, x < 0;
Fz)=P{X<z}=<¢ 1—-p, 0<a<1,;
1, z > 1.
Theorem 4.1.

Let {px} be a collection of nonnegative real numbers such that 220:1 pr = 1. Then
{pr} is the PMF of some r.v. X.

We next consider r.v.s associated with DF's that have no jump points. The DF of such a
r.v. is continuous. We shall restrict our attention to a special subclass of such r.v.s.

Definition 4.3.

Let X be a r.v. defined on (Q,F, P) with DF F. Then X is said to be of the
continuous type (or, simply, continuous) if F' is absolutely continuous, that is, if
there exists a nonnegative function f(z) such that for every real number z we have

Flz) = / Ftydt, (5)

The function f is called the probability density function (PDF) of the r.v. X.

Proposition 4.1.
Note that f > 0 and satisfies limy_s4 o0 F'(2) = F(4+00) = fj—;o f(t)dt = 1. Let a
and b be any two real numbers with a < b. Then

b
Pla< X <b} = F(b) — F(a) = / F()dt.
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In view of this proposition, the following result holds.

Theorem 4.2.
Let X be a r.v. of the continuous type with PDF f. Then for every Borel set B € *B

=/f@ﬁ- (©)
B

If F is absolutely continuous and f is continuous at x, we have

dF(x)
dx

F'(z) = = [(x). (7)

Theorem 4.3.
Every nonnegative real function f that is integrable over R and satisfies

[Zﬂ@mz

18 the PDF of some continuous type r.v. X.

- /I F()dt, z € R,

Then F(—o0) =0, F(+00) =1, and, if z9 > 1,

(/ /> dtZ/_Zf(t)dtZF(xl).

Finally, F' is (absolutely) continuous and hence continuous from the right.

Proof
Define

Remark 4.2.

In the discrete case, P{X = a} is the probability that X takes the value a. In the
continuous case, f(a) is not the probability that X takes the value a. Indeed, if X is of
the continuous type, it assumes every value with probability 0.

Theorem 4.4.
Let X be any r.v. Then

P{X =a} = IHlim P{t < X <a} (8)
a,t<a

Proof
Let t) <to<...<a, t,— a,and write

Ay ={tn < X < a}.
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Then A, is a nonincreasing sequence of events which converges to ﬂ;ozl Ay, ={X =a}.
It follows that lim, o P(A4,) = P{X = a}. [ |

Remark 4.3.

The set of real numbers = for which a DF F' increases is called the support of F'. Let
X be the r.v. with DF F, and let S be the support of F. Then P(X € S) = 1 and
P(X € S) = 0. The open interval (0, 1) is the support of F' in the example below.

FExample 4.3.
Let X be ar.v. with DF F given by

0, =<0
Flz)=¢ =, 0<z<1;
1, z>1.

Differentiating F' with respect to x at continuity points of f , we get

0, <0 or x> 1;
_ / _ ) )
f(w)_F(w)_{l, 0<z<l.

The function f is not continuous at x = 0 or at z = 1. We may define f(0) and f(1) in
any manner. Choosing f(0) = f(1) = 0, we have

f(:v):{ 1, 0<z<l1;

0, otherwise.

Then
P{0.4< X <0.6} = F(0.6) — F(0.4) =0.2.
Ezxample 4.4.
Let X have the triangular PDF
T, 0<zx <1,
flo)=9 2—2, 1<2<2;
0, otherwise.

It is easy to check that f is a PDF. For the DF F' of X we have
o F(x)=0, if 2<0
o F(z)= [Jtdt=2 if 0<z<1
o F(x)= [y tdt+ [(2—t)dt =20 -5 —1 if 1<z<2
e Flz)=1 if 2 <2

Then
P{03< X <15} =P{X <15} - P{X <0.3} =0.83.

Ezxample 4.5.
Let £ > 0 be a constant, and
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o kr(l—2), O0<a<1,;
f(@) = { 0, otherwise.

Then fol f(z)dz = k/6. It follows that f(z) defines a PDF if k = 6. We have

0.3
P{X>03}=1- 6/ 2(1 — x)dz = 0.784.
0

5 Functions of a random variable

Let X be a r.v. with a known distribution, and let g be a function defined on the real
line. We seek the distribution of Y = ¢g(X), provided that Y is also a r.v. We first prove
the following result.

Theorem 5.1.
Let X be a r.v. defined on (Q, F, P). Also, let g be a Borel-measurable function on
R. Then g(X) is also a r.v.

Proof
For y € R, we have

and since g is Borel-measurable, g~!(—o0, y] is a Borel set. It follows that {g(X) <y} € F
and the proof is complete. [

Theorem 5.2.
Given a r.v. X with a known DF, the distribution of the r.v. Y = g(X), where g
18 a Borel-measurable function, is determined.

Proof
Indeed, for all y € R

P{Y <y} = P{X € g~ '(~00,4]}. (1)
In what follows, we will always assume that the functions under consideration are Borel-
measurable. [
Example 5.1.

Let X be a r.v. with PMF
,/\)\_’C o '

0, otherwise.

Let Y = X?4+3. Theny =22 +3 maps A= {0,1,2,...} onto B = {3,4,7,12,19,28,...}.
The inverse map is * = /(y — 3), and since there are no negative values in A we take
the positive square root of y — 3. We have

e~ A\WVY3
PY =y} = PX = /y=3} = = e B

and P{Y =y} = 0 elsewhere.
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Remark 5.1.

Actually the restriction to a single-valued inverse on ¢ is not necessary. If g has a finite
(or even a countable) number of inverses for each y, from countable additivity of P we
have

P{Y =y} = P{g(X) =y} = P (U[x = a,g(a) = y1> =Y P{X =a,g(a) = y}.

a

Ezxample 5.2.
Let X be ar.v. with PMF

1 1 1
P{X=-2}=;, P{X=-1}=-, P{X=0}=-,
D 6 )

1 11

Let Y = X2 Then A = {—2,—1,0,1,2} and B = {0,1,4}. We have

sta=3, y=1

Remark 5.2.

The case in which X is a r.v. of the continuous type is not as simple. First we note that
if X is a continuous type r.v. and g is some Borel-measurable function, Y = ¢(X) may
not be a r.v. of the continuous type.

Ezxample 5.3.

Let X be ar.v. with a continuous distribution on [—1, 1], defined as follows, the PDF of X
> .

is f(z) =1/2, =1 <2 <1,and = 0 elsewhere. Let Y = X*. and X = { g( ’ § ; 8’

Then,

0, y <0
1
7 y=0;
PlY <yb=< %
{ J 5Ty, 0<y<L
1, y > 1.

We see that the DF of Y has a jump at y = 0 and that Y is neither discrete nor continuous.
Note that all we require is that P{X < 0} > 0 for X to be of the mixed type.

Remark 5.3.

The above example shows that we need some conditions on g to ensure that g(X) is also
a r.v. of the continuous type whenever X is continuous. This is the case when g is a
continuous monotonic function. A sufficient condition is given in the following theorem.
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7~

Theorem 5.3.

Let X be a r.v. of the continuous type with PDF f. Let y = g(x) be differentiable
for all x and either ¢'(x) > 0 for all z or ¢'(x) < 0 for all xz. ThenY = g(X) is
also a r.v. of the continuous type with PDF' given by

{ fla ' W e W], a<y<p; (2)

h(y) =

0, otherwise.

where a = min{g(—00), g(+00)} and f = max{g(—o0), g(+00)}.

.

Remark 5.4.

The key to computation of the induced distribution of Y = ¢g(X) from the distribution of
X is (1). If the conditions of the above Theorem 5.3 are satisfied, we are able to identify
the set {X € g7 1(—o00,9]} as {X < g7 (y)} or {X > g7 (y)}, according to whether g
is increasing or decreasing. In practice Theorem 5.3 is quite useful, but whenever the
conditions are violated one should return to (1) to compute the induced distribution.

Remark 5.5.

If the PDF f of X vanishes outside an interval [a,b] of finite length, we need only to
assume that ¢ is differentiable in (a,b) and either ¢'(z) > 0 or ¢’(z) < 0 throughout the
interval. Then we take

a =min{g(a),g(b)} and B =max{g(a),g(b)}

in Theorem 5.3.

Ezxample 5.4.
Let X have the density f(z) = 1,0 < 2 < 1, and = 0 otherwise. Let Y = e*. Then

X =logY, and we have
, O<logy <1,

1
h(y) = |-
() |y
that is,
1
= 1l<y<e;
h — y ) )
) { 0, otherwise.

If y = —2log z, then z = e ¥/2 and

1
h(y) = ’—563’/2‘ L 0<e¥? <,
{ %e‘y/z, 0 <y < oo;

0, otherwise.

FExample 5.5.
Let X be a nonnegative r.v. of the continuous type with PDF f  and a > 0. Let Y = X,

Then
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P{X <y} if y>0
P{X* <y} =
X<yl {o, if y < 0.
The PDF of Y is given by
d
h _ 1/ay | % 1/«
(v) = fly'?) Y
_ Lyt i y >0
FExample 5.6.
Let X be ar.v. with PDF
1
flz) = e_$2/2, —00 < x < 00.

V271

Let Y = X2, In this case, ¢'(x) = 22 which is > 0 for > 0, and < 0 for < 0, so that
the conditions of Theorem 5.3 are not satisfied. But for y > 0

PY <y} =P{—vy < X <y} = F(Vy) = F(=V),
where F'is the DF of X. Thus the PDF of Y is given by
1 .
hy) = { s W)+ (=Y} v >0;
0, y <0.
Thus

1 —y/2 .
ply) = § v
0, y <0.

Remark 5.6.

In the above example, the function y = g(x) can be written as the sum of two monotone
functions. We applied Theorem 5.3 to each of these monotonic summands. This example
is a special case of the following result.

Theorem 5.4.

Let X be a r.v. of the continuous type with PDF f. Let y = g(x) be differentiable
for all x, and assume that ¢'(x) is continuous and nonzero at all but a finite number
of values of x. Then, for every real number y,

(a) there exists a positive integer n = n(y) and real numbers (inverses)

21(y), v2(y), - - -, 2n(y) such that

g[xk‘(y)] =Y g/[xk<y>] 7é 0, k=1,2,... ,n(y),

or

(b) there does not exist any x such that g(x) =y, ¢'(x) = 0, in which case we write
n(y) = 0.

Then Y is a continuous r.v. with PDF given by

(y) :{ Tl S @I f 0 >0
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Example 5.7.
Let X be ar.v. with PDF f , and let Y = |X|. Here n(y) = 2, 21(y) =y, 22(y) = —y
for y > 0, and

h(y):{ g()y)“’f(_y)v z;gﬂ

Thus, if f(z) =1/2, —1 <z <1, and = 0 otherwise, then

_ )1, 0<y<L
My) = { 0, otherwise.

If f(x) = (1/\/%)6*("”2/2), —00 < & < 00, then

2 —(y?/2 .
h<y>{¢—z7€ MENR I

0, otherwise.

6 Moments of a random variable

The study of probability distributions of a random variable is essentially the study of
some numerical characteristics associated with them. These so-called parameters of the
distribution play a key role in mathematical statistics. In this section we introduce some
of these parameters, namely, moments , and investigate their properties.

Definition 6.1.
Let X be a random variable of the discrete type with probability mass function

pr=P{X=ux},k=1,2...1f
[ee)
> laklpr < o0, (1)
k=1

we say that the expected value (or the mean or the mathematical expectation) of

X exists and write
o0

p=E(X) szkpk- (2)

k=1

Note that the series Y ;- | xjp; may converge but the series » ,- | |2x|py may not.
In that case we say that E(X) does not exist.

Example 6.1.
Let X have the PMF given by

Y 2
L _ (_1\J+1 _ s
pj—p{X_( 1) —j}_—sj,j—l,Z,...
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Then

[e.e] o0

> laglns =305 =

j=1 j=1

and F(X) does not exist, although the series
oo oo 2
> wips =Y (1S
j=1 j=1

is convergent.

Definition 6.2.
If X is of the continuous type and has PDF f | we say that F(X) exists and

provided that

Remark 6.1.

A similar definition is given for the mean of any Borel-measurable function h(X) of X.
Thus, if X is of the continuous type and has PDF f | we say that E(h(X)) exists and
equals ffooo h(z)f(z)dz, provided that

/ Ih(@)|f (@)di < o0

—00

We emphasize that the condition [ |z|f(z)dz < oo must be checked before it can be con-
cluded that E(X) exists and equals [ z f(z)dz. Moreover, it is worthwhile to recall at this
point that the integral ffooo @(x)dx exists, provided that the limit limy_ o 400 ffb o(x)dx

exists. It is quite possible for the limit lim, ffa @(x)dx to exist without the existence
of ffooo o(x)dx.

FExample 6.2.

Consider the following PDF

1 1
714 22’

—o0 < T < 0.

flx) =

Clearly

Y1
lim/ — 2clgn:().
a—00 aﬂ'l—i—SC

However, F(X) does not exist since the integral (1/7) ffooo |z]/(1 + 2?)dx diverges.
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Remark 6.2.

If a and b are constants and X is a r.v. with F|X| < oo, then ElaX + b| < oo and
E{aX +b} = aE(X)+b. In particular, when p = E(X), then E(X — u) = 0, a fact that
should not come as a surprise.

Remark 6.3.

If X is bounded, that is, if P{|X| < M} =1, 0 < M < oo, then F(X) exists.

Remark 6.4.
If P{X >0} =1, and F(X) exists, then E(X) > 0.

Theorem 6.1.
Let X be a r.v., and {x1, 2, ..., } values of X and g be a Borel-measurable function
on R. Let Y = g(X). If X is of discrete type then

EY) = Zg(%‘)P(X = 7)) (3)

J=1

in the sense that, if either side of (3) exists, so does the other, and then the two are
equal. If X is of continuous type with PDF f then E(Y) = fj;o g(x) f(z)dx in the
sense that, if either of the two integrals converges absolutely, so does the other, and
the two are equal.

6.1 Properties of expectation

Theorem 6.2.

1. If X >0 then E(X) > 0.
2. If X >0 and E(X) =0 then P(X =0) = 1.
3. If a and b are constants then E(a +bX) =a+ bE(X).

4. For any random variables X, Y then E(X +Y) = E(X)+ E(Y).
Properties 3 and 4 show that E is a linear operator.

Theorem 6.3.
For any random variables X1, Xa, ..., Xy, for which all the following expectations

E (i XZ-) = i E(X;)
i=1 =1

exist,
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Definition 6.3.
The quantity E(X™),n > 1, is called the nth moment of X. We note that

Zx:P(w)>O 2" P(z), if X is discrete,
ffooo 2" f(x)dx, if X is continuous.

E(X™) = {

The expected value of a random variable X, E(X), is also referred to as the first
moment of X.

Definition 6.4.

Let k be a positive integer and ¢ be a constant. If F(X — ¢)¥ exists, we call it the
moment of order k about the point c. If we take ¢ = E(X) = p, which exists since
E|X| < oo, we call E(X — u)* the central moment of order & or the moment of
order k about the mean. We shall write

e = B(X — p)*.

6.2 Variance

7

Definition 6.5.
If B(X?) exists, we call E(X — u)? the variance of X, and we write

o? =var(X) = B(X — p)2.

(which we below show var(X) = E(X?)— (E(X))?). So, the variance is the central
moment of order 2. The quantity o is called the standard deviation (SD) of X.

Theorem 6.4. (Properties of variance).

(i) var(X) > 0. Ifvar(X) =0, then P(X = E(X)) = 1.
(ii) If a, b are constants, var(a + bX) = b*var(X).

(#ii) var(X) = B(X?) — (B(X))2.

Proof

(i) From Theorem 6.2, properties 1 and 2.

(ii) var(a + bX) = E ((a + bX — a — bE(X))?) = b2 E ((X — E(X))?) = b*var(X)
(iii) £ (X — B(X))?) = E (X? - 2XE(X) + (E(X))?) = E(X?) — (E(X))%.

Example 6.3.

1. Find E(X) where X is the outcome when we roll a fair die.

2. Calculate var(X)
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Solution.
1. Since P(1) = P(2) = P(3) = P(4) = P(5) = P(6) = ¢, we obtain
(

7 Some moment inequalities

In this section, we derive some important inequalities. These inequalities use the mean,
and possibly the variance, of a random variable to draw conclusions on the probabilities
of certain events. They are primarily useful in situations where the mean and variance
of a random variable X are easily computable, but the distribution of X is either
unavailable or hard to calculate.

7.1 Markov’s inequality

Theorem 7.1.
If X is a random variable with E|X| < oo and a > 0, then

E|X|
< .

P(1X] > a)

Proof
I[|X]| > a] < |X|/a (as the left-hand side is 0 or 1, and if 1 then the right-hand side is at

least 1). So

P(IX| = a) = BI[IX| > a]) < B (X/a) = 22

Corollary 7.1.
If a random variable X can only take nonnegative values, then
E(X)

P(X >a) < , forall a>0
a

Remark 7.1.

Loosely speaking, it asserts that if a nonnegative random variable has a small mean, then
the probability that it takes a large value must also be small.

Example 7.1.

Let X be uniformly distributed on the interval [0, 4] and note that F(X) = 2. Then, the
Markov inequality asserts that

2
P(X>2)<Z=1, P(X>3)< =0.5.

)

[GVRI )
)

=067, P(X >4)<
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By comparing with the exact probabilities
P(X >2)=05, P(X>3)=0.25 P(X >4)=0,

we see that the bounds provided by the Markov inequality can be quite loose.

7.2 Chebyshev’s Inequality

We continue with the Chebyshev inequality. Loosely speaking, it asserts that if the
variance of a random variable is small, then the probability that it takes a value far from
its mean is also small. Note that the Chebyshev inequality does not require the random
variable to be nonnegative.

r

Theorem 7.2.
If X is a random variable with E(X?) < oo and € > 0, then

E(X?)
P(|X|>¢) < )
(1X12 ) < =5
Proof
Similarly to the proof of the Markov inequality,
|X]?
I X[ > €] < =

Corollary 7.2.
If X is a random variable with mean p and variance o2, then

o2

P(X —p|l>c)<—, forall ¢>0.
c
Proof

To justify the Chebyshev’s inequality, we consider the nonnegative random variable (X —
11)? and apply the Markov inequality with a = ¢?. We obtain

The derivation is completed by observing that the event (X — u)? > ¢? is identical to the
event | X — u| > ¢ and

o2

P(X —pl=c)=P((X —p)*>c") < .
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Remark 7.2.

The Chebyshev’s inequality is generally more powerful than the Markov’s inequality (the
bounds that it provides are more accurate), because it also makes use of information on
the variance of X. Still, the mean and the variance of a random variable are only a rough
summary of the properties of its distribution, and we cannot expect the bounds to be
close approximations of the exact probabilities.

Example 7.2.
As in the above example, let X be uniformly distributed on [0, 4]. Let us use the Cheby-
shev inequality to bound the probability that |X — 2| > 1. We have 02 = 16/12 = 4/3,
and

POX-2>1) <,
which is not particularly informative.

7.3 Jensen’s Inequality

Jensen’s Inequality gives a lower bound on expectations of convex functions. Recall that
a function ¢ is convex if, for 0 < A < 1,

gz + (1= Ny) < Ag(x) + (1 = Ng(y)
for all z and y. Alternatively, if the derivatives are well defined, function ¢ is convex if

d @)
@{g(t)}t:x =g (z) > 0.

Conversely, g is concave if —g is convex.

Theorem 7.3.
Suppose that X is a random variable with expectation p , and function g is convex
and finite. Then

E(9(X)) = g(E(X))

with equality if and only if, it exists at least a + bx that is a tangent to g at p
Px (¢(X)=a+bX)=1.

that is, g(x) is linear.

Proof
Let I(z) = a+ bz be the equation of the tangent at x = p. Then, for each z, g(x) > a+bx
Thus,

E(9(X)) 2 E(a+bX) = a+ bE(X) = l(n) = g(p) = g(E(X))
as required. Also, if g(z) is linear, then equality follows by properties of expectations.
Suppose that
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so, g(x) is convex, but not linear. Let [(x) = a + bx be the tangent to g at p. Then by
convexity

g(z) — I(z) > 0 = / (9(x) — (@))dFy (x) = / g(a)dFy (z) — / (2)dFx (z) > 0

and hence
E(g(X)) > E(I(X)).

But /() is linear, so E(I(X)) = a+ bE(X) = g(u), yielding the contradiction
E(9(X)) > g(E(X)).

and the result follows. [ |

Example 7.3.

e g(z) = 2? is convex, thus E(X2])geq{E’(X)}2

e g(x) =logx is concave, thus F(log X) < log (E(X))
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8 Some exercises

8.1

Find the range for each of the following random variables. The range of X is the set of
possible values of X.

1. I toss a coin 100 times. Let X be the number of heads I observe.
2. I toss a coin until the first heads appears. Let Y be the total number of coin tosses.

3. The random variable T" is defined as the time (in hours) from now until the next
earthquake occurs in a certain city.

Solution.
1. The random variable X can take any integer from 0 to 100, so Rx = {0,1,2,...,100}.

2. The random variable Y can take any positive integer, so Ry ={1,2,3,...,} = N*.

3. The random variable T' can in theory get any positive real number, so Ry = [0, 00).

8.2

I toss a fair coin twice, and let X be defined as the number of heads I observe. Find the
range of X, Ry, as well as its probability mass function Px. Find the CDF of X.

Solution.
Here, the sample space is given by

Q={HH,HT,TH,TT}.
The number of heads will be 0, 1 or 2. Thus
Rx =1{0,1,2}.

Since this is a finite (and thus a countable) set, the random variable X is a discrete
random variable. Next, we need to find PMF of X. The PMF is defined as

Px (k) =P(X =k) for k=0,1,2.

We have
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1
Px(2) = P(X =2) = P({HH}) = |
Px(0) + Px(1) + Px(2) =1
To find the CDF, we argue as follows. First, note that if z < 0, then
Fx(z)=P(X <z)=0, for z<0.

Next, if x > 2,
Fx(z)=P(X <z)=1, for x>2.

Next, if 0 <z < 1,
1
FX(x):P(XSx):P(X:O):Z, for 0 <z <1
Finally, if 1 <z < 2,

Fx(z)=P(X<z)=PX=0)+P(X=1)= zz for 1<2x<2.

Thus, to summarize, we have

for x <0
for 0<z<1
for 1<z<?2
for x> 2

Fx(z) =

ook — O

8.3

I have an unfair coin for which P(H) = p, where 0 < p < 1. I toss the coin repeatedly
until I observe a heads for the first time. Let Y be the total number of coin tosses. Find
the distribution of Y .

Solution.
First, we note that the random variable Y can potentially take any positive integer,
so we have Ry = N* = {1,2,3,...}. To find the distribution of ¥ , we need to find
Py(k)=P(Y =k) for k=1,2,3,.... We have
Py(1) = P(Y =1) = P({H}) = p,
Py(2) = P(Y =2) = P({TH}) = (1 = p)p,
Py(3) = P(Y =3) = PUTTH}) = (1 - p)*p,

Py(k)=P(Y =k)=P{TT...TH}) = (1—-p)*!p
such that T" appears k — 1 times. Thus, we can write the PMF of Y in the following way

(1—p)¥1tp, for y=1,2,3,...
P —
v () { 0, otherwise.
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8.4

Let X be a discrete random variable with the following PMF

(0.1, for k=0

0.4, for k=1
Px(k)=1< 0.3, for k=2
0.2, for k=3

L 0, otherwise.

1. Find B(X).
2. Find var(X).

3. fY = (X —2)2 find E(Y) .

Solution.
1.
E(X)= Y apPx(z) =0(0.1) + 1(0.4) +2(0.3) + 3(0.2) = 1.6

rrERx

2. We can use var(X) = E(X?) — (E(X))? = E(X?) — (1.6)? we have
E(X?%) =0%(0.1) + 1%(0.4) + 22(0.3) + 3%(0.2) = 3.4

Thus, we have
var(X) = (3.4) — (1.6)? = 0.84

3. We have

E[(X —2)%] = (0—2)%(0.1) + (1 — 2)%(0.4) 4 (2 — 2)%(0.3) + (3 — 2)*(0.2) = 1.

8.5

Let X be a continuous random variable with the following PDF

ce™, x>0

fx(@) = { 0, otherwise.
where ¢ is a positive constant.

1. Find c.

2. Find the CDF of X, Fx(z).

3. Find P(1 < X < 3).
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Solution.
1. To find ¢, we can use the following property of density

1= /00 fx(u)du = /OO ce tdu=c [—e*ﬂgo =c
—00 0

Thus, we must have ¢ = 1.

2. To find the CDF of X, we use Fx(z) = f_moo fx(u)du, so for x < 0, we obtain
Fx(z) =0. For x > 0, we have

T
Fx(z) = / e tdu=1—e".
0

Thus,

l—e™, >0
F = ’ —
x(@) { 0, otherwise.

3. We can find P(1 < X < 3) using either the CDF or the PDF. If we use the CDF, we
have

Pl<X<3)=Fx(B)—Fx(l)=1—e?]-[l—e=ect—-e3
Equivalently, we can use the PDF. We have

3 3
Pl<X<3) = / fx(t)dt = / e tdt=e"1 -3
1 1

8.6

Let X be a continuous random variable with PDF

3
— x4 x Z 1
fx(x) { 0, otherwise.

Find the mean and variance of X.

Solution.
Next, we find E(X?)

Thus, we have
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8.7

Let X a continuous random variable with PDF
1, z€]0,1]
fx(@) = { 0, otherwise.
and let Y = X,

1. Find the CDF of Y .

2. Find the PDF of Y .

3. Find E(Y) .
Solution.
We deduce easily the CDF of X.
0, for <0
Fx(z)=< z, for x€l0,1]
1, for x> 1.

It is a good idea to think about the range of Y before finding the distribution. Since
e’ is an increasing function of z and Ry = [0, 1], we conclude that Ry = [1,e]. So we

immediately know that
Fy(y) = P(Y <y)=0,for y <1,
Fy(y) =P <y)=1Llfor y>e.
1. To find Fy(y) for y € [1,¢], we can write
Fy(y) = P(Y <y) = P(eX <y)=P(X <Iny) = Fx(Iny) = Iny
To summarize
0, for y<1

Fy(y) =< Inz, for ye|l,e
1, for y>e.

2. The above CDF is a continuous function, so we can obtain the PDF of Y by taking

its derivative. We have
1
=, for yell, ¢
—Fl () =4 ¥ ’
Fr(w) v () { 0, otherwise.
1
e’ fx(x)dx = / etdr =e— 1.
0

we could also find E(Y) using the PDF of YV,

E(Y)Z/ yfy(y)dyz/ yidyze—1
- 1

o0
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8.8

Let X be a random variable with PDF given by

Fx(@) = Fly(a) = {

1. Find the constant c.

cx?, for x€[-1,1]
0, otherwise.

2. Find F(X) and var(X).
3. Find P(X > L),

Solution.
1. To find ¢, we can use fjooo fx(u)du =1

o0 1 9
1= / fx(u)du = / cu’du = Zc.
—00 -1 3
3

Thus, we must have ¢ = 3.

2. To find E(X), we can write

1 1
var(X) = E(X2) — (B(X))? = E(X2) = /_ W2 fx () du = g /_ utdu — g

3. To find P(X > 1), we can write

1
1
P(XZ§)=§/ ZL“QdZL’:l.

8.9
Let X be a discrete random variable with the following PMF,
P(X =k =ChFa—pn* 0<p<1, k=0,1,...,n.

Using Markov’s inequality, find an upper bound on P(X > an), where p < a < 1.

Evaluate the bound for p = % and a = %.

Solution.
Note that X is a nonnegative random variable and E(X) = np. Applying Markov’s

inequality, we obtain
EX) _p _p

P(X >an) < = —
an an  «
Forp:%andoz:%,we obtain
an 2
PX>—)<-
(x> <

o4
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8.10

Let X be a discrete random variable with the following PMF,
PX =k =CHFa—pn* 0<p<1, k=0,1,...,n.

Using Chebyshev’s inequality, find an upper bound on P(X > an), where p < o < 1.

Evaluate the bound for p = % and a = %.

Solution.
One way to obtain a bound is to write
var(X) p(1 —p)

P(X >an) = P(X—np > an—np) < P(|X—np| > na—np) < (e — np)? = (o p)

5

e

For p = % and o = ¢, we obtain

Pr=t)<!

n

The bound given by Markov is the "weakest” one. It is constant and does not change as
n increases. The bound given by Chebyshev’s inequality is ”stronger” than the one given
by Markov’s inequality. In particular, note that % goes to zero as n goes to infinity.

8.11
Let X be a continuous random variable with the following PDF
e ™ x>0
fx(@) = { 0, otherwise.

Using Markov’s inequality find an upper bound for P(X > a). Compare the upper
bound with the actual value of P(X > a).

Solution.
We find easily that F(X) = % Using Markov’s inequality, P(X > a) < EX) _ % The

a

actual value of P(X > a) is e=*¢, and we always have % > eA,

8.12

Let X be a continuous random variable with the following PDF

e ™M x>0
fx(w) = { 0, otherwise.
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Using Chebyshev’s inequality find an upper bound for P(|X — E(X)| > b).

Solution.
We have E(X) = § and var(X) = % . Using Chebyshev’s inequality, we have

var(X) 1

8.13

Let X be a positive random variable with E(X) = 10. What can you say about the
following quantities?

1
I E (%)
2. K <6X£rl)
3. E(lnvX)
Solution.
1.
(x) = ! "x) = 2 >0 for >0
=1 T T Wra)3
Thus g is convex on (0, c0)
E ( ! ) o 1 (Jensen’s inequality)
nsen’s in i
Y1 TR ensen’s inequality
1
1410 11
2. If we let h(z) = €*, g(z) = %H then h is convex and non-decreasing and ¢ is convex

1, .
thus, e=+1 is a convex function, thus

1

1
E (exlﬂ) > e+PX) = ¢11 (by Jensen’s inequality)

3. If g(z) = In /@ = &, then ¢/(z) = 5~ for z > 0 and ¢”(z) = —555. Thus g is concave
on (0,00). We conclude

1 1 1
E(mVX)=E (5 lnX) < §1n E(X) = 5 In10 (by Jensen’s inequality)
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CHAPTER III. SOME SPECIAL DISTRIBUTIONS

1 Introduction.

In preceding chapters we studied probability distributions in general. In this chapter we
will study some commonly occurring probability distributions and investigate their basic
properties. As it turns out, there are some specific distributions that are used over and
over in practice, thus they have been given special names. There is a random experiment
behind each of these distributions. Since these random experiments model a lot of real
life phenomenon, these special distributions are used frequently in different applications.
That’s why they have been given a name and we devote a section to study them. We
will provide PMFs for all of these special random variables, but rather than trying to
memorize the PMF, you should understand the random experiment behind each of them.
If you understand the random experiments, you can simply derive the PMFs when you
need them. Although it might seem that there are a lot of formulas in this section, there
are in fact very few new concepts. We begin with some discrete distributions and follow
with some continuous models.

2 Some discrete random variables

2.1 Bernoulli Distribution

The simplest discrete random variable is the Bernoulli distribution. A Bernoulli random
variable is a random variable that can only take two possible values, usually 0 and 1. This
random variable models random experiments that have two possible outcomes, sometimes
referred to as "success” and ”failure.” Here are some examples:

e You take a pass-fail exam. You either pass (resulting in X = 1) or fail (resulting in
X =0).

e You toss a coin. The outcome is ether heads or tails.

e A child is born. The gender is either male or female.

Formally, the Bernoulli distribution is defined as follows:

Definition 2.1.
A random variable X is said to be a Bernoulli random variable with parameter p,
shown as X ~ Bernoulli(p), if its PMF is given by

P, for x=1
Px(x)=<¢ 1—p, for x=0
0, otherwise.

where 0 < p < 1.
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Remark 2.1.

A Bernoulli random variable is associated with a certain event A. If an event A occurs
(for example, if you pass the test), then X = 1; otherwise X = 0. For this reason the
Bernoulli random variable, is also called the indicator random variable. In particular, the
indicator random variable [ 4 for an event A is defined by

Io— 1, if the event A occurs
A= 0, otherwise.

The indicator random variable for an event A has a Bernoulli distribution with parameter
p = P(A), so we can write
14 ~ Bernoulli(P(A)).

Property 2.1.
If X ~ Bernoulli(p) then E(X) = p and var(X) = p(1 — p).

Ezxample 2.1.

We have a biased coin with P(H) = % and we toss it. We define the random variable
X as a Bernoulli random variable associated with this coin toss, i.e., X = 1 if the result
of the coin toss is heads and X = 0 otherwise. So X ~ Bernoulli(3), E(X) = 2

3
var(X) = 2(1 — ).

2.2 Binomial Distribution

The random experiment behind the binomial distribution is as follows. Suppose that we
have a coin with P(H) = p. We toss the coin n times and define X to be the total number
of heads that we observe. Then X is binomial with parameters n and p, and we write
X ~ Binomial(n,p). The range of X in this case is Rx = {0,1,2,...,n}. The PMF of
X in this case is given by the binomial formula

Px (k) = CkpP(1 = p)"*, for k=0,1,2,...,n.

We have the following definition:

Definition 2.2.
A random variable X is said to be a binomial random variable with parameters n
and p, shown as X ~ Binomial(n,p), if its PMF is given by

Ckpb(1 —p)y"*,  for k=0,1,2,...,n.
0, otherwise.

Px (k) = {

where 0 < p < 1.

Property 2.2.
If X ~ Binomial(n,p) then E(X) = np and var(X) = np(1 — p).
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Remark 2.2.

Binomial random variable as a sum of Bernoulli random variables. Here is a
useful way of thinking about a binomial random variable. Note that a Binomial(n,p)
random variable can be obtained by n independent coin tosses. If we think of each coin
toss as a Bernoulli(p) random variable, the Binomial(n,p) random variable is a sum
of n independent Bernoulli(p) random variables. This is stated more precisely in the
following lemma.

Lemma 2.1.
If X1, Xo, ..., X, are independent Bernoulli(p) random variables, then the random
variable X defined by X = X1+ X2+ ...+ X, has a Binomial(n,p) distribution.

To generate a random variable X ~ Binomial(n,p), we can toss a coin n times and
count the number of heads. Counting the number of heads is exactly the same as finding
X1+ Xo+...+ X, where each X is equal to one if the corresponding coin toss results in
heads and zero otherwise. This interpretation of binomial random variables is sometimes
very helpful. Let’s look at an example.

Ezxample 2.2.

Let X ~ Binomial(n,p) and Y ~ Binomial(m,p) be two independent random variables.
Define a new random variable as Z = X +Y . We find the PMF of Z.

Since X ~ Binomial(n,p), we can think of X as the number of heads in n independent
coin tosses, i.e., we can write

X:Xl—l-XQ—I—...—l—Xn,

where the X;’s are independent Bernoulli(p) random variables. Similarly, since Y ~
Binomial(m, p), we can think of Y as the number of heads in m independent coin tosses,

i.e., we can write
Y:Y1—|-Y2—|—...—|—Ym,

where the Y;’s are independent Bernoulli(p) random variables. Thus, the random variable
Z = X +Y will be the total number of heads in n + m independent coin tosses:

Z=X4+Y=X1+Xo+.. + X, +V1+YVo+...+Y,

where the X;’s and Y}’s are independent Bernoulli(p) random variables. Thus, by Lemma
2.1, Z is a binomial random variable with parameters m+n and p, i.e., Binomial(m+n, p).
Therefore, the PMF of 7 is

B C§1+npk(1—p)m+”_k, for k=0,1,2,...,m+n.
Py (k) = :
0, otherwise.
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2.3 Geometric Distribution

The random experiment behind the geometric distribution is as follows. Suppose that
we have a coin with P(H) = p. We toss the coin until we observe the first heads.
We define X as the total number of coin tosses in this experiment. Then X is said to
have geometric distribution with parameter p. In other words, you can think of this
experiment as repeating independent Bernoulli trials until observing the first success.
The range of X here is Ry = {1,2,3,...}. We have the following definition:

Definition 2.3.
A random variable X is said to be a geometric random variable with parameter p,
shown as X ~ Geometric(p), if its PMF is given by

[ pa=pFt for k=1,2,...,.
)= { 0, otherwise.

where 0 < p < 1.

Property 2.3.

If X ~ Geometric(p) then E(X) = % and var(X) = (lp_f).

Remark 2.3.
We should note that some books define geometric random variables slightly differently.
They define the geometric random variable X as the total number of failures before

observing the first success. By this definition the range of X is Rx = {0,1,2,...} and
the PMF is given by

p(1—=p)k, for k=0,1,2,...,.
P =
x (k) { 0, otherwise.

Ezxample 2.3.
if we toss a fair coin until heads is obtained, the expected number of tosses until the first
head is 2 (so the expected number of tails is 1); and the variance of this number is also 2.

2.4 Negative Binomial (Pascal) Distribution

The negative binomial or Pascal distribution is a generalization of the geometric distribu-
tion. It relates to the random experiment of repeated independent trials until observing
m successes. Here is how we define the Pascal distribution in this work. Suppose that we
have a coin with P(H) = p. We toss the coin until we observe m heads, where m € N.
We define X as the total number of coin tosses in this experiment. Then X is said to
have Pascal distribution with parameter m and p. We write X ~ Pascal(m,p). Note
that Pascal(1,p) = Geometric(p). Note that by our definition the range of X is given
by Rx = {m,m+1,m+2,m+3,...}.
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Definition 2.4.
A random variable X is said to be a Pascal random variable with parameters m
and p, shown as X ~ Pascal(m,p), if its PMF is given by

P (k) — C’,:;n__llpm(l—p)k_m, for k=m+1,m+2,...,.
x (k) = .
0, otherwise.

where 0 < p < 1.

Property 2.4.

If X ~ Pascal(m,p) then E(X) = % and var(X) = m(ll)g_p).

Ezxample 2.4.
Suppose that we toss a biased coin until I observe 5 heads, such that P(H) =
is defined as the total number of coin tosses in this experiment. X ~ Pascal(5,

2.5 Hypergeometric Distribution

We consider the random experiment behind the hypergeometric distribution. We have a
bag that contains b blue marbles and r red marbles. We choose k < b+ r marbles at
random (without replacement). Let X be the number of blue marbles in our sample. By
this definition, we have X < min(k,b). Also, the number of red marbles in our sample
must be less than or equal to 7, so we conclude X > max(0, k — r). Therefore, the range
of X is given by

Rx = {max(0,k — r), max(0,k — r) + 1, max(0,k — r) + 2,..., min(k, b)}.

The following definition summarizes the discussion above.

Definition 2.5.
A random variable X is said to be a Hypergeometric random variable with pa-
rameters b, r and k, shown as X ~ Hypergeometric(b,r, k), if its range is
Rx = {max(0,k — r),max(0,k — r) + 1,max(0,k — r) + 2,..., min(k,b)} and its
PMF is given by

w for z € Rx.
0, otherwise.
Property 2.5.
. kb kbr e
If X ~ Hypergeometric(b,r, k) then E(X) = T, and var(X) = bt 2 b1
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Example 2.5.

Consider an urn with n; red balls and ns black balls. Suppose n balls are drawn without
replacement, n < nj + ny. The probability of drawing exactly k£ red balls is given by the
hypergeometric distribution.

2.6 Poisson Distribution

The Poisson distribution is one of the most widely used probability distributions. It is
usually used in scenarios where we are counting the occurrences of certain events in an
interval of time or space. In practice, it is often an approximation of a real-life random
variable. Here is an example of a scenario where a Poisson random variable might be
used. Suppose that we are counting the number of customers who visit a certain store
from 13h00 to 14h00. Based on data from previous days, we know that on average A = 15
customers visit the store. Of course, there will be more customers some days and fewer
on others. Here, we may model the random variable X showing the number customers as
a Poisson random variable with parameter A = 15. Let us introduce the Poisson PMF.

Definition 2.6.
A random variable X is said to be a Poisson random variable with parameter
lambda, shown as X ~ Poisson()), if its range is Rx = {0,1,2,3,...} and its
PMF is given by

e Mk
PX(k>:{ A for k€ Rx.

0, otherwise.

Property 2.6.
If X ~ Poisson(\) then E(X) = X and var(X) = .

FExample 2.6.
The number of emails that I get in a weekday can be modeled by a Poisson distribution
with an average of 0.2 emails per minute.

1. What is the probability that I get no emails in an interval of length 5 minutes?

2. What is the probability that I get more than 3 emails in an interval of length 10
minutes?
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Solution.

1. Let X be the number of emails that I get in the 5-minute interval. Then, by the
assumption X is a Poisson random variable with parameter A = 5(0.2) = 1,

e \0
0!

2. Let Y be the number of emails that I get in the 10-minute interval. Then by the
assumption Y is a Poisson random variable with parameter A = 10(0.2) = 2,
PY>3)=1-P(Y <3)=1—(Py(0)+ Py(1) + P(2) + Py(3))
yoeM L AN A3

=1—e"- T T = 0.1429

P(X =0) = Px(0) = = 0.3679

2.7 Multinomial Distribution

The binomial distribution is generalized in the following natural fashion. Suppose that an
experiment is repeated n times. Each replication of the experiment terminates in one of
k mutually exclusive and exhaustive events Ay, Ag, ..., Ag. Let p; be the probability that
the experiment terminates in A;, j = 1,2,...,k, and suppose that p; (j =1,2,...,k)
remains constant for all n replications. We assume that the n replications are independent.

Let z1,29,...,2r_1 be nonnegative integers such that 1 + 2o + ... + 21 < n. Then
the probability that exactly x; trials terminate in A;,7 = 1,2,...,k — 1 and hence that
rp=n— (1 + 22+ ...+ xp_1) trials terminate in Ay is clearly.
n!
x1lxo! .. .wk!pcflp? PR
If (X1,Xo,...,X)) is a random vector such that X; = x; means that event A; has
occurred z; times, x; = 0,1,2,...,n , the joint PMF of (X1, Xo,..., X}) is given by

P(Xl :xl,XQZZEQ,...,Xkak)

n! . k
1,22 L :
_— if n= T;.
= { xl!mgl...xk!pl P P Zl '

0, otherwise.

Definition 2.7.
A random vector (X1, Xo, ..., X;) with joint PMF given by

P(Xl :xl,X2:$2,...,Xk:l‘k)

TL' T, T2 T . B i
— mplp2 opiE, i n=3
0 otherwise.
is said to have a multinomial distribution. We write X ~ My(n;p1,..., k).
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Property 2.7.
If X ~ My(n;p1,...,px) then E(X;) = np; and var(X;) = npj(1 — p;).

FExample 2.7.
Suppose n balls are tossed independently into k boxes such that the probability that a
given ball goes in box ¢ is p;. The probability that there will be ny,...,n; balls in boxes
1,..., k, respectively, is

n!

T T T
— |p11p22...pk’“, ny+---+np=n.
niyno:... Nk

3 Some continuous random variables

Remember that discrete random variables can take only a countable number of possible
values. On the other hand, a continuous random variable X has a range in the form of
an interval or a union of non-overlapping intervals on the real line (possibly the whole
real line). Also, for any © € R, P(X = x) = 0. Thus, we need to develop new tools to
deal with continuous random variables. The theory of continuous random variables is
completely analogous to the theory of discrete random variables. Indeed, if we want to
oversimplify things, we might say the following: take any formula about discrete random
variables, and then replace sums with integrals, and replace PMFs with probability
density functions (PDFs), and you will get the corresponding formula for continuous
random variables. Of course, there is a little bit more to the story and that’s why we
need a section to discuss it. In this section, we will introduce usual continuous variables.

3.1 Uniform Distribution

We choose a real number uniformly at random in the interval [a,b], and call it X. By
uniformly at random, we mean all intervals in [a, b] that have the same length must have
the same probability. We have the following definition:

Definition 3.1.
A continuous random variable X is said to have a Uniform distribution over the
interval [a, b], shown as X ~ Uniform(a,b), if its PDF is given by

A if a<z<b,

fx(x) = { e

0, r<a or x>bh.
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Property 3.1.
If X ~ Uniform(a,b), then its CDF is given by

0, for r<a
Fx()=1{ =2, for v €}
1, for x >b.
and its mean and variance are
a+b (b — a)?

E(X) = 5 and var(X) = D

3.2 Exponential Distribution

The exponential distribution is one of the widely used continuous distributions. It is
often used to model the time elapsed between events. We will now mathematically define
the exponential distribution, and derive its mean and expected value.

7

Definition 3.2.
A continuous random variable X is said to have an exponential distribution with
parameter A > 0, shown as X ~ Ezponential()\), if its PDF is given by

Fx(z) = Ae ™% if >0,
= 0, otherwise.

Property 3.2.
If X ~ Exponential(X), then its CDF is given by

0 for x <0
F = ’
x(z) { 1—e?, for z>0.

and its mean and variance are

E(X) = ; and var(X) = —.

Remark 3.1.
An interesting property of the exponential distribution is that it can be viewed as a
continuous analogue of the geometric distribution.

Remark 3.2.

The most important property is that the exponential distribution is memoryless. To see
this, think of an exponential random variable in the sense of tossing a lot of coins until
observing the first heads. If we toss the coin several times and do not observe a heads,
from now on it is like we start all over again. In other words, the failed coin tosses do not
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impact the distribution of waiting time from now on. The reason for this is that the coin
tosses are independent. We can state this formally as follows:

Property 3.3.
If X is exponential with parameter X\ > 0, then X is a memoryless random variable,
that is

P(X >z+a|lX >a)=P(X >2x), fora, z>0.

3.3 Normal (Gaussian) Distribution

The normal distribution is by far the most important probability distribution. One of the
main reasons for that is the Central Limit Theorem (CLT),is one of the most important
theorems in probability.

To give you an idea, the CLT states that if you add a large number of random variables,
the distribution of the sum will be approximately normal under certain conditions. The
importance of this result comes from the fact that many random variables in real life
can be expressed as the sum of a large number of random variables and, by the CLT, we
can argue that distribution of the sum should be normal. The CLT is one of the most
important results in probability and we will discuss it later on. Here, we will introduce
normal random variables.

We first define the standard normal random variable. We will then see that we can obtain
other normal random variables by scaling and shifting a standard normal random variable.

3.3.1 Standard normal random variable

Definition 3.3.
A continuous random variable Z is said to be a standard normal (standard Gaus-
sian) random variable, shown as Z ~ N(0, 1), if its PDF is given by

2
fz(z) = \/12—7TeXp{—%}, forall z € R

Remark 3.3.
The — is there to make sure that the area under the PDF is equal to one.

Veor
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Property 3.4.
If Z ~ N(0,1), then its CDF is given by

u2
Fz(z) ex — s du
Z \/2%/ p{ % }

and 1ts mean and variance are

E(Z)=0 and var(Z) = 1.

Remark 3.4.

This integral does not have a closed form solution. Nevertheless, because of the im-
portance of the normal distribution, the values of F'z(z) have been tabulated and many
calculators and software packages have this function. We usually denote the standard
normal CDF by &.

Property 3.5.
The CDF of the standard normal distribution is denoted by the ® function:

i
O(zx)=P(Z <zx)= \/ﬁ/ exp{ 2}du

As we will see in the rest of the section, the CDF of any normal random variable can be
written in terms of the ® function, so the ® function is widely used in probability. Here
are some properties of the ® function that can be shown from its definition.

Property 3.6.

' lim &(z) =1, lim &(z)=0;
T—0 T——00
2. ]
P(0) = 3
3.

O(—x)=1—®(x), forall zeR.

3.3.2 Normal random variables

Now that we have seen the standard normal random variable, we can obtain any normal
random variable by shifting and scaling a standard normal random variable. In particular,
define

X =0Z+4p, where o> 0.
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Then
E(X)=0E(Z)+p=p,
var(X) = o%var(Z) = o

We say that X is a normal random variable with mean p and variance o2. We write

X ~ N(u,0?).

Proposition 3.1.

If Z is a standard normal random variable and X = oZ + p, then X is a normal

2

random variable with mean p and variance o<, i.e,

X ~ N(p,0?).

Conversely, if X ~ N(u,0?), the random variable defined by Z = Xt s g

g

standard normal random variable, i.e., Z ~ N(0,1).

Definition 3.4.
If X is a normal random variable with mean p and variance o2 , i.e, X ~ N(u, 0?),

then . ( 2
T —
fX(x) = WGXP {_T} )
Eﬂ@zﬂ%Xﬁx)z@(xgu)
}%W<X§by:¢<b;“)—®<a;“>
Ezxample 3.1.

Let X ~ N(=5,4).
1. Find P(X < 0).
2. Find P(—7 < X < —3).
3. Find P(X > —3|X > —5).

Solution.
X is a normal random variable with y = —5 and o = V4 = 2, thus we have

1. Find P(X < 0):

HX<®=FM®:®C%§):¢@®zO%
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2. Find P(—7 < X < —3):

P(~7 < X < —3) = Fx(—3)—Fx(-7) = ® <_32+ 5)—@ (_7; 5) — 20(1)—1 ~ 0.68

3. Find P(X > —3|X > —5):

P(X > -3|X >—5) = LE>=3X>75) PX>-3) 1-00)

P(X > —5) P(X>=5) _ 1=3(0) ~ %

An important and useful property of the normal distribution is that a linear transforma-
tion of a normal random variable is itself a normal random variable. In particular, we
have the following theorem:

Theorem 3.1.
If X ~ N(,ux,a'%(), and Y = aX + b, where a,b € R, then Y ~ N(,uy,a%) where

2 2 2
py =apx +b, oy =a‘ck.

3.4 Lognormal Distribution

Definition 3.5.
Let X ~ N(0,1) and X =a+blogY . Then, Y is said to have a lognormal distri-

bution with parameters a and b. By a simple transformation of random variables,
we find the pdf of YV as

b

fY(y> = \/ﬁy

1
exp {—§(a + blogy)2} , y>0

Remark 3.5.

We may take b to be positive without loss of any generality, since —X has the same dis-
tribution as X. An alternative reparametrization is obtained by replacing the parameters
a and b by the mean p and standard deviation o of the random variable log Y. Then, the
two sets of parameters satisfy the relationships

,u:—% and o=7

so that we have X = (logY — u)/o, and the lognormal pdf under this reparametrization

1 1 (logy — p)?
fy(y)=m0yexp{—§%}, y > 0.

We write Y ~ lognormal (i1, o).

is given by
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7

Property 3.7.
If Y ~ lognormal(p, o?), then its mean and variance are

2

E(Y)=exp (,u + %) and var(Y) = [exp(a2) - 1] exp (2u + 02)

3.5 Gamma Distribution

The gamma distribution is another widely used distribution. Its importance is largely
due to its relation to exponential and normal distributions. Here, we will provide an
introduction to the gamma distribution. Before introducing the gamma random variable,
we need to introduce the gamma function.

Definition 3.6. Gamma function.
The gamma function, shown by I'(z), is an extension of the factorial function to
real (and complex) numbers. Specifically, if n € {1,2,3,...}, then

['(n)=(n—1)!

More generally, for any positive real number «a, I'(«) is defined as

0. 9]
F(a):/ 29 tedx, for a > 0.
0

Property 3.8.
For any positive real number «:

1. ~
') = / e “dr = 1.
0
2 N .
/ 2 e =My = ﬂ, for X > 0;
0 A%
3.
MNa+1)=al(a) for a>0
4.
I'(n)=mn-1!, for n=1,2,3,...
d.
1
OR%
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We now define the gamma distribution by providing its PDF:

Definition 3.7.
A continuous random variable X is said to have a gamma distribution with pa-

rameters « > 0 and A > 0, shown as X ~ Gamma(a, ), if its PDF is given
by

0, otherwise.

Aoz lemAe :
fX(x){W, lf$>0,

Remark 3.6.
e If we let = 1, we obtain

e M i 2 >0,
0, otherwise.

Fx(e) = {

Thus, we conclude Gamma(1l,\) = Exponential(X).
e More generally, if you sum n independent Exponential(\) random variables, then you
will get a Gamma(n, A) random variable.

FExample 3.2.
Using the properties of the gamma function, show that the gamma PDF integrates to 1,
i.e., show that for a, A > 0, we have

X ya,.a—1,—\z
/ At e
0 ['(a)

Solution.
We can write

Property 3.9.
If X ~ Gamma(a, \), then its mean and variance are

E(X) = % and wvar(X) = %.

3.6 Beta Distribution

Before introducing the beta random variable, we need to introduce the beta function.
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Definition 3.8. Beta function.
The integral

1
Bla, ) = / (1 - 2)Pda,
0

converges for a > 0 and $ > 0 and is called a beta function. For « < 0 or g <0
the integral above diverges. It is easy to see that for « > 0 and g > 0.

B(a, B) = B(f, ),

Definition 3.9.
A random variable X with PDF given by

o 1(1 - x)ﬁ_l
fx(z) = B(a, )

0, otherwise.

if 0<ax<l,

is said to have a beta distribution with parameters o and 3, a > 0 and § > 0. We
will write X ~ B(a, ) for a beta variable with density given above.

Property 3.10.
The CDF of a B(a, ) random variable is given by

0, <0
x _ _ 0
Fx(z) =% pamlo v Q-9 ldy, i 0<z<l,
1, x> 1.

and its mean and variance are

o af

E(X) = Py and var(X) = Gt itrl)

Example 3.3.
Let X be distributed with PDF

1.2 -
_ ) mril—=), i 0<wz<l,
fx(x) { 0, otherwise.

then, X ~ B(3,2), E(X) = % and var(X) = o
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3.7 Cauchy Distribution

Definition 3.10.
A random variable X is said to have a Cauchy distribution with parameters p and
0 if its PDF is given by

fr(w) = L1

L —xo<z<oo, pu>0.
mp? 4 (z—6)? S ESES

We will write X ~ C(u,0) for a Cauchy random variable with the density above.

Property 3.11.
The CDF of a C(1,0) random variable is given by

1 1
Fx(z) = 3 + ;tcmflx, —00 < x <00

Theorem 3.2.
Let X be a Cauchy random wvariable with parameters p and 6. The moments of
order < 1 exist, but the moments of order > 1 do not exist for the random variable

X.

Proof
It suffices to consider the PDF
1 1
f(x):;—l_i_xz, —00 < I < 0.
2 [ 1
E|X|* = —/ x® sdx,
T Jo 1+«

and letting z = 1/(1 + 2?) in the integral, we get
1
E|X|* = 1 2@71(1 — )/,
TJo
which converges for o < 1 and diverges for « > 1. This completes the proof of the theorem.

Theorem 3.3.
Let X ~ C(p1,01) and Y ~ C(u2,02) be independent random wvariables. Then
X +Y is aC(uy + p2,01 + 02) random variable.
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7~

Theorem 3.4.
Let X be C(u,0). Then A\/X, where X is a constant, is a C(|\|/u,0) random
variable.

3.8 Chi-square Distribution

The chi-square distribution is a continuous, positively skewed distribution defined
for non-negative values, whose shape is determined by a single parameter, degrees of
freedom (df). Its primary use is in statistical inference, particularly for the chi-square
goodness-of-fit test and the chi-square test for independence, which compare observed
categorical data to expected values to determine if there’s a significant difference.

Definition 3.11.
A random variable X is said to have a Chi square distribution with parameter n
which is the degree of freedom if its PDF is given by

$n/27167m/2

fx(z)=<¢ 27/2D(n/2)’
0, if z<0.

if x>0,

We write X ~ x2(n).

Property 3.12.
If X ~ x%(n), then its mean and variance are

E(X)=n and var(X) = 2n.

Theorem 3.5.
Let X1, Xo,..., X, be independent and identically distributed (i.i.d) random vari-
ables with N(0,1) distribution, then

n
Xy~ N0, 1) <= ) XE ~x2(n).
k=1
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3.9 Student Distribution

In probability theory and statistics, Student’s ¢ distribution (or simply the ¢ distribution)
is a continuous probability distribution that generalizes the standard normal distribution.
Like the latter, it is symmetric around zero and bell-shaped.

The name ”Student” is a pseudonym used by William Sealy Gosset in his scientific paper
publications during his work at the Guinness Brewery in Dublin, Ireland.

The Student’s t distribution plays a role in a number of widely used statistical analyses,
including Student’s t-test for assessing the statistical significance of the difference
between two sample means, the construction of confidence intervals for the difference
between two population means, and in linear regression analysis.

Definition 3.12.
A random variable X is said to have a Student distribution with parameter n which
is the degree of freedom if its PDF is given by

k+1

n 372 T2
Jn(z) = P[(F(Z/IZ))/Q] \/% (1 - ?> , if oo <2 < 4o00.

We write X ~ t(n).

Property 3.13.
If X ~t(n), and n > 2 then its mean and variance are

E(X)=0,n>1 and var(X)=n/(n—2), n> 2.

Theorem 3.6.
Let X ~t(n), n > 1. Then E(X") exists for r < n. In particular, if r < n is odd,
E(X") =0, and if r <n is even,

Tl 4 1)/2T 0 — r)/2)
B = g

Theorem 3.7.
Let X ~ N(0,1) and Y ~ x2(n), and let X and Y be independent. Then the
statistic

X

VY/n

15 said to have a t-distribution with n d.f.

T —
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Remark 3.7.
For n =1, T is a Cauchy random variable. We will therefore assume that n > 1.

Remark 3.8.
The PDF f,,(t) is symmetric in ¢, and f,,(t) — 0 as t — +o0.
For large n, the t-distribution is close to the normal distribution.

3.10 Fisher Distribution

Definition 3.13.
A random variable I is said to have a Fisher distribution or the F'- distibution with
(m,n) df if its PDF is given by

Llm+n)/2] m ) (m/2)-1 .\~ (m+n) /2 ‘.
g(r) = ['(m/2)'(n/2) (n) (n ) (1 + ) ) f x>0
0 if z<0.

We write F' ~ F(m,n).

Theorem 3.8.
Let X and Y be independent x> random variables with m and n d.f., respectively.
The random variable

_ X/m

Y/n

is said to have an F-distribution with (m,n) d.f.

Property 3.14.
If X ~ F(m,n), and n > 2 then its mean and variance are

E(X)=—— if n>2,

n— 2
and 2( )
n“(2m +2n — 4
X) = ) > 4.
var(X) m(n —2)2(n = 1) if n
Theorem 3.9.

Let X ~ F(m,n). Then, for k > 0, integral

_ (" Tk + (m/2)]T[(n/2) — k]
B0 = (1) Tlm2Tmz) o7 "> 2%
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Remark 3.9.

If X ~ F(m,n), then 1/X ~ F(n,m). If we take m = 1, then F' = [t(n)]?, so that
F(1,n) and t3(n) have the same distribution. It also follows that, if Z is C(1,0) [which
is the same as t(1)], Z2 is F(1,1).

3.11 Weibull distribution

In probability theory and statistics, the Weibull distribution is a continuous probability
distribution. It models a broad range of random variables, largely in the nature of a time
to failure or time between events. Examples are maximum one-day rainfalls and the time
a user spends on a web page.

Definition 3.14.
A random variable X is said to have a Weibull distribution if its PDF is given by
L (§> e_(m/)‘)k, if z>0.

fean={ § £725

where k£ > 0 is the shape parameter and A > 0 is the scale parameter of the
distribution We write F' ~ Weibull(k, \).

Property 3.15.
The CDF of a Weibull(k,\) random variable is given by

1—e= @V if z>0,
0, x < 0.

Fx(@) = {

and its mean and variance are

BE(X) = AT(1 + %) and var(X) = A2 lr <1 + %) - (F (1 + %))1 .

.

Remark 3.10.
e The Weibull distribution can be characterized as the distribution of a random variable
W such that the random variable
k
W
X=|—

is the standard exponential distribution with parameter 1.

o If X ~ Weibull(},\) then X ~ Exponential(\%).
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4 Approximation of some usual distributions

4.1 Poisson as an approximation for binomial distribution

The Poisson distribution can be viewed as the limit of binomial distribution. Suppose
X ~ Binomial(n, p) where n is very large and p is very small. In particular, assume that
A = np is a positive constant. We show that the PMF of X can be approximated by the
PMF of a Poisson(\) random variable. The importance of this is that Poisson PMF is
much easier to compute than the binomial. Let us state this as a theorem.

Theorem 4.1.

Let X ~ Binomial(n,p = p(n)),such that n > 30 and p < 0.1 , so A > 0 is fized
and limy,_soonp = . Then, the PMF of X converges to a Poisson(\) PMF, as
n — 0o. That is, we have for any k € {0,1,2,...},

-\ k
lim Py(k) = S

n—00 k!

4.2 Binomial as an approximation for Hypergeometric distribution

Intuitively, following the definition of the hypergeometric distribution, we deduce the
convergence to the binomial distribution. Let us state this as a theorem.

Theorem 4.2.
Suppose X has a hypergeometric distribution with parameters a, b, and n and prob-
ability function f .

CaCy® I cR

_— or x X.
flz) = Cotb

0, otherwise.

Then, as a — oo and b — oo in such a way that

lim =
a,b—o0 a + b

b,

we have that for x =0,1,2,...,n

lim f(z) = lima,b—moP(X =x)=Cpp*(1—p)" ™",

a,b—00

78



Mouroup MAMMERI UNIVERSITY INTRODUCTION TO PROBABILITY.

4.3 Normal as an approximation for Poisson distribution

The Normal distribution can be viewed as the limit of Poisson distribution Poisson(\).
If the parameter A is very large. This approximation is useful because the normal dis-
tribution is easier to manipulate mathematically, especially for probability calculations.
We consider the following theorem.

Theorem 4.3.

For sufficiently large values of A\, (say A > 15) the normal distribution with mean
A and variance A (standard deviation VA ), is an excellent approximation to the
Poisson distribution. So

Poisson(\) ~» Normal(\, \),

when A is large.

4.4 The normal approximation to the binomial distribution

To assert this approximation, we consider the following result.

Theorem 4.4.
Consider the binomial distribution,

flz) =Crp*(L —p)" 7%,

so X ~ Binomial(n,p) . Remarkably, when n, np and n(1—p) are large i.e as long
as p is not too close to either 0 or 1 and n s taken large,
then the binomial distribution is well approximated by the normal distribution. So,
f(@) = CEp™ (1 — p)'™* & e~ 2rel17)
2mnp(1l — p)

i€
Binomial(n, p) ~ Normal(np,np(1 — p)).
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5 Transformations of random variables

The topic for this section is transformations of random variables. After applying a
function to a random variable X, the goal is to find the distribution of the transformed
random variable.

Transformations of random variables appear all over the place in statistics. Here are a
few examples, to preview the kinds of transformations we’ll be looking at in this section.
e Unit conversion: In one dimension, we've already seen how standardization and
location-scale transformations can be useful tools for learning about an entire family of
distributions. A location-scale change is linear, converting a r.v X to ther.v. Y =aX +0
where a and b are constants (with a > 0).

e Sums and averages as summaries: It is common in statistics to summarize
n observations by their sum or sample average. Turning Xi,...,X, into the sum
T =X1+...+X,. The term for a sum of independent random variables is convolution.
In this section, convolution sums and integrals, which are based on the law of total prob-
ability, will give us another way of obtaining the distribution of a sum of random variables.

e Extreme values: In many contexts, we may be interested in the distribution
of the most extreme observations. For disaster preparedness, government agencies may
be concerned about the most extreme flood or earthquake in a 100-year period; in finance,
a portfolio manager with an eye toward risk management will want to know the worst 1%
or 5% of portfolio returns. In these applications, we are concerned with the maximum
or minimum of a set of observations. The transformation that sorts observations,
turning X7, ..., X, into the order statistics min(Xy,..., Xy,),..., max(Xy,..., X,), is a
transformation from R™ to R™ that is not invertible. Order statistics are addressed in
the last section in this section.

If we need the full distribution of g(X), not just its expectation, our approach de-
pends on whether X is discrete or continuous.

e In the discrete case, we get the PMF of g(X) by translating the event g(X) = y into
an equivalent event involving X. To do so, we look for all values = such that g(z) =y, as
long as X equals any of these x’s, the event g(X) = y will occur. This gives the formula

z:g(z)=y

For a one-to-one g, the situation is particularly simple, because there is only one value of
x such that g(z) = y, namely g~ !(y). Then we can use

to convert between the PMFs of X and g(X).
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e In the continuous case, a universal approach is to start from the CDF of g(X), and
translate the event g(X) < y into an equivalent event involving X. For general g, we
may have to think carefully about how to express g(X) < y in terms of X, and there is
no easy formula we can plug into. But when g is continuous and strictly increasing, the
translation is easy: g(X) <y is the same as X < g~ 1(y), so

w0 W) =P(g(X) <y)=P(X < g '(y) = Fx(¢~'(v)),

We can then differentiate with respect to y to get the PDF of g(X).

5.1 Change of variables

Theorem 5.1.
Let X be a continuous random variable with PDF fx, and let Y = g(X), where g
is differentiable and strictly increasing (or strictly decreasing). Then the PDF of Y

18 given by
dx

fr(y) = fx() a0

9

where x = g~ (y). The support of Y is all g(x) with x in the support of X.

Proof
Let g be strictly increasing. The CDF of YV is

Fy(y)=P(Y <y)=P(g(X)<y)=P(X < g '(y) = Fx(¢g '(y) = Fx()

so by the chain rule, the PDF of Y is

dzx

fr(y) = fX(fE)@

The proof for g strictly decreasing is analogous. In that case the PDF ends up as
dx

dy | 3 in

—fx (x)z—‘;, which is nonnegative since ill—g < 0 if g is strictly decreasing. Using

the statement of the theorem, covers both cases.

dx
dy’

or compute Z—g and take the reciprocal. By the chain rule, these give the same result, so

When applying the change of variables formula, we can choose whether to compute

we can do whichever is easier.

Remark 5.1.
When finding the distribution of Y, be sure to:
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e Check the assumptions of the change of variables theorem carefully if you wish to
apply it (if it doesn’t apply, a good strategy is to start with the CDF of Y ).

e Express your final answer for the PDF of Y as a function of y.

e Specify the support of Y .

The change of variables formula (in the strictly increasing g case) is easy to remember
when written in the form

fy()dy = fx(z)dz,

which has an aesthetically pleasing symmetry to it.

The next two examples derive the PDF's of two r.v.s that are defined as transformations
of a standard Normal r.v. In the first example the change of variables formula applies;
in the second example it does not.

Ezxample 5.1. (Log-Normal PDF).
Let X ~ N(0,1), Y = e, we use the change of variables formula to find the PDF of Y,
since g(x) = e is strictly increasing. Let y = e, so © = logy and dy/dx = e*. Then

dx 1

1
—| = sﬁ(w)e—x = w(logy)g, y > 0.

fy(y) = fx(z) a0

Note that after applying the change of variables formula, we write everything on the right-
hand side in terms of y, and we specify the support of the distribution. To determine the
support, we just observe that as x ranges from —oo to 0o, e* ranges from 0 to oc.

We can get the same result by working from the definition of the CDF, translating the
event Y <y into an equivalent event involving X. For y > 0,

Fy(y)=P(Y <y) = P(e* <y)=P(X <logy) = ®(logy),

so the PDF is again

d 1
Jy(y) = —®(logy) = p(logy)—, y > 0.
(y) iy (logy) ( )y

Example 5.2. (Chi-Square PDF).

Let X ~ N(0,1), Y = X2. The distribution of Y is an example of a Chi-Square distri-
bution. To find the PDF of Y |, we can no longer apply the change of variables formula
because g(x) = 22 is not one-to-one; instead we start from the CDF. By drawing the graph
of y = SL‘2, we can see that the event X2 < y is equivalent to the event —,/y < X < ,/y.
Then

Fy(y) = P(X? <y) = P(—/y < X < Vy) = (/) — D(—y) = 22(\/y) — L,

SO
1

fr(y) = 290(\/3)521_1/2 = o(Vi)y V2, y >0,
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5.2 Convolutions

A convolution is a sum of independent random variables. As we mentioned earlier, we
often add independent r.v.s because the sum is a useful summary of an experiment (in
n Bernoulli trials, we may only care about the total number of successes), and because
sums lead to averages, which are also useful (in n Bernoulli trials, the proportion of
successes).

The main task in this section is to determine the distribution of T'= X +Y |, where X
and Y are independent r.v.s whose distributions are known.

A method for obtaining the distribution of 7" is by using a convolution sum or integral.
The formulas are given in the following theorem. As we’ll see, a convolution sum is
nothing more than the law of total probability, conditioning on the value of either X or
Y ; a convolution integral is analogous.

Theorem 5.2. (Convolution sums and integrals).
Let X and Y be independent r.v.s and T = X +Y be their sum. If X and Y are
discrete, then the PMF of T is

P(T=t)=Y P(Y=t—2)P(X=2)=) P(X=t—y)P(Y =y).
x y
If X and Y are continuous, then the PDF of T is

fr(t) = /OO fr(t —z)fx(z)dr = /OO fx(t—y)fy(y)dy.

\.

Proof
For the discrete case, we use the following method.

P(T=t)=) P(X+Y=t|X=2)P(X =2)=» P =t—2|X =2)P(X = 1)

P(T=t)=>Y P(Y =t—z)P(X =1).

Conditioning on Y instead, we obtain the second formula for the PMF of T

We use the assumption that X and Y are independent in order to get from
PY =t—z|X = z) to P(Y =t — z) in the last step. We are only justified in
dropping the condition X = x if the conditional distribution of Y given X = z is the
same as the marginal distribution of Y | i.e., X and Y are independent. A common
mistake is to assume that after plugging in = for X, we’ve "already used the information”
that X = z, when in fact we need an independence assumption to drop the condition.
Otherwise we destroy information without justification.
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In the continuous case, since the value of a PDF at a point is not a probability,
we first find the CDF, and then differentiate to get the PDF.

o0 o0

Fr(t)=P(X+Y <t) = / P(X+Y <t|X =2)fx(x)dx = / P(Y <t—2z)fx(x)dx

—00 — 00

Fp(t) = /OO Fy(t —x)fx(z)dz.

— 00
Again, we need independence to drop the condition X = x. To get the PDF, we then
differentiate with respect to t, interchanging the order of integration and differentiation.
This gives

fr(t) = / N fy(t — x) fx(z)dz.
u

In the following examples, we find the distribution of a sum of Exponentials and a sum
of Uniforms using a convolution integral.

Ezample 5.3. (Exponential convolution).

Let X,Y ~ Exp(A). Find the distribution of T'= X + Y.
Solution:

For t > 0, the convolution formula gives

o0 ¢
i) = [ svte=npxtonde = [N

0

where we restricted the integral to be from 0 to ¢ since we need t — x > 0 and x > 0 for
the PDFs inside the integral to be nonzero. Simplifying, we have

t
fr(t) =2 / e Mdr = Nte ™™, for t>0.
0

This is known as the Gamma(2, \) distribution.

Example 5.4. (Uniform convolution).
Let X,Y ~ Uniform(0,1). Find the distribution of 7= X +Y .

Solution: The PDF of X (and of Y ) is
1, € (0,1
g(x) = { 0.1

0, otherwise.

The convolution formula gives

Fr(t) = /_ } / el — ) ()i = /_ ) / " ot — 2)g(a)de.
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The integrand is 1 if and only if 0 < t—x < 1 and 0 < x < 1; this is a parallelogram shaped
constraint. Equivalently, the constraint is max(0,¢ — 1) < x < min(¢, 1). Therefore, the
PDF of T is a piecewise linear function:

t
dr =t, for 0<t<1

fr(t) = f01
Jijdz=2—t for 1<t<2

5.3 Order statistics

The final transformation we will consider in this section is the transformation that takes
n random variables Xi,..., X, and sorts them in order, producing the transformed
r.v.s min(Xy,...,Xy), ..., max(Xy,..., X;,). The transformed r.v.s are called the order
statistics, and they are often useful when we are concerned with the distribution of
extreme values, as we alluded to earlier.

Furthermore, like the sample mean X, the order statistics serve as useful summaries
of an experiment, since we can use them to determine the cutoffs for the worst 5% of
observations, the worst 25%, the best 25%, and so forth (such cutoffs are called the
quantiles of the sample).

Definition 5.1. (Order statistics).
For rwv.ss Xi,Xs...,X,, the order statistics are the random variables
X(l),X(Q), e 7X(n)> where

X(l) = min(Xl, o900 ,Xn)

X(2) is the second-smallest of Xi,... Xy,.

X(n-1) is the second-largest of Xi,... Xp.
X(n) = maX(Xl, 500 ,Xn)

Note that X(l) < X(Q) < ... < X(n) by definition. We call X(j) the jth order
statistic. If n is odd, X((;,41)/2) is called the sample median of Xi,..., Xp.

Remark 5.2.

The order statistics X(qy,..., X(,) are r.v.s, and each X(;) is a function of Xj,..., X.
Even if the original r.v.s are independent, the order statistics are dependent: if we know
that X(;) = 100, then X, is forced to be at least 100.
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Let’s start with the CDF of X(,,y = max(Xy,...,Xp). Since X, is less than z if and
only if all of the X are less than x, the CDF of X, is

Fx,, (z) = P(max(Xy,...,X,) <z)=P(Xy <z,...,X;, <) =P(X1 <x)... P(X;, <)

Fx, () = (F(2))"

where F' is the CDF of the individual X;. Similarly, X () = min(X1, ..., X,) exceeds z if
and only if all of the X; exceed z, so the CDF of Xy is

Fx ., (x) =1—=P(min(Xy,...,Xp) >2)=1-P(X1>z,.... X, >2)=1—(1—F(x))".

)

The same logic lets us find the CDF of X(j). For the event X(j) < x to occur, we need at
least 7 of the X; to fall to the left of x.

Since it appears that the number of X; to the left of z will be important to us, let’s define a
new random variable, IV, to keep track of just that: define N to be the number of X; that
land to the left of z. Each X; lands to the left of  with probability F'(x), independently.
If we define success as landing to the left of x, we have n independent Bernoulli trials
with probability F(z) of success, so N ~ B(n, F(x)). Then, by the Binomial PMF,

P(X(j) < x) = P(at least j of the X; are to the left of z) = P(N > j)

P(Xg <o) =Y ChF(a)k(1 - F(z))" .
k=j

We thus have the following result for the CDF of X;.

Theorem 5.3. (CDF of order statistic).
Let X1,..., X, be i.i.d. continuous r.v.s with CDF F. Then the CDF of the jth
order statistic X jy is

P(Xy <z)=) ChF(z)*(1 - F(z))"*.
k=j

To get the PDF of X, we can differentiate the CDF with respect to x, but the
resulting expression is ugly (though it can be simplified).

Remark 5.3.

What is the probability of this extremely specific event? Let’s break up the experiment
into stages.

e First, we choose which one of the X; will fall into the infinitesimal interval around .
There are n such choices, each of which occurs with probability f(z)dz, where f is the
PDF of the Xj;.

e Next, we choose exactly 7 — 1 out of the remaining n — 1 to fall to the left of x. There
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are Cf;j such choices, each with probability F(z)/~1(1 — F(x))"~/ by the B(n, F(z))
PMF. We multiply the probabilities of the two stages to get

fx,, (@)de = nf(z) de CI F(x)i (1 — F(z))" .

Dropping the dz’s from both sides gives us the PDF we desire.

Theorem 5.4. (PDF of order statistic).
Let X1,..., X, be i.i.d. continuous r.v.s with CDF F and PDF f. Then the
marginal PDF of the jth order statistic X ;) is

fx,, (@) = nf(2)CI_ F(z) (1 - F(a))" .

In general, the order statistics of X1, ..., X, will not follow a named distribution,
but the order statistics of the standard Uniform distribution are an exception.

Example 5.5. (Order statistics of Uniforms).
Let Uy,...,U, be iid. Uniform(0,1). Then for 0 <z <1, f(z) =1 and F(z) = z, so
the PDF of U is

fu, (@) = nCy 2 (1 — )

This is the Beta(j,n — j + 1) PDF. So U;) ~ Beta(j,n — j + 1), and E(U(;)) = HLH
We show that for i.i.d. Uy, Uz ~ Uniform(0,1),

E(maX(Ul,Ug)) = 2/3, E(min(Ul,Ug)) = 1/3.

Now that we know max(Uy, Uz) and min(Uy, Us) follow Beta distributions, the expectation
of the Beta distribution confirms our earlier findings.
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6 Some exercises

6.1

Suppose the number of customers arriving at a store obeys a Poisson distribution with an
average of A customers per unit time. That is, if Y is the number of customers arriving
in an interval of length ¢, then Y ~ Poisson(At). Suppose that the store opens at time
t = 0. Let X be the arrival time of the first customer. Show that X ~ Exponential(X).

Solution.

We first find P(X > t):

0
P(X >t) = P(No arrival in [0,t]) = e M"~—— =¢
Thus, the CDF of X for z > 0 is given by
Fx(z)=1-P(X >z)=1—¢"7,

which is the CDF of Exzponential(\). Note that by the same argument, the time between
the first and second customer also has Exponential()\) distribution. In general, the time
between the k’th and k + 1’th customer is Exponential()\).

6.2

(Exponential as the limit of Geometric)
Let Y ~ Geometric(p), where p = AA. Define X = YA, where A\, A > 0. Prove that for
any x € (0,00), we have

lim Fx(z) =1 —e .
Ay Fle) =1 e

Solution
If Y ~ Geometric(p) and ¢ = 1 — p, then

n

n
_ 1—g¢q
P(Y<n)=> pd" =p =1-(1-p"
k=1

lL—gq
Then for any y € (0,00), we can write
P(Y <y)=1-(1-p,
where |y| is the largest integer less than or equal to y. Now, since X = YA, we have

Fx(e) = P(X <) =P (Y < 3) =1-(1-pl8 =1-(1-a)5
Now, we have

lim F — lim 1 — (1 = M)zl =1 — ¢,
Ay Fx (@) = fim 1= (1= AA)" ¢
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The last equality holds because x —1 < [x] < %, and we know

= 6_/\.

D=

lim (1 — AA)
A—0

6.3
Let U ~ Uniform(0,1) and X = —In(1 — U). Show that X ~ Exponential(1).

Solution.
First note that since Ry = (0,1), Rx = (0,00). We will find the CDF of X. For
z € (0,00), we have

Fy(z) = P(X <2) = P(—In(1-U) < ) = P (ﬁ < ex) —PU<1-e ") =1-¢7,

which is the CDF of an Exponential(1) random variable.

6.4

Let X ~ N(2,4) and Y =3 — 2X.
1. Find P(X > 1).
2. Find P(-2 <Y < 1).
3. Find P(X >2]Y < 1).

Solution.

1. Find P(X > 1):
We have ux = 2 and ox = 2. Thus,

PX>1)=1— (%) — 1 ®(—0.5) = B(0.5) = 0.6915

2. Find P(—2<Y < 1):
Since Y = 3 — 2X, we have Y ~ N(—1,16). Therefore,

P(—2<Y <1)=d (1_T(_1)> _ o (_Q_TH)) — B(0.5) — B(—0.25) = 0.29

3. Find P(X >2|Y < 1):
PX>2Y<1)=P(X>213-2X<1)=PX >2/X>1)
CP(X>2,X>1) P(X>2) 1-932

P(X>1)  PX>1) 1-o(2)

~ 0.72
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6.5
Let X ~ N(0,2). Find E|X]|.

Solution.
We can write X = 07, where Z ~ N(0,1). Thus, E|X| = cE|Z]|. We have

1 [ 2 2 [~ 2
E|Z| = _27r/ |tle” 2 dt = \/_2_77/ |tle” 2dt (integral of an even function)
V e 0

2 [ e 2
= \/j/ te” 2dt = \/7
T Jo

Thus, we conclude E|X| =cF|Z| = 0\/g :

3 |

6.6
Let X ~ Gamma(a, ), where a, A > 0. Find F(X), and var(X).

Solution.
To find F(X) we can write

o > o > i a—1_—Ax
E(X)—/0 xfx(x)dx—/o xF(a)I e dx

P e AT 1
= m/0 2% My = (o) % (using Property of the gamma function)

Similarly, we can find E(X?):

E(X) = /OOO 22 fx (x)dr = /OOO xQF)(\Z)xO‘_le_de

N A* T(a+2
= T(a) /0 2Ot = AT g0 o) (j‘aj; ) (using Property of the gamma function)
_a+1T(a+1)  ala+1)
NT(a) A2

So, we conclude

ol (1/2
var(X) = B(X?) - (B(x)7 = 201D 0
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