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PROBABILITY AND STATISTICS
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This course has been developed as an educational resource for second-year Bachelor’s degree

students specialising in Technological Sciences (ST) at the Faculty of Construction Engineering at

Mouloud Mammeri University in Tizi Ouzou. Drawing on over ten years of teaching experience at

this institution, it provides comprehensive guidance on the fundamental principles of statistics and

probability, in line with the official LMD programme for the Civil Engineering discipline, which is

taught during the third semester of the university course. The book has been carefully designed

to emphasise clarity, breaking down complex concepts into their most basic elements while avoiding

mathematical proofs. It has been supplemented with illustrations, elucidating remarks and examples

of application to enhance comprehension and accessibility.

The first part of the book is dedicated to descriptive statistics, explaining how to represent univariate

and bivariate statistical series and how to describe and analyse their characteristics numerically.

The second part of the book covers the theory of probability, introducing all the necessary terminology

to understand random events. The course provides concrete, illustrated examples of calculating prob-

ability distributions for discrete and continuous random variables, as well as their characteristics, such

as mathematical expectation and variance. Some of the most commonly used probability distributions

for discrete and continuous random variables are detailed, and their corresponding statistical tables

are listed in the appendix.
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Descriptive Statistics

1





CHAPTER 1

BASICS OF STATISTICS

1 Introduction

Statistics constitutes a branch of mathematics. This essential tool is designed to facilitate

the comprehension and management of complex and random phenomena. It aims to collect and

process data from the observation of these phenomena in order to summarise the representation of

the contained information (e.g. coding, graphs, tables and characteristics) for analysis, interpretation,

decision-making, problem-solving and process design in many areas, including scientific research, public

health, business and economy, engineering and agriculture.

The two broad categories of statistics are descriptive statistics and inferential statistics. The

former summarise and represent a set of data with the purpose of displaying and describing its char-

acteristics, while the latter is used to test hypotheses and make decisions and predictions on a large

population on the basis of limited data (samples) from this population.

In this first part of the course, the focus will be on descriptive statistics, which can have one dimension

(univariate) if the data relate to only one variable, or two dimensions (bivariate) where two variables

are concerned simultaneously.

2 Basic definitions and concepts

2.1 Population, sample and individual

It is imperative for any statistical study to be conducted within the confines of the statistical

space in which the study is being carried out. This statistical space can be categorised into two distinct

types: the population and the sample .

3



4 Basics of statistics

A population is defined as a finite or infinite set of elements (people or objects) that is subject to

statistical study. This set is denoted by Ω = {ω1, ω2, . . . , ωN}. The number N of the elements ωi

is the defined as the population size.

Definition 1

The observation of a whole population is frequently challenging, if not unfeasible. In general, the

population under study is limited to a sample.

A sample is defined as a restricted collection of elements selected in an arbitrary manner from

the population under consideration for the statistical investigation.

Definition 2

An element of the population or sample, which is the subject of the statistical study, is referred

to as an individual or statistical unit. The number of individuals in a sample is denoted by n < N

and is referred to as the sample size.

Definition 3

A civil engineer is tasked with analysing the compressive strength of concrete utilised in a construction project.

The project involves the utilisation of 200 concrete blocks. However, due to practical constraints, the engineer

decides to test a sample of 20 blocks, which are selected at random.

The population under consideration is constituted by all the 200 concrete blocks that were used in the project.

The sample under consideration is constituted by the 50 concrete blocks that were randomly selected for

the purposes of testing. The sample size is n = 50.

The individual is the concrete blocks from which the construction is assembled.

Example 1

2.2 Statistical variables and modalities

In the context of the population or sample under consideration, individuals can be studied

according to specific properties or characteristics.

A statistical variable, denoted X (or Y ), is defined as any measurable or identifiable characteristic

of a given individual, within a population or a sample.

The statistical variable X can be defined as an application:

X : Ω → C

ωi → X (ωi)

Cis the set in which X takes its values.

Definition 4



2. Basic definitions and concepts 5

It is important to note that statistical variables can be categorised into two distinct types: Quantit-

ative and Qualitative variables.

Quantitative variables are defined as measurable characteristics (C ⊂ R). These can be further

categorised into two types:

– Discrete quantitative variables where the modalities (different possible values) xi of C are

isolated:

C = {x1, x2, . . . , xi, . . . , xk} .

The xi values are assumed to be ordered x1 < x2 < . . . < xk.

– Continuous quantitative variables where the modalities are continuous (specific intervals of

R). The modalities of C are different classes:

C = {[c1, c2[ , [c2, c3[ , . . . , [ci, ci+1[ , . . . , [ck, ck+1]} .

Each class [ci, ci+1[, with i = 1, k, is characterised by an interval, with its left side closed

and its right side open.

The width of each class [ci, ci+1[ is defined by the value wi = ci+1 − ci.

The centre of each class [ci, ci+1[ is defined by the value Ci =
ci + ci+1

2
.

Qualitative variables are defined as non-measurable characteristics (C not a subset of R), which
are expressed through an individual’s membership of a specific category.

For a sample of 30 students from a population of 150 students in a particular section, the character X,

defined as “the mark obtained by each student at an examination”, is a discrete quantitative statistical

variable. For i = 1, 4, its modalities are:

C = {5, 8, 12, 15} .

For the same previous sample of 30 students, the character X, defined as “the size in cm of each student”,

is a continuous quantitative statistical variable. For i = 1, 4, its modalities are the different classes:

C = {[159, 164[ , [164, 169[ , [169, 174[ , [174, 179[} .

The amplitude, or width, of each class is wi = 5 cm, and the centre of the first class is
159 + 164

2
= 161.5 cm.

For the same previous sample of 30 students, the character X, defined as “the eye’s colour for each student”,

is a qualitative statistical variable. Its modalities are :

C = {green,black,brown, blue} .

Example 2





CHAPTER 2

UNIVARIATE STATISTICAL SERIES

1 Introduction

Univariate statistics is the branch of descriptive statistics that focuses on the analysis of a single

variable. The purpose of this section is to provide a comprehensive description of the characteristics

of the variable in question. This approach facilitates the discernment of patterns within a singular

dataset, independently of external comparison with other datasets. In this chapter, the methodology

for the representation of the aforementioned dataset in tabular and graphical form will be examined,

with a view to determining characteristics and parameters such as the arithmetic mean, the median

and the variance.

2 Frequency and cumulative frequency

In order to take into account the occurrence of each of the different modalities of a statistical

variable, it is necessary to define a number of other concepts including the frequency (or absolute

frequency), the relative frequency , the cumulative frequency and the relative cumulative

frequency .

The frequency (or absolute frequency) of each modality xi(or the class [ci, ci+1[), denoted by ni,

is defined as the number of occurrences of the modality xi (or a value in the class [ci, ci+1[) that

have been observed for i = 1, k.

We write:
i=k∑
i=1

ni = n, (2.1)

where n denotes the sample size.

Definition 1

7



8 Univariate statistical series

The relative frequency of each modality xi(or class [ci, ci+1[), denoted by fi, is defined as the

quotient of the frequency of the modality xi (or the class [ci, ci+1[) to the sample size.

We write:

fi =
ni

n
; i = 1, k. (2.2)

We note that
i=k∑
i=1

fi = 1.

Definition 2

The cumulative frequency in each modality xi(or class [ci, ci+1[), denoted by Ni, is defined as

follows:

Ni =

j=i∑
j=1

nj ; i = 1, k. (2.3)

Definition 3

The cumulative relative frequency of each modality xi(or class [ci, ci+1[), denoted by Fi, is defined

as follows:

Fi =

j=i∑
j=1

fj =
nj

n
; i = 1, k. (2.4)

We note that Fk =

j=k∑
j=1

fj = 1.

Definition 4

3 From discrete modalities to classes

In the context of continuous quantitative variables, it is frequently observed that multiple values

or modalities xi, in a statistical series of size n, may exhibit a high degree of proximity to one another.

Rather than studying them separately, they are grouped into k classes, with extremities c1, c2, . . . , ck.

For each class, the corresponding frequency is noted in the interval [ci, ci+1]. The following steps must

be followed in order to determine the relevant classes:

The range of the statistical series is defined by : R = xmax − xmin.

The number of classes is the integer k, that is the closest to
√
n.

The amplitude a of each class is such that a ≥ R

k
.

Let’s determine the classes corresponding to a series of 40 discrete values, with xmin = 5.3 and xmax = 32.6.

The range of this statistical series is: R = 32.6− 5.3 = 27.3.

The number of classes is the integer k closest to
√
40 = 6.32, i.e. k = 6.

The amplitude of each class is : a ≥ 27.3

6
= 4.55 =⇒ a = 5.

Thus, the 6 classes are [5.3, 10.3[, [10.3, 15.3[, [15.3, 20.3[, [20.3, 25.3[, [25.3, 30.3[, [30.3, 35.3[.

Example 1



4. Representation of univariate statistical series 9

In certain cases, the initial class (and its amplitude) is predetermined. In this particular instance, the number of

classes and the classes themselves can be readily deduced.

In the preceding example, if the first class is designated as [5, 10.5[ (with an amplitude a = 5.5), the remaining

classes are as follows: [10.5, 16[, [16, 21.5[, [21.5, 27[, [27, 32.5[, [32.5, 38[.

Remark 1

4 Representation of univariate statistical series

Once the data has been collected through consistent observation, it is subsequently arranged,

summarised, and classified in order to represent it in tabular form through statistical tables and in

visual form through graphs.

4.1 Statistical tables

The frequency (or relative frequency) table is a synthetic representation of data, presented in

tabular form. This representation is employed for either a discrete or continuous statistical variable.

For the same previous sample of 30 students from a population of 150 students in a particular section (see Chapter

1, Example 2 ), the detailed values related to the character X, defined as “the mark obtained by each student at

an examination” are given in the following series:

12; 8; 12; 5; 12; 12; 8; 5; 12; 8; 15; 12; 8; 5; 12; 8; 5; 8; 12; 8; 15; 8; 5; 8; 15; 8; 5; 8; 5; 8

The following statistical table provides a summary of the series, presenting the frequencies of the four modalities

(i = 1, 4):

xi 5 8 12 15 Total

ni 7 12 8 3 30

where the sum of the frequencies is checked to ascertain whether it is equal to the sample size:

i=4∑
i=1

ni = 7 + 12 + 8 + 3 = 30.

From equations (2.2) and (2.4), we can complete the above table by the corresponding relative frequencies and

cumulative relative frequencies:

xi 5 8 12 15 Total

ni 7 12 8 3 30

fi
7
30

= 0.233 12
30

= 0.400 8
30

= 0.267 3
30

= 0.100 1

Fi f1 = 0.233 f1 + f2 = 0.633 f1 + f2 + f3 = 0.900 f1 + f2 + f3 + f4 = 1 /

Example 2



10 Univariate statistical series

For the same previous sample of 30 students from a population of 150 students in a particular section (see Chapter

1, Example 2 ), the detailed values related to the character X, defined as “the size in cm of each student” are a

continuous statistical series given in the following statistical table:

Size in cm [159, 164[ [164, 169[ [169, 174[ [174, 179[ Total

ni 9 6 12 3 30

From equations (2.2) and (2.4), we can complete the above table by the corresponding relative frequencies and

cumulative relative frequencies:

xi [159, 164[ [164, 169[ [169, 174[ [174, 179[ Total

ni 9 6 12 3 30

fi 0.3 0.2 0.4 0.1 1

Fi 0.3 0.5 0.9 1 /

Example 3

4.2 Graphic representation of data

The graphical representation of the obtained (qualitative or quantitative) data statistics is

achieved through the use of various symbols, including lines on a line graph, bars on a bar chart,

or slices of a pie chart. This representation is more efficient in facilitating comprehension and com-

parison of data than its tabular counterpart. The utilisation of graphical representations facilitates

the organisation, classification and presentation of data in a manner that is readily comprehensible

to a broader audience. This visual representation has been found to facilitate clarity, comparison and

understanding of numerical data.

4.2.1 Graphic representation of qualitative statistical series

In the context of qualitative statistical series, the most prevalent graphic representations of the

frequency (or relative frequency) tables are the bar graph (illustrated in bar charts) and the circular

graph (illustrated in pie charts).

The graph representation employed in the bar chart method assigns a rectangular shape with a

fixed base and a height proportional to the frequency (or relative frequency) of the modality of

the qualitative character under consideration.

The graph representation in the pie chart is such that each modality of the character is asso-

ciated with an angular sector of a disk. The central angles of these sectors are proportional to

the frequency (or relative frequency) of each modality. In this representation, a circle with a

radius of unity is constructed. The frequencies are then represented by the areas of the sectors

corresponding to the modalities of the angular variable:

αi = 2π · ni

n
,

with:
i=k∑
i=1

αi = 2π.



4. Representation of univariate statistical series 11

For the same previous sample of 30 students from a population of 150 students in a particular section (see Chapter

1, Example 2 ), the statistical series related to the character X, defined as“the eye’s colour for each student” are

summarised in the following table:

eye’s colour green black brown blue Total

ni 5 15 8 2 30

As illustrated by the bar charts above, the frequency (we can also do it for the relative frequency) is indicated on

the vertical axis, with the modality represented on the horizontal axis.

It is imperative to consider the following principles:

Equal spacing must be be maintained on each axis.

The bars should be of uniform width, and there is no contact between them.

Each axis must be accompanied by a label, in addition to the designation of the graph by a title.

Example 4

For the same previous sample of 30 students from a population of 150 students in a particular section (see Chapter

1, Example 2 ), the statistical series related to the character X, defined as“the eye’s colour for each student” are

summarised in the following table:

eye’s colour green black brown blue Total

ni 5 15 8 2 30

αi 2π · 5
30

= π
3

2π · 15
30

= π 2π · 8
30

= 8π
15

2π · 2
30

= 2π
15

2π

As illustrated by the pie charts above, the frequency (we can also do it for the relative frequency) is indicated on

sectors for which the the areas correspond to the angular values associated with the different modalities.

It is imperative to consider the following principles:

Each sector should be designed by the value (or corresponding percentage) of each modality.

The legend for each modality, in addition to the title of the graph, should be clearly visible.

Example 5



12 Univariate statistical series

Pie charts have been shown to be a useful graphical tool for the purpose of comparing the size of modalities.

Bar charts offer a parallel representation of the data. The specific type of device used is of little consequence.

The determination of the most appropriate approach is ultimately a subjective matter, contingent on individual

preferences and the specific information to be addressed. However, pie charts are most efficacious when the number

of categories is minimal and the data can be expressed as a percentage.

Remark 2

4.2.2 Graphic representation of quantitative statistical series

In the context of quantitative statistical series, the most common graphic representations of

the frequency (or relative frequency) tables, depending on the character nature, are the stick dia-

gram (illustrated in stick charts) for the discrete character, and the histogram for the continuous

character.

The stick diagram representation assigns a segment (stick) with a height that is proportional

to the frequency (or relative frequency) of the modality of the discrete quantitative character

under consideration. It is important to note that the modalities are ordered in ascending order.

The histogram assigns adjacent rectangles, with each one rectangle’s area being proportional to

the frequency (or relative frequency) of the class of the quantitative character under consider-

ation. It is important to note that, in instance where the classes possess equal amplitudes, the

height of each class is directly proportional to the frequency (or relative frequency) of that class.

The statistical table from Example 2, concerning “the mark obtained by each student at an examination” on a

sample of 30 students out of a total population of 150 students in a specific section, shall be considered.

xi 5 8 12 15 Total

ni 7 12 8 3 30

As illustrated by the stick charts above, the frequency (we can also do it for the relative frequency) is indicated on

the vertical axis, with the modality represented on the horizontal axis.

The frequency (or relative frequency) polygon is a type of line graph used to represent the frequency (or relative

frequency) distribution. It can be constructed by the process of joining the extremities of the sticks with linear

segments.

As for the bar chart representation, each axis must be accompanied by a label, in addition to the designation of

the graph by a title.

Example 6



4. Representation of univariate statistical series 13

The statistical table from Example 3, concerning “the size in cm of each student”, taken from a sample of 30

students out of a total population of 150 students in a particular section, can be considered:

Size in cm [159, 164[ [164, 169[ [169, 174[ [174, 179[ Total

ni 9 6 12 3 30

As illustrated by the histogram (with the frequency polygon), the frequency (we can also do it for the relative

frequency) is indicated by vertical rectangles of equal basis, with the extremities of the classes represented on the

horizontal axis.

As for the previous representations, each axis must be accompanied by a label, in addition to the designation of

the graph by a title.

Example 7

In the event of classes with unequal amplitudes r1, r2, . . . , ri, . . . , rk, the heights of the vertical rectangles are to be

regarded as the corrected frequencies (or relatives frequencies) per amplitude, defined as follows:

nic (orfic) = ni
min (r1, r2, . . . , rk)

ri
. (2.5)

Remark 3
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4.3 Cumulative distribution function - Cumulative curves

Cumulative relative frequency curves are a type of statistical curve that is employed to illustrate

the cumulative distribution function, defined as follows:

For any statistical variable X, the cumulative distribution function, denoted F , is defined as

follows:

F : R → [0, 1]

x → F (x) .

In the event of a discrete quantitative statistical variable with its modalities

x1, x2, . . . xi, . . . , xk:

F (x) =


0 ; x < x1∑j=i−1

j=1 fj ; x ∈ [xi−1, xi[ with i ≥ 2

1 ; x ≥ xk.

(2.6)

In the event of a continuous quantitative statistical variable with its classes

[c1, c2[ , [c2, c3[ , . . . , [ci, ci+1[ , . . . , [ck, ck+1]:

F (x) =


0 ; x ≤ c1∑j=i−1

j=1 fj ; x = ci with i ≥ 2

1 ; x ≥ xk+1.

(2.7)

Definition 5

The cumulative distribution function is characterised by the following properties:

0 ≤ F (x) ≤ 1.

F is increasing.

F is right-continuous.

limx→+∞ F (x) = 1 and limx→−∞ F (x) = 0.
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1- In the discrete case, we turn our attention to Example 2, which deals with “the mark obtained by each student

at an examination” on a sample of 30 students from a total population of 150 students in a specific section. The

statistical table, which presents the relative and cumulative relative frequencies, is presented below.

xi 5 8 12 15 Total

ni 7 12 8 3 30

fi
7
30

= 0.233 12
30

= 0.400 8
30

= 0.267 3
30

= 0.100 1

Fi f1 = 0.233 f1 + f2 = 0.633 f1 + f2 + f3 = 0.900 f1 + f2 + f3 + f4 = 1 /

The cumulative distribution function can be written as follows:

F (x) =



0 ; x < 5

0.233 ; x ∈ [5, 8[

0.633 ; x ∈ [8, 12[

0.900 ; x ∈ [12, 15[

1 ; x ≥ 15.

The corresponding cumulative curve, illustrated below, is invariably a staircase curve.

In the continuous case, let us consider the Example 3, which concerns “the size in cm of each student” from a sample

of 30 students from a population of 150 students in a particular section. The statistical table with the relative and

cumulative relative frequencies, is presented below.

xi [159, 164[ [164, 169[ [169, 174[ [174, 179[ Total

ni 9 6 12 3 30

fi 0.3 0.2 0.4 0.1 1

Fi 0.3 0.5 0.9 1 /

The cumulative distribution function can be written as follows:

F (x) =



0 ; x ≤ 159

0.3 ; x = 164

0.5 ; x = 169

0.9 ; x = 174

1 ; x ≥ 179.

The corresponding cumulative curve, illustrated below, is a continuous curve.

Example 8
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5 Numerical description : Position and dispersion parameters

The process of analysing a table or its graphical representation can often be a time-consuming

one, and may not provide a clear representation of the observed statistical distribution. The numerical

description of the statistical series consists of measurable quantities and characteristic parameters, such

as the position and dispersion parameters, which are employed to provide an objective characterisation

of the entire dataset under study.

5.1 Position parameters

The Position parameters are measures that estimate the central tendency of a population.These

values are indicative of the typical value around which the observations are distributed.

5.1.1 Arithmetic mean

The arithmetic mean is the most common measure of central tendency, indicating an average of a

given data collection. The following definition is provided for this position parameter.

For a statistical variable X, the arithmetic mean of a dataset of n values, denoted X, is defined

as follows:

X =
1

n

i=n∑
i=1

xi. (2.8)

In the case of a discrete quantitative statistical variable X, with its k modalities

x1, x2, . . . xi, · · · , xk, the arithmetic mean is determined by the following expression:

X =
1

n

i=k∑
i=1

nixi =
i=k∑
i=1

fixi. (2.9)

In the case of a continuous quantitative statistical variable X, with its k classes

[c1, c2[ , [c2, c3[ , . . . , [ci, ci+1[ , . . . , [ck, ck+1], the arithmetic mean is determined by the fol-

lowing expression:

X =
1

n

i=k∑
i=1

niCi =

i=k∑
i=1

fiCi, (2.10)

where Ci is the centre of the ithclass.

Definition 6
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5.1.2 Mode

Another measure of central tendency is the mode , which identifies the most common value or class

in a distribution.

In the case of a discrete quantitative statistical variable X, with its k modalities

x1, x2, . . . xi, · · · , xk, the mode, denoted Mo, is defined as the modality with the highest

frequency (or the highest relative frequency).

For a continuous quantitative statistical variable X, with its k classes

[c1, c2[ , [c2, c3[ , . . . , [ci, ci+1[ , . . . , [ck, ck+1], we first determine the modal class, denoted

CMo as the class with the highest frequency (or the highest relative frequency). We then

calculate the mode Mo by linear interpolation.

Mo = Blow(CMo) + a(CMo)
∆p

∆p +∆n
, (2.11)

where:

Blow(CMo) is the lower boundary of the modal class.

a(CMo) is the amplitude of the modal class,

∆p is the difference between the frequency (or relative frequency) of the modal class and

that of the preceding class.

∆n is the difference between the frequency (or relative frequency) of the modal class and

that of the next class.

Definition 7

It is evident that in the event of all possible values xi (or classes in the continuous case) appearing with

equal frequencies in the data set, there is no mode.

There are several modes when the highest frequency has been observed for several different modalities.

In instances where a mode is absent or multiple modes are present, the use of a mode to ascertain the

centre of the distribution is not possible.

In the case of a continuous statistic variable, where the amplitudes of the classes are different, the modal

class is determined according to the corrected frequencies (see Equation 2.5). The mode is calculated based

on the difference between the corrected frequency of the modal class and the corrected frequencies of the

preceding and succeeding classes.

Remarks 4

5.1.3 Median

The median is a more robust indicator of central tendency than the arithmetic mean, as it is less

sensitive to extreme values. This is particularly beneficial in cases where the presence of extreme

values has the potential to compromise the integrity of the arithmetic mean.
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The median, denoted Me, is defined as the value of the statistical variable that divides the

observations into two equal parts.

This value represents the modality for which the cumulative distribution function F (Me) = 0.5.

In the case of a discrete quantitative variable X, The n values in a statistical series are

arranged in either ascending or descending order, and the median is defined as the value

that is positioned precisely at the midpoint of the series:

Me =

xk+1 ; if n = 2k + 1

xk+xk+1

2 ; if n = 2k.
(2.12)

For a continuous quantitative statistical variable X, with its k classes

[c1, c2[ , [c2, c3[ , . . . , [ci, ci+1[ , . . . , [ck, ck+1], we first determine the median class [ci, ci+1[,

such that:

F (ci) ≤ F (Me) = 0.5 ≤ F (ci+1). (2.13)

Then Me ∈ [ci, ci+1[ and is calculated by linear interpolation:

Me = ci + (ci+1 − ci)
0.5− F (ci)

F (ci+1)− F (ci)
. (2.14)

Definition 8

5.1.4 Quantiles

Further indicators of central tendency include quantiles, which may be defined as a generalisation of

the median.

The quartile, denoted qα, with α ∈ ]0, 1[, is defined as the value of the statistical variable that

divides the observations into
1

α
equal parts.

This value represents the modality for which the cumulative distribution function F (qα) = α.

In the case of a discrete quantitative statistical variable X, The n values in a statistical

series are arranged in either ascending or descending order, and the quantile is defined as

the value :

qα =


xnα+xnα+1

2 ; if nα ∈ N

x⌊nα⌋+1 ; if nα /∈ N,
(2.15)

with ⌊nα⌋ denote the integer part of nα.

For a continuous quantitative statistical variable X, with its k classes

[c1, c2[ , [c2, c3[ , . . . , [ci, ci+1[ , . . . , [ck, ck+1], we first determine the class [ci, ci+1[, such

that:

F (ci) ≤ F (qα) ≤ F (ci+1). (2.16)

Then qα ∈ [ci, ci+1[ and is calculated by linear interpolation:

qα = ci + (ci+1 − ci)
α− F (ci)

F (ci+1)− F (ci)
. (2.17)

Definition 9
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For α =
1

4
,
2

4
,
3

4
, the quantiles are designated as quartiles, denoted Q1 = q 1

4
(First quartile), Q2 = q 2

4

(Second quartile) and Q3 = q 3
4
(Third quartile), respectively.

For α =
1

10
,
2

10
, . . . ,

9

10
, the quantiles are designated as deciles, denoted D1 = q 1

10
(First decile), D2 = q 2

10

(Second decile), . . .,D9 = q 9
10

(Ninth decile), respectively.

For α =
1

100
,

2

100
, . . . ,

99

100
, the quantiles are designated as percentiles, denoted P1 = q 1

100
(First percentile),

P2 = q 2
100

(Second percentile), . . .,P99 = q 99
100

(Ninety-ninth percentile), respectively.

It is evident that the second quartile, the fifth decile and the fiftieth percentile are equivalent to the median:

Q2 = D5 = P50 = Me.

Remarks 5

The number of employees who visited the health centre was recorded by the company over a period of 50 days.

The statistical table associated with this study, given below, has been completed with ni · xi values to facilitate its

subsequent exploitation.

xi 0 1 2 3 4 5 Total

ni 3 3 9 10 21 4 50

fi 0.06 0.06 0.18 0.2 0.42 0.08 1

Ni 3 6 15 25 46 50 /

ni · xi 0 3 18 30 84 20 155

The arithmetic mean of X is determined as follows:

X =
1

50

i=6∑
i=1

nixi =
155

50
= 3.1.

The mode is determined by the modality which exhibits the highest frequency:

Mo = 4.

As n is even (n = 50 = 2 · 25), the median is:

Me =
x25 + x26

2
=

3 + 4

2
= 3.5.

For the first quartile Q1 = q 1
4
, we have nα = 50 · 1

4
= 12.5. As nα /∈ N:

Q1 = x⌊12.5⌋+1 = x13 = 2.

For the third quartile Q3 = q 3
4
, we have nα = 50 · 3

4
= 37.5. As nα /∈ N:

Q3 = x⌊37.5⌋+1 = x38 = 4.

Example 9
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The following statistical table, completed with ni · ci values to facilitate its subsequent exploitation, was yielded

by a study of the distribution of 30 workers in a company according to their weekly salary:

weekly salary (×1000DA) [10, 12[ [12, 14[ [14, 16[ [16, 18[ Total

ni 4 6 15 5 30

fi 0.13 0.20 0.50 0.17 1

Fi 0.13 0.33 0.83 1 /

ci 11 13 15 17 /

ni · ci 44 87 225 85 432

The arithmetic mean of X is determined as follows:

X =
1

30

i=6∑
i=1

nici =
432

30
= 14.4× 1000DA.

The modal class, which is the class with the highest frequency, is CMo = [14, 16[. The differences between

the frequency of CMo and that of the preceding and next classes are ∆p = 15−6 = 9, and ∆n = 15−5 = 10.

Thus we calculate the mode Mo by linear interpolation:

Mo = 14 + (16− 14)
9

9 + 10
= 14.95× 1000DA.

the median class is [14, 16[ because F (14) = 0.33 ≤ F (Me) = 0.5 ≤ F (16) = 0.83. Then the median

Me ∈ [14, 16[ and is calculated by linear interpolation:

Me = 14 + (16− 14)
0.5− 0.33

0.83− 0.33
= 14.95× 1000DA.

The first quartile Q1 ∈ [12, 14[because F (12) = 0.13 ≤ F (Q1) = 0.25 ≤ F (14) = 0.33. Then the first quartile

is calculated by linear interpolation:

Q1 = 12 + (14− 12)
0.25− 0.13

0.33− 0.13
= 13.20× 1000DA.

The third quartile Q3 ∈ [14, 16[because F (14) = 0.33 ≤ F (Q1) = 0.75 ≤ F (14) = 0.83. Then the third

quartile is calculated by linear interpolation:

Q3 = 14 + (16− 14)
0.75− 0.33

0.83− 0.33
= 15.68× 1000DA.

Example 10

5.2 Dispersion parameters

The dispersion parameters are measures that quantify the extend and distribution of variation

within a dataset. These parameters provide information regarding the dispersion of individual values

from the central tendency. In summary, the position parameters provide information regarding the

centre of the data, while the dispersion parameters indicate the data spread around this centre.
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5.2.1 Range

Previously used in section 3, the range represents the most elementary dispersion parameter

for quantifying the distribution of data.

The range, denoted R, indicates the distance between the highest value xmax and the the lowest

value xmin in a sample:

R = xmax − xmin. (2.18)

Definition 10

5.2.2 Variance and standard deviation

The concepts of variance and the standard deviation are both used to quantify the dispersion

observed in a given dataset. However, these two measures are expressed in different units. The

prevailing preference for standard deviation is attributable to the fact that it is expressed in the same

units as the original data, thereby facilitating interpretation.

- For a statistical variable X, the variance of a dataset of n values, denoted σ2
X or σ2, is defined

as the arithmetic mean of the squares of the differences between each value and in the dataset

and the mean:

σ2
X =

1

n

i=n∑
i=1

(
xi −X

)2
. (2.19)

In the event of a discrete quantitative statistical variable X, with its k modalities

x1, x2, . . . xi, · · · , xk, the variance is expressed as follows:

σ2
X =

1

n

i=k∑
i=1

ni

(
xi −X

)2
=

i=k∑
i=1

fi
(
xi −X

)2
. (2.20)

In the case of a continuous quantitative statistical variable X, with its k classes

[c1, c2[ , [c2, c3[ , . . . , [ci, ci+1[ , . . . , [ck, ck+1], the variance is given by:

σ2
X =

1

n

i=k∑
i=1

ni

(
Ci −X

)2
=

i=k∑
i=1

fi
(
Ci −X

)2
, (2.21)

where Ci is the centre of the ithclass.

- The standard deviation, denoted σX or σ, is defined as the square root of the variance:

σX =
√
σ2
X =

√√√√ 1

n

i=n∑
i=1

(
xi −X

)2
. (2.22)

Definition 11
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We can demonstrate an alternative formulation of the variance as follows:

σ2
X =

1

n

i=k∑
i=1

ni

(
xi −X

)2
=

1

n

i=k∑
i=1

(
nix

2
i + niX

2 − 2nixiX
)

=
1

n

i=k∑
i=1

nix
2
i +X

2

(
1

n

i=k∑
i=1

ni

)
− 2X

(
1

n

i=k∑
i=1

nixi

)

=
1

n

i=k∑
i=1

nix
2
i +X

2 − 2X
2
,

and finally:

σ2
X =

1

n

i=k∑
i=1

nix
2
i −X

2
. (2.23)

Property

Interquartile range and interval

The interquartile range and the interquartile interval are two related parameters that

are frequently employed to measure the dispersion of data around the median. These tools facilitate

comprehension of the data distribution and enable the identification of outliers.

The interquartile range, denoted IQR, is defined as the difference between the last quartile

Q3 and the first quartile Q1:

IQR = Q3 −Q1. (2.24)

The interquartile interval, denoted IQI, refers to the interval that is delimited by the two

quartiles Q1 and Q3:

IQI = [Q1, Q3] . (2.25)

Definition 12

Interdecile and interpercentile ranges and intervals, IDR, IPR, IDI, and IPI respectively, can be defined in a

similar manner:

IDR = D9 −D1

IDI = [D1, D9]

IPR = P99 − P1

IPI = [P1, P99]

Remark 6
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5.2.3 Coefficient of variation

The coefficient of variation is a quantitative measure employed to quantify the dispersion

of data points around the arithmetic mean. This dispersion is typically expressed as a percentage,

allowing for quantitative analysis and comparison between data series. It is evident that as the value

of the coefficient of variation diminishes, the homogeneity of the series increases. It is also evident

that as the value increases, the dispersion around the mean value also increases in proportion.

The coefficient of variation, denoted CVX , is defined as the ratio of the standard deviation to the

arithmetic mean:

CVX =
σX

X
. (2.26)

Definition 13

Let’s take a look at the statistical table from Example 9, where we’ve added theni · x2
i values.

xi 0 1 2 3 4 5 Total

ni 3 3 9 10 21 4 50

fi 0.06 0.06 0.18 0.2 0.42 0.08 1

Ni 3 6 15 25 46 50 /

ni · xi 0 3 18 30 84 20 155

ni · x2
i 0 3 36 90 336 100 565

The range of X is determined as follows:

R = xmax − xmin = 5− 0 = 5.

We calculate the variance of X as follows:

σ2
X =

1

50

i=6∑
i=1

nix
2
i −X

2
=

565

50
− (3.1)2 = 1.69.

Thus, we deduce its standard deviation :

σX =
√

σ2
X =

√
1.69 = 1.3.

The interquartile range is:

IQR = Q3 −Q1 = 4− 2 = 2,

and the interquartile interval is:

IQI = [Q1, Q3] = [2, 4] .

The value of the coefficient of variation is then:

CVX =
σX

X
=

1.3

3.1
= 0.42.

Example 11
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Now, let’s take a look at the statistical table of Example 10, which is filled out with ni · c2i values.

Weekly salary (×1000DA) [10, 12[ [12, 14[ [14, 16[ [16, 18[ Total

ni 4 6 15 5 30

fi 0.13 0.20 0.50 0.17 1

Fi 0.13 0.33 0.83 1 /

ci 11 13 15 17 /

ni · ci 44 78 225 85 432

ni · c2i 484 1044 3375 1445 66318

The range of X is determined as follows:

R = xmax − xmin = 18− 10 = 8× 1000DA.

The variance and the standard deviation of X are calculated as follows

σ2
X =

1

n

i=4∑
i=1

nic
2
i −X

2
=

66318

30
− (14.4)2 = 3.24× (1000DA)2,

and

σX =
√

σ2
X =

√
3.24 = 1.8× 1000DA.

The interquartile range and interquartile interval are:

IQR = Q3 −Q1 = 15.68− 13.20 = 2.48× 1000DA,

and

IQI = [Q1, Q3] = [13 200, 156 800] .

We can also determine the coefficient of variation as:

CVX =
σX

X
=

1.8

14.4
= 0.125.

Example 12



CHAPTER 3

BIVARIATE STATISTICAL SERIES

1 Introduction

A discussion of the methods for summarising and representing univariate statistical series was

presented in the preceding chapter. However, there are cases where the analysis of an individual can be

carried out on more than a single statistical variable. For instance, a statistical study might undertake

the monitoring of a child’s growth by observing both its height and weight. In this particular instance,

it is imperative to examine the interrelationship between these two variables.

The present chapter will be dedicated to the analysis of quantitative bivariate statistical series. The

utilisation of these descriptive statistical methods is a common practice in research and quality of

life studies, with the objective of ascertaining any potential correlation, association or dependency

between two variables.

In this context, the two statistical variables X and Y can be defined as an application:

(X,Y ) : Ω → R2

ωi → (X (ωi) , Y (ωi)) ,

For each individual ωi, we associate the pair of values (xi, yi) such that: xi = X (ωi), and yi = Y (ωi).

(X,Y ) is the statistical variable pair , with X and Y having the capacity to be either discrete or

continuous. For instance, in a statistical study concerning the number of annual absences in a sample

of students, based on their obtained annual average marks, the number of absences is discrete while

the annual final mark (any value within a range) is continuous.

25
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2 Representation of bivariate statistical series

The bivariate discrete statistical series of values x1, x2, . . . xi, . . . , xn, and y1, y2, . . . , yi, . . . , yn

can be represented in a classical table as follows:

ω ω1 ω2 . . . ωi . . . ωn

X x1 x2 . . . xi . . . xn

Y y1 y2 . . . yi . . . yn

The graphic representation of such a statistical table is known as the scatter plot , which is achieved

by plotting each pair (xi, yi) as a dot on a Cartesian coordinate system. The position of each dot on

the horizontal and vertical axis is indicative of the indicates xi and yi values, respectively.

The following table presents the findings of a statistical investigation into the relationship between the duration of

revision (in hours) xi and the marks yi obtained mark in an examination for a sample of 20 students:

Student 1 2 3 4 5 6 7 8 9 10

X 1 2 5 3 2 4 5 3 6 1

Y 5.5 7.25 12.5 10.5 6 9 11.5 9 12.75 7

Student 11 12 13 14 15 16 17 18 19 20

X 7 8 4 9 6 10 2 5 8 10

Y 15 15.5 11 16 11 18.5 5.5 10.5 14.5 17

The graphic representation of this statistical table is given by the scatter plot below.

Example 1

2.1 Joint distribution - Contingency table

As for univariate statistical series, the representation of the statistical variable pair (X,Y ) can be

achieved by taking into account the occurrence of each of the different modalities x1, x2, . . . xi, . . . , xk,

and y1, y2, . . . , yj , . . . , yp ofX and Y respectively. It is therefore imperative to establish clear definitions

of key concepts including the joint frequency , and the relative joint frequency .
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The joint frequency of each modalities pair (xi, yj), denoted by nij , is defined as the number of

times that the modalities xi and yj occur together in a dataset, for i = 1, k, and j = 1, p.

We write:
i=k∑
i=1

j=p∑
j=1

nij = n, (3.1)

where n denotes the sample size.

Definition 1

The relative joint frequency of each modalities pair (xi, yj), denoted by fij , is defined as the

quotient of the frequency of (xi, yj) to the sample size.

We write:

fij =
nij

n
; i = 1, k and j = 1, p. (3.2)

We note that
i=k∑
i=1

j=p∑
j=1

fij = 1.

Definition 2

The joint distribution of the statistical variable pair (X,Y ) is defined by providing all the mod-

alities pairs (xi, yj) and the corresponding joint frequencies (or relative frequencies).

Definition 3

Th joint distribution associated to the statistical variable pair (X,Y ) (where X and Y are either

discrete or continuous) can thus be represented within a contingency table (or double-entry table),

which is a table of k rows and p columns. The table is presented in matrix format, thereby offering a

visual representation of the multivariate frequency distribution of the statistical variables.

X\Y y1 . . . yj . . . yp Totals

x1 n11(or f11) . . . n1j (or f1j) . . . n1p (or f1p)

j=p∑
j=1

n1j (or

j=p∑
j=1

f1j)

x2 n21 (or f21) . . . n2j (or f2j) . . . n2p (or f2p)

j=p∑
j=1

n2j (or

j=p∑
j=1

f2j)

...
...

...
...

...
...

...

xi ni1 (or fi1) . . . nij (or fij) . . . nip (or fip)

j=p∑
j=1

nij (or

j=p∑
j=1

fij)

...
...

...
...

...
...

...

xk nk1 (or fk1) . . . nkj (or fkj) . . . nkp (or fkp)

j=p∑
j=1

nkj (or

j=p∑
j=1

fkj)

Totals
i=k∑
i=1

ni1 (or
i=k∑
i=1

fi1) . . .
i=k∑
i=1

nij (or
i=k∑
i=1

fij) . . .
i=k∑
i=1

nip (or
i=k∑
i=1

fip) n (or 1)
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2.2 Marginal distributions

Referring to the contingency table above, the final column denotes the sum of the frequencies

(or relative frequencies) associated with each modality xi of the statistical variable X, while the final

row indicates the sum of the frequencies (or relative frequencies) associated with each modality yi of

the statistical variable Y . These sums are designated as marginal frequencies.

The marginal frequency and marginal relative frequency associated with each modality xi

of the statistical variable X, denoted by ni.and fi. respectively, are defined as follows:

ni. =

j=p∑
j=1

nij (3.3)

fi. =
ni.

n
=

j=p∑
j=1

fij . (3.4)

The marginal frequency and marginal relative frequency associated with each modality yj

of the statistical variable Y , denoted by n.j and f.j respectively, are defined as follows:

n.j =
i=k∑
i=1

nij (3.5)

f.j =
n.j

n
=

i=k∑
i=1

fij . (3.6)

We note that
i=k∑
i=1

ni. =

j=p∑
j=1

n.j =
i=k∑
i=1

j=p∑
j=1

nij = n, and
i=k∑
i=1

fi. =

j=p∑
j=1

f.j =
i=k∑
i=1

j=p∑
j=1

fij = 1.

Definition 4

The marginal distribution of the statistical variable X (or Y ) is defined by providing all the mod-

alities xi, and the corresponding marginal frequencies ni.(or n.j) and marginal relative frequencies

fi.(or f.j).

Definition 5

The marginal distribution of the statistical variable X can be represented by the table below.

X ni. fi. =
ni.

n

x1 n1. f1.

x2 n2. f2.
...

...
...

xi ni. fi.
...

...
...

xk nk. fk.

Total n 1
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The marginal distribution of the statistical variable Y can be represented by the table below.

Y n.j f.j =
n.j

n

y1 n.1 f.1

y2 n.2 f.2
...

...
...

yj n.j f.j
...

...
...

yp n.p f.p

Total n 1

The following contingency table illustrates the distribution of the number of annual absences X for 25 students as

a function of the final mark obtained Y .

X\Y [0, 5[ [5, 10[ [10, 15[ [15, 20[ ni.

0 2 0 3 0 5

1 0 1 2 3 6

2 0 0 1 1 2

3 4 3 0 0 7

4 1 0 4 0 5

n.j 7 4 10 4 25

The marginal distribution of the statistical variable X can be represented by the following table:

X ni. fi. =
ni.

n

0 5 0.20

1 6 0.24

2 2 0.08

3 7 0.28

4 5 0.20

Total 25 1

The following tabular representation provides a depiction of the marginal distribution of the statistical variable Y :

Y n.j f.j =
n.j

n

[0, 5[ 7 0.28

[5, 10[ 4 0.16

[10, 15[ 10 0.40

[15, 20[ 4 0.16

Total 25 1

Example 2
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2.3 Conditional distributions

In the contingency table, the joint frequencies corresponding to the modalities pairs (xi, yj)

can be used to define conditional distributions, as they are divided by the marginal frequencies

associated with the xi or yj modalities.

The conditional relative frequency associated with each modality xi of the statistical variable

X, given that Y = yj , is defined as follows:

fi|j =
nij

n.j
; i = 1, k. (3.7)

The conditional relative frequency associated with each modality yj of the statistical variable

Y , given that X = xi, is defined as follows:

fj|i =
nij

ni.
; j = 1, p. (3.8)

We note that
i=k∑
i=1

fi|j =

j=p∑
j=1

fj|i = 1.

Definition 6

The conditional distribution of the statistical variable X (or Y ) given that Y = yj (or X = xi),

denoted by X | Y = yj (or Y | X = xi), is defined by providing all the modalities xi (or yj), the

corresponding joint frequencies nij , and the conditional relative frequencies fi|j (or fj|i).

Definition 7

In contrast to the marginal distribution, which provides a description of the distribution of a single variable

across the entire population, the conditional distribution examines the distribution of one variable within a

specific subset of the population, as determined by another variable.

A conditional distribution provides a more precise and nuanced comprehension of the relationship between

two variables by considering the distribution of one variable within the context of the other.

Remark 1

The conditional distribution of X | Y = yj can be represented by the table below.

X nij fi|j =
nij

n.j

x1 n1j f1|j

x2 n2j f2|j
...

...
...

xi nij fi|j
...

...
...

xk nkj fk|j

Total n.j 1
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The following tabular representation provides a depiction of the conditional distribution of Y | X = xi.

Y nij fj|i =
nij

ni.

y1 ni1 fj|1

y2 ni2 fj|2
...

...
...

yj nij fj|i
...

...
...

yp nip fj|p

Total ni. 1

The contingency statistical table from Example 2, which illustrates the distribution of the number of annual absences

X for 25 students as a function of the final mark obtained Y , is to be considered.

X\Y [0, 5[ [5, 10[ [10, 15[ [15, 20[ ni.

0 2 0 3 0 5

1 0 1 2 3 6

2 0 0 1 1 2

3 4 3 0 0 7

4 1 0 4 0 5

n.j 7 4 10 4 25

The conditional distribution of X | Y ∈ [10, 15[ can be represented by the table below.

X nij fi|j =
nij

n.j

0 3
3

10

1 2
2

10

2 1
1

10
3 0 0

4 4
4

10
Total 10 1

The conditional distribution of Y | X = 2 can be represented by the table below.

Y nij fj|i =
nij

ni.

[0, 5[ 0 0

[5, 10[ 0 0

[10, 15[ 1
1

2

[15, 20[ 1
1

2
Total 2 1

Example 3
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3 Numerical description

In a manner consistent with the approach employed for univariate statistics, the statistical

representation of a statistical variable pair (X,Y ) is characterised by the provision of a numerical

representation, incorporating arithmetic means and variances in both marginal and conditional dis-

tributions. In the latter case, the independence condition is also exposed.

3.1 Arithmetic mean and variance

The most common position and dispersion parameters are the arithmetic mean and variance,

respectively. For a statistical variable pair (X,Y ), the marginal arithmetic means and variables are

defined as follows.

For a statistical variable pair (X,Y ), the marginal arithmetic means, denoted X and Y respect-

ively, are defined as follows:

X = 1
n

∑i=k
i=1 ni.xi =

i=k∑
i=1

fi.xi (3.9)

Y = 1
n

∑j=p
j=1 n.jyj =

j=p∑
j=1

f.jyj . (3.10)

Definition 8

For a statistical variable pair (X,Y ), the marginal variances, denoted σ2
X and σ2

Y respectively,

are defined as follows:

σ2
X = 1

n

∑i=k
i=1 ni.x

2
i −X

2
=

i=k∑
i=1

fi.x
2
i −X

2
. (3.11)

σ2
Y = 1

n

∑j=p
j=1 n.jy

2
j − Y

2
=

j=p∑
j=1

f.jy
2
j − Y

2
. (3.12)

Definition 9
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In the case of a classical table representation (see Example 1 ), the means and variances of each statistical variable

are calculated independently, as for two univariate statistical series:

X =
1

n

i=n∑
i=1

xi. (3.13)

Y =
1

n

j=n∑
j=1

yj . (3.14)

σ2
X =

1

n

i=n∑
i=1

x2
i −X

2
. (3.15)

σ2
Y =

1

n

j=n∑
j=1

y2
j − Y

2
. (3.16)

Remark 2

For a statistical variable pair (X,Y ), the conditional arithmetic means and variables are defined as

follows.

For the conditional distribution X | Y = yj , the conditional arithmetic mean, denoted Xj ,

is defined as follows:

Xj = 1
n.j

∑i=k
i=1 nijxi =

i=k∑
i=1

fi|jxi ; ∀j = 1, p. (3.17)

For the conditional distribution Y | X = xi, the conditional arithmetic mean, denoted Yi, is

defined as follows:

Yi = 1
ni.

∑j=p
j=1 nijyj =

j=p∑
j=1

fj|iyj ; ∀i = 1, k. (3.18)

Definition 10

The conditional variances for the conditional distributions X | Y = yj and Y | X = xi, denoted

σ2
Xj

and σ2
Yi

respectively, are defined as follows:

σ2
Xj

= 1
n.j

∑i=k
i=1 nijx

2
i −Xj

2
=

i=k∑
i=1

fi|jx
2
i −Xj

2
; ∀j = 1, p (3.19)

σ2
Yi

= 1
ni.

∑j=p
j=1 nijy

2
j − Yi

2
=

j=p∑
j=1

fj|iy
2
j − Yi

2
; ∀i = 1, k. (3.20)

Definition 11

In the case of a continuous quantitative statistical variable X (or Y ), the expressions of the marginal arithmetic

means and variances, and conditional arithmetic means and variances, are obtained by replacing xi (or yj) with

the centre Ci (or Cj) of the class [ci, ci+1[ (or [cj , cj+1[) .

Remark 3
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In considering the Example 2 once more with regard to the annual number of absences X, the arithmetic mean

and variance of X, as well as the standard deviation, will be calculated.

The marginal distribution of X is determined by adding the the numbers ni.xi and ni.x
2
i .

X ni. fi. =
ni.

n
ni.xi ni.x

2
i

0 5 0.20 0 0

1 6 0.24 6 6

2 2 0.08 4 8

3 7 0.28 21 63

4 5 0.20 20 80

Total 25 1 51 157

The marginal arithmetic mean of X is determined as follows:

X =
1

25

i=5∑
i=1

ni.xi =
51

25
= 2.04.

We calculate the marginal variance of X as follows:

σ2
X =

1

25

i=5∑
i=1

ni.x
2
i −X

2
=

157

25
− (2.04)2 = 2.1184.

Thus, we deduce its marginal standard deviation :

σX =
√

σ2
X =

√
2.1184 = 1.45.

In a similar manner, the marginal distribution for the continuous statistical variable Y associated with the final

mark obtained, is determined by taking into account the centres Cj of the classes.

Y n.j f.j =
n.j

n
Cj n.jCj n.jC

2
j

[0, 5[ 7 0.28 2.5 17.5 43.75

[5, 10[ 4 0.16 7.5 30 225

[10, 15[ 10 0.40 12.5 125 1562.5

[15, 20[ 4 0.16 17.5 70 1225

Total 25 1 - 242.5 3056.25

The marginal arithmetic mean of Y is determined as follows:

Y =
1

25

j=4∑
j=1

n.jCj =
242.5

25
= 9.7.

The marginal variance and the standard deviation of Y are calculated as follows

σ2
Y =

1

n

j=4∑
j=1

n.jC
2
j − Y

2
=

3056.25

25
− (9.7)2 = 28.16,

and

σY =
√

σ2
Y =

√
28.16 = 5.30.

The conditional distribution of X | Y ∈ [10, 15[can be represented by the table below, by adding the numbers

ni3xi, fi|3xi, and fi|3x
2
i .

X ni3 fi|3 =
ni3

n.3
ni3xi fi|3xi fi|3x

2
i

0 3
3

10
= 0.3 0 0 0

1 2
2

10
= 0.2 2 0.2 0.2

2 1
1

10
= 0.1 2 0.2 0.4

3 0 0 0 0 0

4 4
4

10
= 0.4 16 1.6 6.4

Total 10 1 20 2 7

Example 4
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The value of the conditional arithmetic mean X3 is:

X3 =
1

n.3

i=5∑
i=1

ni3xi =

i=5∑
i=1

fi|3xi =
20

10
= 2.

The value of the conditional variance σ2
X3

is:

σ2
X3

=

i=5∑
i=1

fi|3x
2
i −X3

2
= 7− (2)2 = 3.

In a similar manner, the conditional distribution of Y | X = 2 can be represented by the table below.

Y n2j fj|2 =
n2j

n2.
Cj n2jCj fj|2Cj fj|2C

2
j

[0, 5[ 0 0 2.5 0 0 0

[5, 10[ 0 0 7.5 0 0 0

[10, 15[ 1
1

2
12.5 12.5 6.25 78.125

[15, 20[ 1
1

2
17.5 17.5 8.75 153.125

Total 2 1 - 30 15 231.25

The value of the conditional arithmetic mean Y2 is:

Y2 =
1

n2.

j=4∑
j=1

n2jCj =

j=4∑
j=1

fj|2Cj =
30

2
= 15.

The value of the conditional variance σ2
Y2
is:

σ2
Y2

=

j=4∑
j=1

fj|2C
2
j − Y2

2
= 231.25− (15)2 = 6.25.

3.2 Independence condition

The independence of two statistical variables is defined as the absence of a statistical link between

them. It is important to note that awareness of the value of one variable provides no information about

the value of the other variable. Statistical independence can thus be defined as the absence of a link

between variables, and the knowledge of the frequencies associated with one does not influence the

frequencies of the other. The independence condition can thus be defined as follows.

The statistical variables X and Y are said to be independent if:

fij = fi. × f.j ; ∀i = 1, k and ∀j = 1, p. (3.21)

If X and Y are independent then:

fi|j = fi. ; ∀i = 1, k and ∀j = 1, p.

fj|i = f.j ; ∀i = 1, k and ∀j = 1, p.

Definition 12
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From the contingency table of Example 2, we can deduce, for the modalities pair (0, [0.5[), that

f11 =
n11

n
=

2

25
= 0.08. From the marginal distributions of X and Y , we can also deduce the values f1. = 0.20

and f.1 = 0.28.

It can thus be concluded that the condition of independence has not been verified, since:

∃i = 1, j = 1 such that f11 ̸= f1. × f.1.

Consequently, the statistical variables X and Y are dependent.

The statistical study revealed a correlation between the number of annual absences and the final annual result. It

is evident that further quantification of this dependence is required.

Example 5

3.3 Notion of Covariance and Pearson correlation coefficient

In the context of bivariate statistical analysis, the covariance , and the correlation coefficient

are defined as metrics which quantifies the direction and strength of the relationship between two

statistical variables.

The covariance between two statistical variables X and Y , denoted Cov (X,Y ), is defined as

follows:

Cov (X,Y ) =
1

n

i=k∑
i=1

j=p∑
j=1

nij

(
xi −X

) (
yj − Y

)
=

1

n

i=k∑
i=1

j=p∑
j=1

nijxiyj −XY . (3.22)

Definition 13

The covariance of two variables X and Y can be positive, negative, or equal to zero, depending on the

nature of relationship between these two variables.

– If Cov (X,Y ) > 0, the variables X and Y exhibit a tendency to move in the same direction.

– If Cov (X,Y ) < 0, the variables X and Y exhibit a tendency to move in opposite directions.

– If Cov (X,Y ) = 0, the variables X and Y are not likely to exhibit a predictable tendency to move

together.

The measurement of the covariance of two variables X and Y is expressed in units, which are calculated

through the multiplication of the units of the two variables in the event that they exist.

Remarks 4

In the case of a classical table representation (see Example 1 ), the covariance between the two statistical variables

is defined as follows:

Cov (X,Y ) =
1

n

i=n∑
i=1

(
xi −X

) (
yi − Y

)
=

1

n

i=n∑
i=1

xiyi −XY . (3.23)

Remark 5
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The Pearson correlation coefficient between two statistical variables X and Y , referred to as

Pearson’s r, is defined as follows:

Pearson’s r =
Cov (X,Y )

σXσY
. (3.24)

Definition 14

The Pearson’s r coefficient is a statistical measure used to quantify the strength of linear relationships

between two statistical variables.

The Pearson’s r coefficient is a value that varies between −1 and +1.

– Pearson’s r = +1 indicates a perfect positive linear relationship between the two variables, i.e. an

increase or decrease in one variable is accompanied by an increase or decrease in the other.

– Pearson’s r = 0 indicates no linear relationship between the two variables.

– Pearson’s r = −1 indicates a perfect negative linear relationship between the two variables, i.e. an

increase or decrease in one variable is accompanied by a decrease or increase in the other.

– When Pearson’s r approaches ±1, the linear relationship between the two variables is considered

strong, and when Pearson’s r approaches 0, the linear relationship between the two variables is con-

sidered weak.

Remarks 6

From the contingency table of Example 2, and the values of marginal arithmetic means X and Y calculated in

Example 4, we can evaluate the covariance of the statistical variable pair (X,Y ) associated to the annual number

of absence (discrete variable X) and the final mark (Continuous variable Y ), using the equation 3.22.

Cov (X,Y ) =
1

25

i=5∑
i=1

j=4∑
j=1

nijxiCj −XY

=
1

25
(1× 1× 7.5 + 2× 1× 12.5 + 3× 1× 17.5 + 1× 2× 12.5 + 1× 2× 17.5

= +4× 3× 2.5 + 3× 3× 7.5 + 1× 4× 2.5 + 4× 4× 12.5)− (2.04× 9.7)

= −1.688.

The calculated value of the covariance, which is negative, indicates that the two variables tend to move in opposite

directions.

From the calculated values of σX and σY in Example 4, we deduce the value of the Pearson’s r, using the equation

3.24:

Pearson’s r =
Cov (X,Y )

σXσY
=

−1.688

1.45× 5.30
= −0.21.

It is evident that, given the close proximity of Pearson’s r to 0 on the scale, it can be deduced that a linear

relationship between the two variables is not to be expected.

Example 6
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4 Linear Regression

The regression analysis is predicated on statistical methodologies employed to estimate the

correlation between a dependent variable and one or more independent variables, with the purpose of

evaluating its strength and predicting missing values.

In instances where an approximately linear relationship is observed between two statistical variables

(X and Y ), a simple linear regression model is utilised to predict the value of the dependent

variable (Y , for example) based on a single independent variable (X, for example). This relationship

is expressed as Regressing Y onto X and is mathematically defined as:

Y = aX + b, (3.25)

where the coefficients a and b represent the slope and the intercept, respectively.

Subsequent to the estimation of these parameters, the calculation of ŷi = ax̂i + b, representing an

estimate of Y for a particular value x̂i of X, can be performed.

In the field of linear regression modelling, the Ordinary Least Squares (OLS) method has emerged

as the prevailing approach for estimating parameters a and b. This method involves the selection of

coefficients a and b that optimise the minimisation of the sum of squares of the vertical deviations

from the Pi data points of the scatter plot to the regression line of best fit. This sum is referred to as

Residual Sum of Squares (RSS) and is defined as follows:

RSS =
i=n∑
i=1

(yi − (axi + b))2 . (3.26)

The subsequent minimisation process yields the following expression a and b:

a =
Cov (X,Y )

σ2
X

. (3.27)

b = Y − aX. (3.28)

In the same manner, in the event that we want to predict the value of the dependent variable X, based on

a single independent variable Y , the Regressing X onto Y is defined as:

X = a′Y + b′, (3.29)

where the slope and intercept are:

a′ =
Cov (X,Y )

σ2
Y

. (3.30)

b′ = X − a′Y . (3.31)

The point G(X,Y ) is known as the average point , or centre of gravity , of the scatter plot.

Remarks 7
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We reconsider the classical representation of Example 1.

X 1 2 5 3 2 4 5 3 6 1

Y 5.5 7.25 12.5 10.5 6 9 11.5 9 12.75 7

X 7 8 4 9 6 10 2 5 8 10

Y 15 15.5 11 16 11 18.5 5.5 10.5 14.5 17

In order to quantify the direction and strength of the the relationship between the two statistical variables X and

Y , we need to determine the covariance and the correlation coefficient:

The arithmetic means X , Y using equations 3.13 and 3.14:

X =
1

20

i=20∑
i=1

xi =
101

20
= 5.05

Y =
1

20

j=20∑
j=1

yj =
225.5

20
= 11.275

The variances σ2
X and σ2

Y are calculated, using equations 3.15 and 3.16, respectively:

σ2
X =

1

20

i=20∑
i=1

x2
i −X

2
=

669

20
− (5.05)2 = 7.9475

σ2
Y =

1

20

j=20∑
j=1

y2
j − Y

2
=

2836.375

20
− (11.275)2 = 14.6931

Thus, we deduce the covariance between the two statistical variables. Its value is calculated using the

equation 3.23:

Cov (X,Y ) =
1

20

i=20∑
i=1

xiyi −XY =
1347.5

20
− (5.05× 11.275) = 10.43625

The Pearson correlation coefficient between the two statistical variables is finally calculated using the equa-

tions 3.24 as follows:

Pearson’s r =
Cov (X,Y )

σXσY
=

10.43625√
7.9475×

√
14.6931

= 0.97 ≈ 1.

Given the close proximity of Pearson’s r to 1 on the scale, it can be deduced that a linear relationship between the

two variables is to be expected.

The equation of the regression line Y onto X given by :

D(Y ontoX) : Y = aX + b,

with

a =
Cov (X,Y )

σ2
X

=
10.43625

7.9475
≈ 1.3131,

and

b = Y − aX̄ = 11.275− (1.31× 5.05) ≈ 4.66.

Therefore

D(Y ontoX) : Y = 1.31X + 4.66.

Example 7
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Since we have:

Pearson’s r =
Cov (X,Y )

σXσY
,

then

(Pearson’s r)2 =
Cov (X,Y )2

σ2
Xσ2

Y

.

Therefore

|Pearson’s r| =
√
a a′. (3.32)

Remarks 8

A scatter plot has been fitted for a pair of statistical variables (X,Y ). The obtained linear regressions are as

follows:

D(Y ontoX) : Y = X + 30

D(XontoY ) : X =
Y

4
+ 60.

The Pearson correlation coefficient is then:

|Pearson’s r| =
√
a a′ =

√
1× 1

4
=

1

2
.

The arithmetic mean of the variables X and Y are determined as follows:Y = X + 30

X = Y
4
+ 60.

Solving this system of equations yields the following:

X = 90

Y = 120.

Knowing that the variance of Y is σ2
Y = 40, we can determine the covariance between the two statistical

variables:

a′ =
Cov (X,Y )

σ2
Y

=⇒ Cov (X,Y ) = a′ × σ2
Y =

1

4
× 40 = 10.

Example 8
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CHAPTER 4

COMBINATORIAL ANALYSIS

1 Introduction

Combinatorial analysis is a branch of mathematics that studies the enumeration and structure

of discrete objects or elements. The focus of this study is the various methodologies employed for

arranging and selecting these elements, with a particular emphasis on finite sets. The following chapter

will focus on arrangements, permutations and combinations. The field of combinatorial analysis has

applications in a variety of disciplines, including mathematics such as probability theory, number

theory and graph theory, and computer science such as algorithmics and cryptography. In this second

part of the course, the emphasis will be on probability calculations in situations that require the

enumeration of possible events. This necessitates a foundation in combinatorial analysis, which will

be established in the initial part of the course.

2 Preliminaries

In this section, we will briefly review some fundamental concepts of set theory, including the

definition of sets and their subsets, the concept of cardinality, and the basic operations on sets. These

concepts are essential for understanding probability theory, as they provide the mathematical language

and framework for describing and calculating probabilities.
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A set, named and represented by the use of capital letter, is defined as collection of distinct

objects, which are referred to as elements or members. These objects may take on any form,

including numbers, letters, symbols, or even other sets.

A set with a finite or countable number of elements is referred to as a finite set, while a set

with an infinite number of elements is designated as an infinite set.

A cardinal of a finite set A, denoted #A, is defined as the total number of elements that

comprise that particular set.

An empty set, denoted by the symbol ∅, is defined as a set that contains no elements.

The symbol ∈ is employed to denote the inclusion of an element within a set. If an element

is not a member of a set, then it is denoted using the symbol /∈.

In the context of two sets, A and B, the condition that every element in A is also present

in B is indicative of set A being a subset of set B, written as A ⊂ B.

Definitions 1

The representation of a set is of different forms.The most common form is known as the roster notation, in which

the elements are enclosed in curly brackets and separated by commas. The set builder notation is characterised by

a set of rules or statements that collectively delineate the common feature of all elements within a given set. This

notation employs a vertical bar to depict its representation, accompanied by a text that outlines the characteristics

of the elements constituting the set.

Remark 1

The set N of natural numbers is an infinite set while the set A = {n | 2 ≤ n ≤ 10 and n ∈ N} is finite.

The set A = {n | 2 ≤ n ≤ 10 and n ∈ N} is represented in the builder notation. It can be written in the

roster notation as A = {2, 3, 4, 5, 6, 7, 8, 9, 10}. Its cardinal is #A = 9.

By considering the set B = {n | n ≡ 0 [3] and 0 < n ≤ 10} = {3, 6, 9}, we can deduce that B ⊂ A, and

10 ∈ A, and 10 /∈ B.

Example 1

2.1 Operations on sets

Set operations are considered to be fundamental procedures in the field of set theory. These

operations are employed for the purpose of combining or manipulating elements from one or more

sets. The fundamental operations comprise union, intersection, and difference, in conjunction with

the complement of a given set.

In the event of two sets containing identical elements, they are designated as equal sets.

The union of sets A and B, denoted by A ∪ B, is defined as the set of elements contained in

both sets A and B:

A ∪B = {x | x ∈ A or x ∈ B} . (4.1)
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The intersection of sets A and B, denoted A ∩ B, is defined as the set of elements that are

common to both sets A and B:

A ∩B = {x | x ∈ A and x ∈ B} . (4.2)

The set difference between two sets A and B, denoted by A−B (or B −A), constitutes the set

of elements belonging to set A (or B) that are not present in set B (or A):

A−B = {x | x ∈ A and x /∈ B} . (4.3)

B −A = {x | x ∈ B and x /∈ A} . (4.4)

Two sets A and B, which constitute subsets of a set E, are considered to be complementary if:

A ∩B = ∅, and A ∪B = E. (4.5)

We write:

B = ∁E (A) = E −A = {x | x ∈ E and x /∈ A} . (4.6)

A = ∁E (B) = E −B = {x | x ∈ E and x /∈ B} . (4.7)

Two sets A and B, are said to be disjoint if their intersection is an empty set:

A ∩B = ∅. (4.8)

The power set of a given set A is defined as the set containing the empty set, the set A itself,

and all subsets of A:

P (A) = {∅, A, S | S ⊂ A} . (4.9)

Consider the sets A = {2, 3, 4, 5, 6, 7, 8, 9, 10} and B = {3, 6, 9} of Example 1.

The union of the two sets is A ∪B = {2, 3, 4, 5, 6, 7, 8, 9, 10} = A because B ⊂ A.

The intersection of the two sets is A ∩B = {3, 6, 9} = B because B ⊂ A.

The differences between the two sets are A−B = {2, 4, 5, 7, 8, 10}, and B −A = ∅.

The complement of the set A, with respect to the natural numbers set, is ∁N (A) =

{n | 0 ≤ n < 2 and n > 10 and n ∈ N}.

The power set of the set B is P (B) = {∅, {3.6.9} , {3} , {6} , {9} , {3, 6} , {3, 9} , {6, 9}}.

Example 2
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For 3 sets A, B and C, we can demonstrate the following assertions:

A ∩B = B ∩A, and A ∪B = B ∪A. Intersection an reunion operators are commutative.

(A ∩B)∩C = A∩(B ∩ C), and (A ∪B)∪C = A∪(B ∪ C). Intersection an reunion operators are associative.

A∩ (B ∪ C) = (A ∩B)∪ (A ∩ C), and A∪ (B ∩ C) = (A ∪B)∩ (A ∪ C). Intersection an reunion operators

are distributive.

A− (B ∩ C) = (A−B) ∪ (A− C), and A− (B ∪ C) = (A−B) ∩ (A− C).

Properties

2.2 Patterns formed using elements from a set

A pattern is made up of elements that have been selected from the n elements of a given set E.

Therefore, an element of a pattern is characterised by the following:

The number of times it appears (repetition);

Its position in the pattern (order).

Definition 2

Let’s consider a family of patterns.

If a given element in each pattern of the family can only appear 0 or 1 times, then the patterns

are said to be without repetition.

If an element can appear more than once in certain patterns of the family, we say that these

patterns have repetition.

If the elements that appear in a given pattern play the same role, the pattern is said to be

unordered.

If the elements in a given pattern do not play the same role, the pattern is said to be ordered.

Let us consider the families of patterns made up of 2 elements from the set E = {a, b, c, d}.

The family of ordered patterns with repetition is as follows:

aa, ab, ac, ad, ba, bb, bc, bd, ca, cb, cc, cd, da, db, dc, dd.

The total number of patterns is 16.

The family of ordered patterns without repetition is as follows:

ab, ac, ad, ba, bc, bd, ca, cb, cd, da, db, dc.

The total number of patterns is reduced to 12.

The family of unordered patterns without repetition is as follows:

ab, ac, ad, bc, bd, cd.

The total number of patterns is reduced to 6.

Example 3
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2.3 Fundamental principle of combinatorial analysis

The fundamental principle of combinatorial analysis, frequently referred to as the rule

of product or multiplication principle , constitutes a foundational stone of combinatorics, offering

a systematic approach to quantifying possibilities in scenarios involving multiple choices. The assertion

is that :

In the event of n ways to complete one experiment and m ways to complete another, it can

be deduced that there are n×m ways to complete both experiments in combination.

In the general case, if ni ways exist to complete the ith experiment out of a total of p

experiments, then the total number of possible outcomes for the entire experiment is given

by:
i=p∏
i=1

ni = n1 × n2 × . . .× np

The principle, in its fundamental aspect, facilitates the enumeration of the possibilities for the oc-

currence of a sequence of two or more events. This fundamental principle assists in elucidating the

following:

To ascertain the total number of possible outcomes when multiple choices are made in successive

sequences.

To calculate the number of outcomes when one event is followed by another.

To understand the underlying logic of the processes involved in the enumeration of arrangements,

combinations and permutations within a range of circumstances.

Imagine an hypothetical menu, presented by a culinary establishment, which features a selection of 4 appetisers, 3

main courses and 5 desserts. The objective is to ascertain the total number of possible meals.

It is evident that each selection of an appetiser, main course and dessert is considered to be independent of the

others. Therefore, the fundamental principle of combinatorial analysis facilitates the systematic enumeration of

the total number of distinct meal combinations without the necessity of listing them exhaustively:

The total possible meal combinations = 4 (appetisers)× 3 (main courses)× 5 (desserts) = 60.

Example 4

3 Counting formulas of combinatorial analysis

The following section is devoted to the topic of combinatorial analysis, and in particular, the

most common counting formulas that are employed in this field of study.

3.1 Arrangements

Let consider a finite set E of n elements and an integer p such that 0 < p ≤ n.
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Arrangements with repetition of p elements from n can be defined as a family of ordered

patterns of p elements with repetition.

The number of these arrangements, denoted apn, is given by:

apn = np. (4.10)

Arrangements without repetition of p elements from n can be defined as a family of ordered

patterns of p elements without repetition.

The number of these arrangements, denoted Ap
n, is given by:

Ap
n =

n!

(n− p)!
, (4.11)

where n! and (n− p)! are the factorials of positive integer numbers n and n− p.

Definition 3

We recall the the factorial of a positive integer number n (or n− p) is defined as the product of all positive

integers less than or equal to n (or n− p):

n! = n× (n− 1)× (n− 2)× . . .× (n− p)× . . .× 1

= n× (n− 1)× . . .× (n− p+ 1)× (n− p)!

Thus, the total number of arrangements without repetition can be written as follows:

Ap
n =

n!

(n− p)!
= n× (n− 1)× . . .× (n− p+ 1) .

We recall that, by convention, the factorial of 0 is 0! = 1.

The set of arrangements without repetition, of cardinal Ap
n, forms a subset of the set of arrangements with

repetitions, of cardinal ap
n:

Ap
n ≤ ap

n.

Remarks 1

Calculation of Ap
n and apn

The construction of arrangements without repetition of p elements from the n elements of the

finite set E is an experiment O which can be decomposed into p ordered elementary experiments

O1, O2, . . . , Op:

O1: Selection of the first element, which presents a total of n possible options.

O2: Selection of the second element, which presents a total of (n− 1) possible options.

...

Op: Selection of the pth element, which also present a total of (n− p) possible options.

In accordance with the fundamental principle of combinatorial analysis, the total numbers of possib-

ilities is given as follows:

Ap
n =

i=p∏
i=1

ni = n× (n− 1)× . . .× (n− p) . (4.12)
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In a similar manner, the construction of arrangements with repetition of p elements from the n

elements of the finite set E can also be considered as experiment O which can be decomposed into p

ordered elementary experiments O1, O2, . . . , Op with the same number n of possible options for each

experiment Oi. Thus, the total numbers of possibilities is given, using the fundamental principle of

combinatorial analysis, as follows :

apn =

i=p∏
i=1

ni = n× n× . . .× n︸ ︷︷ ︸
ptimes

= np. (4.13)

The objective is to devise a 4-digit code that will allow access to a block of flats. The set of digits is:

E = {0, 1, 2, . . . , 9} ,

such that its cardinal is #E = n = 10.

Its imperative to acknowledge the significance of the sequence of the digits within the code.

In the event of the consideration of the possibility of repeated digits in the code, the total number of the

4-digit codes is equivalent to the number of arrangements of 4 digits from 10 with repetitions:

a4
10 = 104 = 10 000.

In the event of the consideration of different digits in the code, the total number of the 4-digit codes is

equivalent to the number of arrangements of 4 digits from 10 without repetitions:

A4
10 =

10!

(10− 4)!
= 10× 9× 8× 7 = 5 040.

Example 5

3.2 Permutations

Let consider a finite set E of n elements.

Permutations without repetition of the n elements of E are defined as a family of ordered

patterns of the n elements without repetition.

The number of these permutations, denoted Pn, is given by:

Pn = n!. (4.14)

In the event of the set E being such that there are α1 identical elements of type 1, α2

identical elements of type 2, . . ., and αk identical elements type k, the family of ordered

patterns of the n elements is referred to as Permutations with repetitions.

The number of these permutations, denoted Pn,k, is given by:

Pn,k =
n!

α1!× α2!× . . .× αk!
, (4.15)

with

i=k∑
i=1

αi = n.

Definition 4
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Permutations without repetition of the n elements of the set E are equivalent to the arrangements without

repetition of p = n elements from the n elements of E:

Pn = An
n =

n!

0!
= n!. (4.16)

In the event that all the elements of the set E are repeated only once (α1 = α2 = . . . = αn = 1), the

counting formula for permutations with repetitions leads to the counting formula for permutations without

repetitions:

Pn,n =
n!

α1!× α2!× . . .× αn!
=

n!

1!× 1!× . . .× 1!
= n!. (4.17)

Remark 2

Given the word “STUDY”, the number of distinct strings that we can form is the number of permutations

without repetitions of the 5 elements of the set E = {S, T, U,D, Y }.
This number is given by:

P5 = 5! = 5× 4× 3× 2× 1 = 120.

Given the word “MATHEMATICS”, the number of distinct strings that we can form

is the number of permutations with repetitions of the 11 elements of the set E =

{(M,M) , (A,A) , (T, T ) , (H) , (E) , (I) , (C) , (S)}.
This number is given by:

P11,8 =
11!

2!× 2!× 2!× 1!× 1!× 1!× 1!× 1!
= 4 989 600,

Example 6

3.3 Combinations

Let consider a finite set E of n elements and an integer p such that 0 < p ≤ n.

Combination of p elements from n can be defined as a family of unordered patterns of p

elements without repetition.

The number of these combinations, denoted Cp
n, is given by:

Cp
n =

n!

p! (n− p)!
. (4.18)

Combinations with repetition of p elements from n can be defined as a family of unordered

patterns of p elements with repetition.

The number of these combinations, denoted Kp
n, is given by:

Kp
n =

(n+ p− 1)!

p! (n− 1)!
. (4.19)

Definition 5
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In combinations, the order of elements is of no consequence. For each combination, there exist p! different

ways to arrange those elements, so the total number of arrangements corresponds to p! combinations:

p!× Cp
n =

n!

(n− p)!
= Ap

n. (4.20)

The number of combinations with repetitions is equivalent to the number of combinations of p elements

from (n+ p− 1) elements:

Kp
n = Cp

n+p−1 =
(n+ p− 1)!

p! (n− 1)!
. (4.21)

Remarks 3

Given a card deck of 32 cards, the poker game is based on 5-card hands without regard to order. The total

number of different 5-card hands is the number of combinations of the 5 cards from 32 cards, given by:

C5
32 =

32!

5!× 27!
= 201 376.

Within this number, if we want to determine how many 5-card hands contain exactly a pair of 2 aces and

2 queens, it is necessary to decompose the experiment into 3 unordered elementary experiments O1, O2, O3:

O1: Selection of the 2 aces from the 4 in the deck:

C2
4 =

4!

2!× 2!
= 6.

O2: Selection of the 2 queens from the 4 in the deck:

C2
4 =

4!

2!× 2!
= 6.

O3: Selection of the 5th card from the 24 remaining cards in the deck:

C1
24 =

24!

1!× 23!
= 24.

In accordance with the fundamental principle of combinatorial analysis, the total numbers of 5-card hands

containing exactly 2 aces and 2 queens is given by:

C2
4 × C2

4 × C1
24 = 864.

In the event of being required to select 3 ice cream scoops from a total of 4 available flavours, the sequence

in which the flavours are chosen in inconsequential. It permissible for a single flavour to be selected on

multiple times. Thus, the total number of distinct combinations of cups with 3 scoops is a combination with

repetition of 3 flavours from 4, given by:

K3
4 = C3

6 =
6!

3!× 3!
= 20.

Example 7
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We can demonstrate the following assertions:

The selection of n elements from a set of n elements is equivalent to the selection of 0 elements from n:

Cn
n = C0

n = 1. (4.22)

The symmetry in combinations can be attributed to the fact that the selection of p elements from a set of

n elements is equivalent to the choosing of n− p elements from that same set:

Cp
n = Cn−p

n . (4.23)

In the case where p = 1, the following holds true:

C1
n = Cn−1

n = n. (4.24)

Pascal’s formula, also known as Pascal’s Identity postulates that the number of combinations of p elements

from a total of n elements is equivalent to the sum of the number of combinations of p elements from n− 1

total elements and the number of combinations of p− 1 elements from n− 1 total elements:

Cp
n = Cp

n−1 + Cp−1
n−1. (4.25)

The Newton’s binomial formula is used to expand binomials when they are raised to a power:

(a+ b)n =

p=n∑
p=0

Cp
n × ap × bn−p ; (a, b) ∈ R2and n ∈ N∗ (Newton’s binomial formula).

Properties



CHAPTER 5

INTRODUCTION TO PROBABILITY

THEORY

1 Introduction

Probability theory is a branch of mathematics that has been developed for the purpose of

analysing random events and quantifying the associated uncertainty. The objective of this chapter is

to introduce the conceptualisation of assigning numerical values to the likelihood of different outcomes

in uncertain situations. This approach facilitates a logical and systematic analysis of chance, thereby

offering a valuable framework for decision-making in uncertain scenarios. In essence, this approach

constitutes a method of comprehending and anticipating the probability of an event materialising.

The subsequent discussion will be focused on the different terminologies of the probability theory,

followed by an examination of conditional probabilities and independent events.

2 Probability terminology

The field of probability is predicated on a number of key concepts, including outcomes, sample

space, events, sigma-algebra, and probability space. These concepts are instrumental in the charac-

terisation of random experiments.

2.1 Random experiment

In the domain of probability theory, the concept of random experiment is associated with a process

that yields multiple potential results, which cannot be determined with certainty prior to execution

of the experiment.

53
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In probability, a random event, or random experiment, denoted E , is defined as any experiment

whose outcome cannot be predicted in advance.

Definition 1

A random experiment is characterised by the following attributes:

Uncertainty: The outcome of such an event is not determined in advance and is instead dependent

upon chance.

Well-definition: The subsequent process is described in a clear and methodical manner, with a

defined set of possible outcomes.

Repetition: The experiment can be conducted multiple times under identical conditions.

Probability: It is axiomatic that each possible outcome has a given probability of occurrence.

The process of rolling a 6-sided die (numbered 1 to 6) is known as a die-roll . The random nature of this experiment

is evidenced by the inability to predict the outcome of the top face of the die.

The potential outcomes of this experiment are clearly established, with each outcome corresponding to one of the

six sides of the die.

It is important to note that this experiment can be replicated, and it is noteworthy that, for a fair die, each of the

six faces has the same probability of occurring.

Example 1

2.2 Sample space

In the context of a random experiment, it is possible to define the set of all possible results.

In probability, the sample space, denoted Ω, is defined as the set of all potential outcomes ωi of

a random experiment.

Ω = {ω1, ω2, . . . , ωi, . . . , ωn} .

Definition 2

In the die-roll, the sample space corresponding to the outcome of the top face of the die is well-defined. It

is given by:

Ω = {1, 2, 3, 4, 5, 6} .

A double die-roll is defined as the process of rolling two 6-sided dies. The sample space of the random

experiment corresponding to the two top faces of the dies is also well-defined. It is given by:

Ω = {(x, y) | x, y ∈ {1, 2, 3, 4, 5, 6}} .

Example 2
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2.3 Event

Within the field of probability, the concept of event is closely associated with a particular outcome

or a series of outcomes derived from a random experiment.

In probability, an event is defined as a subset of the sample space, and it occurs when the outcome

of the random experiment is an element of that subset.

Definition 2

For a random experiment:

The union of 2 events A and B, denoted A ∪B and written “A or B”, comprises all possible outcomes that

are in either event A, or event B, or in both events.

The intersection of 2 events A and B, denoted A ∩ B and written “A and B”, comprises only the possible

outcomes that are common to both events A and B.

An event is to be considered elementary, or simple, if it refers to a single outcome in the sample space.

The contrary, or opposite, event of a given event A is defined as the event such that A does not occur, and

refers to its complement, denoted A:

A = ∁Ω (A) . (5.1)

The two events A and A are said to be mutually exclusive, or disjoint :

A ∩A = ∅. (5.2)

The occurrence of A is contingent upon the non-occurrence of A.

More generally, k events A1, A2, . . . Ai, . . . , Ak are said to be pairwise disjoints if:

Ai ∩Aj = ∅ ; ∀i ̸= j. (5.3)

Two useful properties are given by de Morgan’s laws, which states that:

– For two events A and B, “not (A or B)” is equivalent to “(not A) and (not B)” :

A ∪B = A ∩B. (5.4)

– For two events A and B, “ not (A and B)” is equivalent to “(not A) or (not B)” :

A ∩B = A ∪B. (5.5)

– More generally, for k events A1, A2, . . . Ai, . . . , Ak:

i=k⋃
i=1

Ai =

i=k⋂
i=1

Ai. (5.6)

i=k⋂
i=1

Ai =

i=k⋃
i=1

Ai. (5.7)

An impossible event is defined as an event which is incapable of occurring under any given circumstances.

It is represented by the empty set ∅.

An event is said to be sure if it is guaranteed to occur. It is represented by the sample set Ω.

Properties
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In the die-roll random experiment, we have Ω = {1, 2, 3, 4, 5, 6}.
Consider the events:

A : ”Getting an even number on the top face”

B : ”Getting an odd number on the top face”

C : ”Getting the number 3 on the top face”

A = {2, 4, 6}, B = {1, 3, 5} and C = {3} are subsets of Ω.

The event C is an elementary event.

The events A and B are mutually exclusive events, since A = B or B = A, and A ∩B = ∅.

The event “A or B or C” is A ∪B ∪ C = Ω. it is a sure event.

The event “A and C” is A ∩ C = ∅. It is an impossible event.

The event “not (A or C)” is equivalent to the event “(not A) and (not C)”:

A ∪ C = ∁Ω ({2.3, 4, 6}) = {1, 5} .

A ∩ C = {1, 3, 5} ∩ {1, 2, 4, 5, 6} = {1, 5} .

Example 3

Complete system of events

Consider the sample space Ω of a random experiment. The events A1, A2, . . . , Ai, . . . , Ak are said

to constitute a complete system of events if the following conditions are satisfied:
⋃i=k

i=1 Ai = Ω

Ai ∩Aj = ∅ ; ∀i ̸= j.
(5.8)

Definition 3

A complete system of events is defined by a set of mutually exclusive and exhaustive events. This

implies that when an experiment is conducted, one of these events (Ai) is certain to occur, and it is

impossible for two events (Ai and Aj , i ̸= j) to occur simultaneously.

The set of the mutually exclusive and exhaustive events forms a partition of the sample state.

2.4 σ-algebra

A σ-algebra , also referred to as a tribe , is a fundamental notion in probability theory that defines

the events to which probabilities can be assigned.

In probability, a σ-algebra on a sample space Ω, is defined by a set F of k subsets Ai of Ω, that

satisfy the following conditions:

∅ ∈ F ,

Ω ∈ F ,

∀Ai ∈ F , ∁Ω (Ai) ∈ F ,

∀Ai ∈ F ;

i=k⋃
i=1

Ai ∈ F .

Definition 4
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From the properties of a σ-algebra:

If A ∈ F and B ∈ F , then AandB ∈ F .

If AandB ∈ F , then A ∪B ∈ F , then ∁Ω
(
A ∪B

)
∈ F .

As a consequence of de Morgan’s law, we can deduce that:

∁Ω
(
A ∪B

)
= ∁Ω

(
A ∩B

)
= A ∩B ∈ F .

More generally: ∀Ai ∈ F ;

i=k⋂
i=1

Ai ∈ F .

Remark 1

We can say that σ-algebra of a non-empty sample set is closed under complementation, countable

unions, and countable intersections. This means that if we know the measure to a set in the σ-

algebra, we also know the measure of its complement set. Additionally, if we know the measures of a

a collection of sets in the the σ-algebra, we can then assign a measure to their union.

For a sample space Ω = {ω1, ω2, . . . , ωi, . . . , ωn}:

The set F = {∅,Ω} is a σ-algebra since :

∅ ∈ F , and Ω ∈ F ,

∁Ω (∅) = Ω ∈ F , and ∁Ω (Ω) = ∅ ∈ F ,

∅ ∪ Ω = Ω ∈ F .

The set F =
{
∅,Ω, A,A

}
is a σ-algebra since :

∅ ∈ F , and Ω ∈ F ,

∁Ω (Ai) ∈ F ,

∅ ∪ Ω ∪A ∪A = Ω ∈ F .

The power set of Ω is a σ-algebra:

F = P (Ω) = {∅,Ω, A | A ⊂ Ω} .

Example 4

2.5 Probability space

The σ-algebra is of great importance in theory of probability. In fact, if the measure is the probability

in a random experiment and the sets in the σ-algebra are the events whose probabilities we wish to

calculate, then the definition of the σ-algebra enables us to assign their probabilities unambiguously.

In other words, the σ-algebra excludes events for which the probability is not clearly defined.

We can use the next definition to assign probabilities to the events in the σ-algebra.
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Let F the σ-algebra on a sample space Ω. A probability, denoted P , is defined as follows:

P : F → [0, 1]

A → P (A) ,

such that:
P (Ω) = 1.

if A1, A2, . . . , Ai, . . . , Ak are pairwise disjoint sets in F , then:

P

(
i=k⋃
i=1

Ai

)
=

i=k∑
i=1

P (Ai) . (5.9)

Definition 5

A probability is an application that assigns a value between 0 and 1, both inclusive, to each element

(event) in the σ-algebra.

We can demonstrate the following assertions:

P (∅) = 0.

For 2 events A, B ∈ F :

– P
(
A
)
= 1− P (A).

– If A ⊂ B, then P (A) ≤ P (B).

– P (A−B) = P (A)− P (A ∩B).

– P (A ∪B) = P (A) + P (B)− P (A ∩B).

Properties

The framework for mathematically expressing and manipulating probabilities and random events

is provided by the probability space , which is defined using the definitions of the σ-algebra and

probability.

In probability theory, a probability space is defined as a triple comprising a sample space Ω, its

σ-algebra F , and the associated probability P . It is denoted (Ω,F , P ).

Definition 6

All possible outcomes (sample space), along with the collection of their subsets (the σ-algebra, or

event space) and the probability measure (the application that assigns probabilities to events), are all

included in the probability space.

Within a probability space (Ω,F , P ), the probability law is defined by the probabilities of the element-

ary events. In particular, The calculation of the probability of an event {ω1, ω2, . . . , ωk} is achieved

through the summation of the probabilities of the individual outcomes that constitute the event:

P ({ω1, ω2, . . . , ωk}) = P (ω1) + P (ω2) + . . .+ P (ωk) .

If all elementary events possess an equal likelihood of occurring, they are said to be equiprobable

events, and their probabilities are considered equal. Therefore, the probability of any event A ∈ F
is given by:

P (A) =
number of elements of A

number of elements of Ω
=

#A

#Ω
.
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1- In a double die-roll random experiment, two fair dies are thrown and the probability that the sum of the results

obtained is greater than or equal to 4 is calculated.

The probability space is defined by giving:

The sample space Ω = {(x, y) | x, y ∈ {1, 2, 3, 4, , 5, 6}} with #Ω = 62 = 36,

the σ-algebra F = P (Ω) = {∅,Ω, A | A ⊂ Ω},

the probability for an elementary event P ((x, y)) =
1

#Ω
=

1

36
; ∀ (x, y) ∈ Ω.

The calculation will be undertaken to determine the probability of the event A: ”Getting 2 top faces with a sum

is greater or equal to 4”, given by the subset: A = {(x, y) | x, y ∈ {1, 2, 3, 4, , 5, 6} and x+ y ≥ 4} within F .

Its more easier to determine the probability of:

A = {(x, y) | x, y ∈ {1, 2, 3, 4, , 5, 6} and x+ y < 4}

= {(1, 1) , (1, 2) , (1, 3) , (2, 1) , (2, 2) , (3, 1)} ,

such that:

#A = 6.

We deduce that:

P (A) = 1− P
(
A
)

= 1− #A

#Ω

= 1− 6

36

=
5

6
.

2- In probability, an urn experiment refers to a specific type of random experiment in which objects (e.g., balls

of different colours) are selected from a designated container (the urn) to investigate the probability of obtaining

specific outcomes.

In an urn containing 5 red balls and 3 black balls, two balls are removed from the urn without being returned.

The objective is to calculate the probability that the two balls are of different colours.

In the event of the balls being selected simultaneously, the probability space is defined by giving:

The sample space Ω = {(b1, b2) | b1, b2 ∈ urn}with #Ω given by the number of combinations of 2 balls from

the 8 within the urn:

#Ω = C2
8 =

8!

2!× 6!
= 28,

the σ-algebra F = P (Ω) = {∅,Ω, A | A ⊂ Ω},

the probability for an elementary event P ((b1, b2)) =
1

#Ω
=

1

28
; ∀ (b1, b2) ∈ Ω.

The calculation will be undertaken to determine the probability of the event A: ”Getting 2 balls of different

colours”, given by the subset A = {(b1, b2) | b1, b2 ∈ urn and b1 ̸= b2, } within F . Its cardinal is equivalent to the

multiplication of the number of combinations of 1 ball from the 5 red balls and the number of combinations of 1

ball from the 3 black balls:

#A = C1
5 × C1

3 = 5× 3 = 15.

Thus:

P (A) =
#A

#Ω
=

15

28
.

In the event of the balls being selected successively, the probability space is defined by giving:

The sample space Ω = {(b1, b2) | b1, b2 ∈ urn}with #Ω given by the number of arrangements without

repetition of 2 balls from the 8 within the urn:

#Ω = A2
8 =

8!

6!
= 56,

Example 5
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the σ-algebra F = P (Ω) = {∅,Ω, A | A ⊂ Ω},

the probability for an elementary event P ((b1, b2)) =
1

#Ω
=

1

56
; ∀ (b1, b2) ∈ Ω.

The cardinal of the event A = {(b1, b2) | b1, b2 ∈ urn and b1 ̸= b2, } is equivalent to the multiplication of the number

of arrangements without repetition of 1 ball from the 5 red balls and the number of arrangements without repetition

of 1 ball from the 3 black balls, taking into account the order of selection:

#A =
(
A1

5 ×A1
3

)
+
(
A1

3 ×A1
5

)
= 2× 5× 3 = 30.

Thus:

P (A) =
#A

#Ω
=

30

56
=

15

28
.

It is important to note that, in terms of probability, drawing the balls successively or simultaneously, without

returning the balls, is precisely equivalent.

3 Conditional probability

Conditional probability is the branch of probability theory that deals with the likelihood of

an event happening given that another event has already taken place.

Consider a probability space (Ω,F , P ) and an event B such that P (B) ̸= 0.

The conditional probability of any event A, given the event B, denoted P (A | B) or PB (A), is

defined as follows:

P (A | B) =
P (A ∩B)

P (B)
. (5.10)

Definition 7

The conditional probability is a concept that allows the recalculation of the probability of an event

based on the introduction of new relevant information. This calculus provides an estimation of the

likelihood of occurrence of event A, given the prior occurrence of event B.

The definition of the conditional probability allows to express:

P (A ∩B) = P (A | B)× P (B) , (5.11)

or, by permutations involving the roles of A and B:

P (A ∩B) = P (B | A)× P (A) . (5.12)

1- In the context of a urn random experiment, the contains of an urn are such that there are 6 red balls and 4 white

balls. Two balls are removed from the urn successively without being returned. In the given context, the objective

is to calculate the probability that the the second removed ball is red given that the fist removed ball is white.

In the probability space (Ω,F , P ) such that Ω = {(b1, b2) | b1, b2 ∈ urn} with #Ω = A2
10 =

10!

8!
= 90, F = P (Ω),

and P ((b1, b2)) =
1

90
, we define the events:

A : ”The second removed ball is red”

B : ”The second removed ball is white”

Example 6
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such that:

A ∩B = {(b1, b2) | b1is red andb2 is white} .

Its cardinal is the multiplication of the the number of arrangements without repetition of 1 ball from the 6 red

balls and the number of arrangements without repetition of 1 ball from the 4 white balls:

# (A ∩B) = A1
6 ×A1

4 = 6× 4 = 24.

Thus:

P (A ∩B) =
# (A ∩B)

#Ω
=

24

90
=

4

15
.

The cardinal of the event B is the multiplication of the number of arrangements without repetition of 1 ball from

9 balls and the number of arrangements without repetitions of 1 ball from the the 4 white balls:

#B = A1
9 ×A1

4 = 9× 4 = 36.

Thus:

P (B) =
#B

#Ω
=

36

90
=

6

15
.

Finally, the probability of the event A given the event B is calculated as follows:

P (A | B) =
P (A ∩B)

P (B)
=

4

6
=

2

3
.

3.1 Total probability theorem and Bayes’s formula

The total probability theorem states that:

Let a complete system of events A1, A2, . . . , Ai, . . . , Ak constituting a partition of a sample

state, and assume that P (Ai) ̸= 0, ∀i = 1, k. Then, the probability of any event B is given

by:

P (B) =

i=k∑
i=1

P (B | Ai)× P (Ai) (5.13)

We can demonstrate this theorem as follows:

A1, A2, . . . , Ak is a complete system for Ω, then Ω =
i=k⋃
i=1

Ai and Ai ∩Aj = ∅ ; ∀i ̸= j.

By considering an event B ∈ F , and then B ⊂ Ω, we can write:

B = B ∩ Ω

= B ∩

(
i=k⋃
i=1

Ai

)
= B ∩ (A1 ∪A2 ∪ . . . ∪Ak)

= (B ∩A1) ∪ (B ∩A2) ∪ . . . ∪ (B ∩Ai) ∪ . . . ∪ (B ∩Ak) .

Then:

P (B) = P [(B ∩A1) ∪ (B ∩A2) ∪ . . . ∪ (B ∩Ai) ∪ . . . ∪ (B ∩Ak)]

= P

[
i=k⋃
i=1

(B ∩Ai)

]
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Since Ai ∩Aj = ∅ ; ∀i ̸= j, P (B ∩Ai ∩Aj) = 0, and then:

P (B) = P (B ∩A1) + P (B ∩A2) + . . .+ P (B ∩Ai) + . . .+ P (B ∩Ak)

=

i=k∑
i=1

P (B ∩Ai) .

The reformulation of the conditional probability, as given by equation 5.12, allows us to achieve the

desired result:

P (B) =

i=k∑
i=1

P (B | Ai)× P (Ai) .

Bayes’s formula

Bayes’s formula constitutes a foundational principle within the domain of probability theory, elucidat-

ing the process of updating beliefs in light of new evidence. It enables the calculation of the conditional

probability of an event given evidence, thereby inverting the logic of the traditional probability for-

mula. It states that:

Under the same conditions of the total probability theorem, with P (B) ̸= 0, we can write:

P (Aj | B) =
P (Aj∩B)
P (B) =

P (B | Aj)× P (Aj)
i=k∑
i=1

P (B | Ai)× P (Ai)

; ∀j. (5.14)

In other words, the Bayes’s formula provides a method of calculating the probability of event Aj

given an event B, contingent upon the knowledge of the probability of B given Aj , and the prior

probabilities of A and B.

In the context of manufacturing setting, it is to be considered that 3 distinct machines, M1, M2 and M3, are

involved in the production of articles. The respective proportions of these machines are determined as 20%, 30%

and 50% respectively. The probability of defective articles being produced by the 3 machines is as follows: 2% for

M1, 4% for M2 and 3%for M3.

The objective is to calculate the probability that a random article is produced by the machine M2, given that it is

defective.

Firstly, the following events must be considered:

Mi : ”The choosen article is made by Mi”

D : ”The choosen article is defective”

so that:

P (M1) = 0.2

P (M2) = 0.3

P (M3) = 0.5,

Example 7
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and:

P (D | M1) = 0.02

P (D | M2) = 0.04

P (D | M3) = 0.03.

Therefore, the probability of choosing a random article produced by M2, given that it is defective is P (M2 | D),

which is determined by applying Bayes’s formula:

P (M2 | D) =
P (D | M2)× P (M2)

i=3∑
i=1

P (D | Mi)× P (Mi)

=
0.04× 0.3

[(0.02× 0.2) + (0.04× 0.3) + (0.03× 0.5)]

≈ 0.39.

The probability that a defective article is produced by machine M2 is approximately 39%.

4 Independence of events

Independence of two events in probability is considered when knowledge of one event

provides no information regarding the occurrence of the other. Mathematically, this can be defined as

follows:

In a probability space (Ω,F , P ), two events A and B are defined as independent events if:

P (A ∩B) = P (A)× P (B) . (5.15)

Moreover, in the event that P (B) ̸= 0, A and B are defined as independent events if:

P (A | B) = P (A) . (5.16)

More generally, the events A1, A2, . . . , Ai, . . . , Ak are said to be mutually independent if:

P

(
i=k⋂
i=1

Ai

)
=
∏
i∈1,k

P (Ai) . (5.17)

Definition 8

In other words, if two events A and B are independent, then the occurrence of B will not affect the

probability of A occurring.

If A and B are two independent events then:

– A and B are also independent.

– A and B are also independent.

– A and B are also independent.

If the events A1, A2, . . . , Ai, . . . , Ak are pairwise independent, this does not guarantee that they are mutually

independent.

Remark 2
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For a double die-roll random experiment, we define the probability space (Ω,F , P ) such that Ω =

{(x, y) | x, y ∈ {1, 2, 3, 4, 5, 6}} with #Ω = a2
6 = 62 = 36, F = P (Ω), and P ((x, y)) =

1

36
.

In this context, consider the events:

A1 : ”The top face of the first die is even”,

A2 : ”The top face of the second die is odd”,

A1 : ”The top face of the two dies are of same parity”,

defined by the subsets:

A1 = {(x, y) | x ∈ {2, 4, 6} and y ∈ {1, 2, 3, 4, 5, 6}}

A2 = {(x, y) | x ∈ {1, 2, 3, 4, 5, 6} and y ∈ {1, 3, 5}}

A3 = {(x, y) | x, y ∈ {2, 4, 6} or x, y ∈ {1, 3, 5}} ,

such that :

P (A1) =
#A1

#Ω
=

18

36
=

1

2

P (A2) =
#A2

#Ω
=

18

36
=

1

2

P (A3) =
#A3

#Ω
=

18

36
=

1

2
.

Consider the following subsets:

A1 ∩A2 = {(x, y) | x ∈ {2, 4, 6} and y ∈ {1, 3, 5}}

A1 ∩A3 = {(x, y) | x, y ∈ {2, 4, 6}}

A2 ∩A3 = {(x, y) | x, y ∈ {1, 3, 5}}

A1 ∩A2 ∩A3 = ∅,

such that:

P (A1 ∩A2) =
# (A1 ∩A2)

#Ω
=

9

36
=

1

4

P (A1 ∩A3) =
# (A1 ∩A3)

#Ω
=

9

36
=

1

4

P (A2 ∩A3) =
# (A2 ∩A3)

#Ω
=

9

36
=

1

4

P (A1 ∩A2 ∩A3) =
# (A1 ∩A2 ∩A3)

#Ω
=

0

36
= 0.

Thus, we can conclude that :

A1 and A2 are independent since P (A1 ∩A2) = P (A1)× P (A2) ,

A1 and A3 are independent since P (A1 ∩A3) = P (A1)× P (A3) ,

A2 and A3 are independent since P (A2 ∩A3) = P (A2)× P (A3) ,

A1, A2, A3 are not mutually independent since P (A1 ∩A2 ∩A3) = 0 ̸= P (A1)× P (A2)× P (A3) .

Example 8



CHAPTER 6

RANDOM VARIABLES

1 Introduction

The previous chapter introduced the language and tools of probability for describing uncertainty.

It introduced the concept of the sample space, which describes the possible outcomes of a random

process. However, the elements of the sample space are often not of direct interest, particularly if the

sample space is large or infinite. It is usually more convenient to work with subsets of these elements.

For instance, the sample space for observing the rolls of two dies contains 36 elements. However, we

may be more interested in the sum of the two obtained top faces than in the specific elements of the

sample space that produced that sum. In other words, we may be more interested in rolling a sum of

5 than in how that sum was obtained. We can collect various elements of the sample space and treat

them collectively as what we are interested in.

More generally, grouping elements of the sample space together is useful, and we can assign a real

number to that group. This leads to the concept of a random variable.

2 Basic concepts

A random variable is a variable that associates a numerical value with each possible outcome

of a random experiment. It can therefore be defined as follows:

Let a given probability space (Ω,F , P ).

A real random variable, denoted r. v. X, is defined as follows:

X : Ω → R

ωi → X (ωi) = xi,

Definition 1

65
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such that ∀xi ∈ R : X−1 (]−∞, xi]) = {ωi ∈ Ω | X (ωi) ≤ xi} ∈ F .

The set X (Ω) = {X (ωi) | ωi ∈ Ω} is referred to as the defining set (or image) of the r. v.

X.

A real random variable defined on a probability space (Ω,F , P ) is :

discrete if its defining set X (Ω) is either finite or an infinite countable set.

continuous if its defining set X (Ω) is either an interval of R or the union of several intervals R.

If X is a r. v., then aX + b is also a r. v. ∀ a, b ∈ R.

If X and Y are 2 r. v., then X + Y , X − Y ,
X

Y
(Y ̸= 0) are also r. v.

If X is a r. v. then a function ϕ (X) defines another r. v.

Properties

In a balanced coin toss experiment, the possible outcomes are heads (H) or tails (T ). If the coin is tossed 3 times,

the sample space associated to this experiment is:

Ω = {(x, y, z) | x, y, z ∈ {H,T}} = {HHH,HHT,HTH,HTT, THH, THT, TTH, TTT} ,

with #Ω = a3
2 = 23 = 8, F = P (Ω), and P ((x, y, z)) =

1

#Ω
=

1

8
; ∀ (x, y, z) ∈ Ω.

Let X be the r. v. representing the number of heads obtained. Its defining set is :

X (Ω) = {0, 1, 2, 3} .

As the defining set is finite, the r. v. X is discrete.

Example 1

3 Probability distribution and cumulative distribution function for dis-

crete random variable

In the context of discrete random variables, we will introduce two important concepts: the

probability distribution and the cumulative distribution function of the random variable. The

former is useful when we are interested in the likelihood of each individual outcome, while the latter

is useful when we are interested in the likelihood of a range of outcomes up to a specific point.
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3.1 Probability distribution

Let X a discrete r. v. on the probability space (Ω,F , P ).

The probability distribution (also known as probability mass function) of X, denoted PX (·), is
defined as follows:

PX : X (Ω) → [0, 1]

xi → PX (xi) = P (X = xi) .

Definition 2

The simplest way to represent a discrete probability distribution is in the form of a table, with a row

(or a column) listing the possible values xi and another row (or column) listing their corresponding

probabilities PX(xi). Alternatively, it can be represented graphically, plotting the probabilities PX(xi)

on the y-axis versus the possible values xi on the x-axis. In some cases, a formula can be employed

to calculate the probability PX(xi) of any given value xi from the defining set X (Ω).

For a defining set X (Ω) = {x1, x2, . . . , xn}, the events X = xi, i = 1, n constitute a complete system of

events. Thus the sum of the probabilities P (X = xi) is the probability of a certain event:

i=n∑
i=1

P (X = xi) = 1. (6.1)

Property

In the random experiment of Example 1, the sample space associated to this experiment is:

Ω = {(x, y, z) | x, y, z ∈ {H,T}} = {HHH,HHT,HTH,HTT, THH, THT, TTH, TTT} ,

and the defining set of the r. v. X representing the number of heads is :

X (Ω) = {0, 1, 2, 3} .

For each of the events X = xi, xi ∈ X (Ω), we calculate the probabilities P (X = xi) as follows:

P (X = 0) = P (Getting 0 H) = P (TTT ) =
1

8

P (X = 1) = P (Getting 1 H) = P (HTT, THT, TTH) =
3

8

P (X = 2) = P (Getting 2 H) = P (HHT,HTH, THH) =
3

8

P (X = 3) = P (Getting 3 H) = P (HHH) =
1

8
.

We verify that

i=4∑
i=1

P (X = xi) = P (X = 0) + P (X = 1) + P (X = 2) + P (X = 3) =
1

8
+

3

8
+

3

8
+

1

8
= 1.

The discrete probability distribution can be represented by the following table:

xi 0 1 2 3
∑

P (X = xi)
1

8

3

8

3

8

1

8
1

Example 2
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3.2 Cumulative distribution function

Let X a discrete r. v. on the probability space (Ω,F , P ).

The cumulative distribution function of X, denoted FX (·), is defined as follows:

FX : R → [0, 1]

x → FX (x) = P (X ≤ x) .

Definition 3

In other words, the cumulative distribution function of a discrete random variable provides the prob-

ability of the variable taking on a value that is less than or equal to a given value. It accumulates the

probabilities of the variable taking on all values up to and including the given value.

In practice, for a defining set X (Ω) = {x1, x2, . . . , xn} with x1 < x2 < . . . < xi < . . . < xn, the

cumulative distribution function is defined for all the values x of the set R = ]−∞, x1[∪ ]x1, x2[∪ . . .∪
]xn,+∞[ as follows:

FX (x) =



0 ; x < x1

P (X = x1) ; x1 ≤ x < x2

P (X = x1) + P (X = x2) ; x2 ≤ x < x3
...

...∑i=n
i=1 P (X = xi) = 1 ; x ≥ xn.

The cumulative distribution function can be represented graphically by plotting FX(x) on the y-axis

and the possible values xi on the x-axis. As with univariate statistical series, the resulting graph is a

cumulative curve, invariably in the form of a staircase (see Chapter 2, subsection 4.3).

The cumulative distribution function of a discrete r. v. X displays the following properties:

lim
x−→−∞

FX (x) = 0.

lim
x−→+∞

FX (x) = 1.

FX is increasing : ∀x1, x2 ∈ R, x2 > x1 =⇒ FX (x2) > FX (x1).

FX is right-continuous.

∀ a, b ∈ R such that a < b, P (a < X ≤ b) = FX (b)− FX (a).

Properties
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In the random experiment of Example 1, the discrete probability distribution can be represented by the following

table:

xi 0 1 2 3
∑

P (X = xi)
1

8

3

8

3

8

1

8
1

The cumulative distribution function is as follows:

FX (x) =



0 ; x < 0

P (X = 0) =
1

8
; 0 ≤ x < 1

P (X = 0) + P (X = 1) =
4

8
; 1 ≤ x < 2

P (X = 0) + P (X = 1) + P (X = 2) =
7

8
; 2 ≤ x < 3∑i=4

i=1 P (X = xi) = 1 ; x ≥ 3.

Example 3

The definition and properties of the cumulative distribution function allow us to calculate particular

probabilities of the r. v. X, as follows:

For a, b ∈ R such that a < b:

P (X > a) = 1− P (X ≤ a) = 1− FX (a) .

P (X < a) = P (X ≤ a− 1) = FX (a− 1) .

P (a < X < b) = P (a < X ≤ b)− P (X = b) = FX (b)− FX (a)− P (X = b) .

P (a ≤ X ≤ b) = P (a < X ≤ b) + P (X = a) = FX (b)− FX (a) + P (X = a) .

4 Probability density function and cumulative distribution function for

continuous random variable

The probability that a random variable will take on a particular value within a given interval is

described by a function known as the probability density function . This can be defined as follows:

Let X a continuous r. v. on the probability space (Ω,F , P ).

The probability density function of X, denoted fX (·), is defined as follows:

fX : R → R+

x → fX (x) = f (x) .

such that f is integrable and
∫ +∞
−∞ f (x) dx = 1.

Definition 4

In contrast to the probability mass function for the discrete random variable, the probability density

function does not directly provide the probability of a particular value (which is actually zero for

continuous variables). Instead, it shows how likely it is that the variable will lie within a given

interval.

Subsequently, the cumulative distribution function for a continuous r. v. can be defined as follows:
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Let X a continuous r. v. on the probability space (Ω,F , P ).

The cumulative distribution function of X, denoted FX (·), is defined as follows:

FX : R → [0, 1]

x → FX (x) = P (X ≤ x) =

∫ x

−∞
f (t) dt.

Definition 5

All the properties stated for the cumulative distribution function of a discrete r. v. are satisfied by the

cumulative distribution function of a continuous r. v., which is continuous over R.

In addition, we have:

– FX is continuous.

– P (X = x) = 0 ∀ , x ∈ R.

– P (X ≤ a) = P (X < a) = FX (a) .

– P (X ≥ a) = P (X > a) = 1− FX (a).

– ∀ a, b ∈ R such that a < b, P (a < X ≤ b) = P (a ≤ X ≤ b) = P (a ≤ X < b) = P (a < X < b) =∫ b

a
f (x) dx = FX (b)− FX (a) .

Properties

The probability density function of a continuous r. v. is given as follows:

f (x) =

k
(
4x− 2x2

)
; 0 < x < 2 and k ∈ R

0 ; otherwise.

We can determine the the value of k for which f (x) is a probability density function as follows:∫ +∞

−∞
f (x) dx = 1 ⇐⇒

∫ 2

0

k
(
4x− 2x2)dx = 1 =⇒ k =

3

8
.

The cumulative distribution function is determined as follows:

FX (x) = P (X ≤ x) =

∫ x

−∞
f (t) dt, ∀ , x ∈ R

– If x < 0 then FX (x) =

∫ x

−∞
0dt = 0.

– If 0 ≤ x < 2 then FX (x) =

∫ x

−∞
f (t) dt =

∫ 0

−∞
f (t) dt+

∫ x

0

f (t) dt =

∫ x

0

3

8

(
4t− 2t2

)
dt =

3

4
x2 − 1

4
x3.

– If x ≥ 2 then FX (x) =

∫ x

−∞
f (t) dt =

∫ 0

−∞
f (t) dt+

∫ 2

0

f (t) dt+

∫ x

2

f (t) dt =

∫ 2

0

3

8

(
4t− 2t2

)
dt = 1.

In summary, we have:

FX (x) =


0 if x < 0

3
4
x2 − 1

4
x3 if 0 ≤ x < 2

1 if x ≥ 2

.

Thus, we can for example determine P (1 < X < 2) and P (X > 1) as follows:

P (1 < X < 2) = FX (2)− FX (1) = 1−
(
3

4
− 1

4

)
=

1

2
.

P (X > 1) = 1− P (X ≤ 1) = 1− FX (1) = 1−
(
3

4
− 1

4

)
=

1

2
.

Example 4
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5 Mathematical expectation and variance of a random variable

The mathematical expectation (or expected value or mean) of a r. v. is the average value

(which is equivalent to the mean in statistical series), obtained by taking into account the probabilities

of each of the possible outcomes. As for the statistical series description, the variance is a parameter

that measures the dispersion of the r. v, providing an indication of how much the individual values

deviate from the mathematical expectation.

5.1 Mathematical expectation

The mathematical expectation, or mean, of a r. v. X, denoted E (X), is a real value that may or

may not exist, and is defined as follows:

E (X) =
∑

xi∈X(Ω)

xi · PX (xi) for a discrete r. v.

E (X) =

∫ +∞

−∞
x · f (x) dx for a continuous r. v.

Definition 6

The mathematical expectation is a measure of the central tendency of a r. v., indicating its average.

For a discrete r. v., it is determined by adding together the product of each value xi and its probability

mass function P (X = xi). For a continuous r. v., it is determined by integrating the product of the

variable x and its probability density function f (x).

∀ , a ∈ R, E (a) = a.

For a discrete r. v. Y = ϕ (X), the mathematical expectation is given by:

E (ϕ (X)) =
∑

xi∈X(Ω)

ϕ (xi) · PX (xi). (6.2)

For a continuous r. v. Y = ϕ (X), the mathematical expectation is given by:

E (ϕ (X)) =

∫ +∞

−∞
ϕ (x) · f (x) dx (6.3)

For a r. v. Y = aX + b, ∀ , a, b ∈ R, The mathematical expectation is given by:

E (Y ) = aE (X) + b. (6.4)

For n r. v. Xk, each of which has a finite mathematical expectation E (Xk):

E

(
k=n∑
k=1

Xk

)
=

k=n∑
k=1

E (Xk) . (6.5)

For n independent r. v. Xk, each of which has a finite mathematical expectation E (Xk):

E

(
k=n∏
k=1

Xk

)
=

k=n∏
k=1

E (Xk) . (6.6)

Properties
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5.2 Variance

The variance of a r. v. X, denoted V (X) or σ2
X , is a non-negative real value that may or may

not exist, and is defined as follows:

V (X) = σ2
X = E

[
(X − E (X))2

]
, (6.7)

or:

V (X) = σ2
X = E

(
X2
)
− E (X)2 . (6.8)

σX is the standard deviation of the r. v. X.

Definition 7

The variance (and standard deviation) quantifies the spread of a r. v. around its mathematical

expectation. It represents the averaged squared difference between each value of the r. v. X and its

mathematical expectation E (X).

∀ , a ∈ R, V (a) = 0.

For a r. v. Y = aX + b, ∀ , a, b ∈ R, the variance is given by:

V (Y ) = a2V (X) . (6.9)

.

For a discrete r. v. X , we can write:

V (X) =
∑

xi∈X(Ω)

x2
i · PX (xi)− E (X)2 . (6.10)

For a continuous r. v. X, we can write:

V (X) =

∫ +∞

−∞
x2 · f (x) dx− E (X)2 . (6.11)

For n independent r. v. Xk, each of which has a finite variance V (Xk):

V

(
k=n∑
k=1

Xk

)
=

k=n∑
k=1

V (Xk) . (6.12)

Properties
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I- For the the discrete r. v. of Example 1, we recall the probability distribution represented as follows:

xi 0 1 2 3
∑

P (X = xi)
1

8

3

8

3

8

1

8
1

The mathematical expectation of X is calculated as follows:

E (X) =

i=4∑
i=1

xi · PX (xi)

= 0 · P (X = 0) + 1 · P (X = 1) + 2 · P (X = 2) + 3 · P (X = 3)

= 0 +
3

8
+

6

8
+

3

8

=
3

2
.

The variance of X is calculated as follows:

V (X) = E
(
X2)− E (X)2

=
[
02 · P (X = 0) + 12 · P (X = 1) + 22 · P (X = 2) + 32 · P (X = 3)

]
−
[
3

2

]2
=

[
0 +

3

8
+

12

8
+

9

8

]
− 9

4

=
3

4
.

II- For the the continuous r. v. of Example 4, we recall the probability density distribution represented as follows:

f (x) =

 3
2
x− 3

4
x2 ; 0 < x < 2

0 ; otherwise.

The mathematical expectation of X is calculated as follows:

E (X) =

∫ +∞

−∞
x · f (x) dx

=

∫ 0

−∞
x · f (x) dx+

∫ 2

0

x · f (x) dx+

∫ +∞

2

x · f (x) dx

= 0 +

∫ 2

0

x ·
(
3

2
x− 3

4
x2

)
dx+ 0

= 1.

The variance of X is calculated as follows:

V (X) = E
(
X2)− E (X)2

=

∫ +∞

−∞
x2 · f (x) dx− E (X)2

=

∫ 2

0

x2 ·
(
3

2
x− 3

4
x2

)
dx− 1

=
1

5
.

Example 5
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6 Moments of random variables

In probability theory, the moments of a r. v. describe the shape of its distribution. They are

classified into 2 types: non-central (or row) moments and central moments. The kth moment of

a r. v., with k non-negative integer, is a statistical measure of the associated probability distribution.

6.1 Non-central moment

The kth non-central moment of a r. v. X, denoted mk, is defined as follows:

mk = E
(
Xk
)
=


∑

xi∈X(Ω) x
k
i · PX (xi) ; if X is discrete.

∫ +∞
−∞ xk · f (x) dx ; if Xis continuous.

(6.13)

Definition 8

In other words, the kth non-central moment of a r. v. X is equivalent to the mathematical expectation

of X raised to the power of k.

kth non-central moments provide an indication about the size and shape of the probability distribution

around the origin, which is typically zero.

The first non-central moment m1 of a r. v. X is merely its mathematical expectation:

m1 = E (X) . (6.14)

Remarks 1

6.2 Central moment

The kth central moment of a r. v. X, denoted µk, is defined as follows:

µk = E
[
(X − E (X))k

]
=


∑

xi∈X(Ω) (X − E (X))k · PX (xi) ; if X is discrete.

∫ +∞
−∞ (X − E (X))k · f (x) dx ; if Xis continuous.

(6.15)

Definition 9

In other words, the kth central moment of a r. v. X is equivalent to the mathematical expectation of

the kth power of the difference between the r. v. X and its expected value E (X).
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kth central moments provide an indication about the shape and dispersion of the probability distribution

around the expected value.

The first central moment µ1of a r. v. X is always zero:

µ1 = E [X − E (X)] = 0. (6.16)

The second central moment µ2 of a r. v. X is its variance:

µ2 = E
[
(X − E (X))2

]
= V (X) . (6.17)

The second central moment µ2 of a r. v. X can be expressed in terms of the second and first non-central

moments:

µ2 = E
(
X2)− E (X)2 = m2 −m2

1. (6.18)

Remarks 2





CHAPTER 7

USUAL PROBABILITY

DISTRIBUTIONS

1 Introduction

Discrete (or continuous) random variables are associated with their own specific probability

distributions (or density functions) and cumulative distribution functions. In this chapter, we will take

a look at some of the most common ones, including the Bernoulli, binomial and Poisson distributions

for discrete r. v., and the uniform, exponential and normal probability density functions for continuous

r. v.

2 Discrete distributions

2.1 Bernoulli distribution

Consider a random experiment with two possible outcomes: success (labelled as 1) and failure

(labelled as 0). If success is associated with event A with probability P (A) = p, then failure is

associated with event A with the probability P
(
A
)
= 1− p.

We define the discrete r. v. X that can only take the two values associated with success or failure in

this single trial:

X (Ω) = {0, 1} ,

with:

P (X = 1) = p

P (X = 0) = 1− p

The r. v. X is said to follow a Bernoulli distribution with a parameter of p.

77
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The Bernoulli distribution with a parameter of p is a discrete probability distribution in which

the r. v. X takes the value 1, corresponding to a success, with probability P (X = 1) = p, or the

value 0, corresponding to a failure, with probability P (X = 0) = 1− p.

We write X ; B (p).

Its probability distribution is given by the following formula:

P (X = xi) = pxi (1− p)1−xi ; xi ∈ {0.1} . (7.1)

Its cumulative distribution function is defined as follows:

FX (x) =


0 ; x < 0

1− p ; 0 ≤ x < 1

1 ; x ≥ 1.

(7.2)

Definition 1

Mean and variance of Bernoulli distribution

From Definition 6 of Chapter 6, and equation 7.1, the mathematical expectation of the Bernoulli

distribution can be written as follows:

E (X) =

i=2∑
i=1

xi · pxi (1− p)1−xi

= 0 · p0 (1− p) + 1 · p (1− p)0

= p.

From Definition 7 of Chapter 6, the variance of the Bernoulli distribution can be written as follows:

V (X) = E
(
X2
)
− E (X)2

=
[
02 · p0 (1− p) + 12 · p (1− p)0

]
− p2

= p− p2

= p (1− p) .

Hence the mean and variance of Bernoulli distribution are:

E (X) = p

V (X) = p (1− p)
(7.3)
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In an urn containing 5 red balls and 3 green balls, one ball is removed from the urn. Let X the r. v. defined as

follows:

X =

1 ; if the ball is green

0 ; otherwise.

We have X ; B (p) with:

p =
C1

3

C1
8

=
3

8
.

Thus:

E (X) =
3

8

V (X) =
3

8

(
1− 3

8

)
=

15

64
.

Example 1

2.2 Binomial distribution

Consider n independent random experiments, each with two possible outcomes for each experi-

ment: success, with probability p, and failure, with probability (1− p).

We define the discrete r. v. X as the number of successes in these n independent trials:

X (Ω) = {0, 1, . . . , n} ,

with:

X =

k=n∑
k=1

Xk ; Xk ; B (p) . (7.4)

The r. v. X is the sum of n independent r. v. Xk, each of which follows a Bernoulli distribution with

a parameter p.

X is said to follow a Binomial distribution with parameters n and p.

The Binomial distribution, with parameters n and p, is a discrete probability distribution in which

the r. v. X takes the number of successes, with probability p, obtained through n independent

random experiments.

We write X ; B (n, p).

Its probability distribution is given by the following formula:

P (X = k) = Ck
n p

k · (1− p)n−k ; k ∈ {0, 1, . . . , n} . (7.5)

Definition 2
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Its cumulative distribution function is defined as follows:

FX (x) =



0 ; x < 0

n (1− p)n ; 0 ≤ x < 1

n (1− p)n−1 ; 1 ≤ x < 2
...

...

1 ; x ≥ n.

(7.6)

In the binomial distribution formula:

Ck
n is the binomial coefficient representing the number of ways of achieving k successes out of n

independent trials.

pk is the probability of obtaining exactly k successes.

(1− p)n−k is the probability of obtaining exactly n− k failures.

Mean and variance of binomial distribution

From Equations 6.5 and 7.4, the mathematical expectation of the Binomial distribution can be written

as follows:

E (X) = E

(
k=n∑
k=1

Xk

)

=

k=n∑
k=1

E (Xk)

=
k=n∑
k=1

p.

= np

From Equations 6.12 and 7.4, the variance of the Binomial distribution can be written as follows:

V (X) = V

(
k=n∑
k=1

Xk

)

=

k=n∑
k=1

V (Xk)

=

k=n∑
k=1

p (1− p)

= np (1− p) .

Hence the mean and variance of Binomial distribution are:

E (X) = np

V (X) = np (1− p)
(7.7)
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Consider the outcome of flipping a fair coin 10 times. Each flip is a trial with 2 possible outcomes: Head or Tail.

Assuming a fair coin, the probability of getting Heads or Tails is the same for each flip (p = 0.5). The outcome of

one coin flip does not influence the outcome of any other. These trials are therefore independent.

Let X the r. v. defined as “the number of Heads obtained after 10 trials”.

We have X ; B (10, 0.5) and its probability distribution is given by:

P (X = k) = Ck
10 (0.5)k · (0.5)10−k ; k ∈ {0, 1, . . . , 10} .

Thus:

We can determine, for instance, the probability of getting 2 Heads:

P (X = 2) = C2
10 (0.5)2 · (0.5)8

=
10!

2! · 8! (0.5)
10

≈ 0.0439.

We can also determine, for instance, the probability of getting at least 3 Heads:

P (X ≥ 3) = 1− P (X < 3)

= 1− [P (X = 0) + P (X = 1) + P (X = 2)]

= 1−
[
C0

10 (0.5)10 + C1
10 (0.5)10 + C2

10 (0.5)10
]

= 1− 56 (0.5)10 .

≈ 0.9453.

The mathematical expectation and variance of the r. v. are given by:

E (X) = 10 · 0.5 = 5

V (X) = 10 · 0.5 · (1− 0.5) = 2.5.

Example 2

The need to calculate probabilities manually using the binomial distribution formula, particularly for samples of

a large size, is eliminated by using a binomial distribution table (see Appendix 3.5.2), which contains precom-

puted probabilities for various numbers of successes within a fixed number of independent trials, given a specified

probability of success for each trail.

Remark 1

2.3 Poisson’s distribution

Poisson’s distribution is a powerful modelling tool for random processes where the focus is

on the number of events occurring within a given time interval, provided these events are both rare

and independent of each other.

For instance, Poisson’s distribution can be used to model the number of customers visiting a store per

hour, or the number of phone calls received by a call centre per minute, or the number of suicides per

year, ...

Thus, we can define a discrete r. v. X as the number of these independent events such that :

X (Ω) = {n | n ∈ N} .
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The Poisson’s distribution, with parameter λ > 0, is a discrete probability distribution in which

the r. v. X takes a specific number of events occurring randomly and independently within a

fixed interval T of time or space, given the average rate of occurrence θ.

We write X ; P (λ).

Its probability distribution is given by the following formula:

P (X = k) =
e−λ · λk

k!
; k ∈ N, (7.8)

with λ = θ · T .

Definition 3

Mean and variance of Poisson’s distribution

From Definition 6 of Chapter 6, and equation 7.8, the mathematical expectation of the Poisson’s

distribution can be written as follows:

E (X) =

∞∑
k=0

k · e
−λ · λk

k!

= e−λ
∞∑
k=0

k · λ
k

k!

= e−λ
∞∑
k=1

k · λ
k

k!

= e−λ
∞∑
k=1

λk

(k − 1)!

= λe−λ
∞∑
j=0

λj

j!
; j = k − 1.

Since the sum in the second term of the final identity is the Taylor series of eλ, we obtain:

E (X) = λ.

From Definition 7 of Chapter 6, the variance of the Poisson’s distribution can be written as follows:

V (X) = E
(
X2
)
− E (X)2

=

∞∑
k=0

k2 · e
−λ · λk

k!
− λ2

=

∞∑
k=1

k2 · e
−λ · λk

k!
− λ2

= λ

[ ∞∑
k=1

k · e
−λ · λk−1

(k − 1)!

]
− λ2

= λ

 ∞∑
j=0

(j + 1) · e
−λ · λj

j!

− λ2 ; j = k − 1

= λ

 ∞∑
j=0

j · e
−λ · λj

j!
+

∞∑
j=0

e−λ · λj

j!

− λ2.
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Since we have:

∞∑
j=0

j · e
−λ · λj

j!
= E (X) = λ,

and

∞∑
j=0

e−λ · λj

j!
=

∞∑
j=0

P (X = j) = 1,

we can therefore write:

V (X) = λ [λ+ 1]− λ2.

= λ.

Hence the mean and variance of Poisson’s distribution are:

E (X) = V (X) = λ. (7.9)

Given that the average number of customers visiting a store per hour is 4:

Let us calculate the probability that there will be more than 4 customers visiting the store in 1 h.

To do this, we will consider the r. v. X associated with the number of customers visiting the store per hour.

We have X ; P (λ) with λ = 4, and its probability distribution is as follows:

P (X = k) =
e−4 · 4k

k!
; k ∈ N,

such that the required probability is given by:

P (X > 4) = 1− P (X ≤ 4)

= 1− [P (X = 0) + P (X = 1) + P (X = 2) + P (X = 3) + P (X = 4)]

= 1−
[
e−4 · 40

0!
+

e−4 · 41

1!
+

e−4 · 42

2!
+

e−4 · 43

3!
+

e−4 · 44

4!

]
= 1− 103

3
e−4

= 0.371.

To calculate the probability of there being at least 3 customers visiting the store in 45mn, we must consider

the r. v. X associated with the number of customers visiting the store per 45mn such that X ; P (λ) with

λ = 4 · 3
4
= 3, and its probability distribution is as follows:

P (X = k) =
e−3 · 3k

k!
; k ∈ N,

The required probability is therefore given by:

Example 4
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P (X ≥ 3) = 1− P (X < 3)

= 1− [P (X = 0) + P (X = 1) + P (X = 2)]

= 1−
[
e−3 · 30

0!
+

e−3 · 31

1!
+

e−3 · 32

2!

]
= 1− 17

2
e−3.

= 0.576.

3 Continuous distributions

3.1 Continuous uniform distribution

A Continuous uniform distribution describes a situation in which all outcomes within a

defined interval are equally likely to occur.

A continuous r. v. X is said to exhibit a continuous uniform distribution over the interval [a, b],

denoted X ; U ([a, b]), if :

Its probability density function is defined as follows:

f (x) =

 1
b−a ; if x ∈ [a, b]

0 ; otherwise.
(7.10)

Its cumulative distribution function is defined as follows:

FX (x) =


0 ; if x < a

x−a
b−a ; if a ≤ x < b

1 ; if x ≥ b.

(7.11)

Definition 4

This means that all numbers within the interval [a, b] have the same probability density function f (x).

The total area under the f (x) curve represents the total probability and is equal to 1.

Mean and variance of continuous uniform distribution

From Definition 6 of Chapter 6, and equation 7.10, the mathematical expectation of the continuous

uniform distribution can be written as follows:

E (X) =

∫ +∞

−∞
x · f (x) dx

=

∫ a

−∞
x · f (x) dx+

∫ b

a
x · f (x) dx+

∫ +∞

b
x · f (x) dx

=

∫ b

a

x

b− a
dx

=
1

b− a

[
b2 − a2

2

]
=

b+ a

2
.



3. Continuous distributions 85

Thus, the mean of the continuous uniform distribution over [a, b] is the average of the parameters a

and b,or the midpoint of the given interval.

From Definition 7 of Chapter 6, the variance of the continuous uniform distribution can be written as

follows:

V (X) = E
(
X2
)
− E (X)2

=

∫ +∞

−∞
x2 · f (x) dx− E (X)2

=

∫ b

a

x2

b− a
dx−

(
b+ a

2

)2

=
1

b− a

[
b3 − a3

3

]
−
(
b+ a

2

)2

=
(b− a)2

12
.

Hence the mean and variance of continuous uniform distribution are:

E (X) =
b+ a

2

V (X) =
(b− a)2

12
.

(7.12)

If a bus arrives every 2 hours, for instance between 8 amand 10 am, at a random time within this interval, the

arrival time can be considered as a r. v. X following a continuous uniform distribution.

We write X ; U ([8, 10]).

Its probability density function is as follows:

f (x) =

 1
2

; if x ∈ [8, 10]

0 ; otherwise,

and its cumulative distribution function is as follows:

FX (x) =


0 ; if x < 8

x−8
2

; if 8 ≤ x < 10

1 ; if x ≥ 10.

Thus:

We can determine the probability, for instance, that the arrival time will be before 9 am:

P (X < 9) = FX (9) =
9− 8

2
= 0.5.

We can also determine, for instance, the probability that the arrival time is between 8 am and 9 am:

P (8 < X < 9) = FX (9)− FX (8) = 0.5.

We can calculate the mean and the variance of the r. v. X given by:

E (X) =
8 + 10

2
= 9

V (X) =
(10− 8)2

12
=

1

3
.

Example 5
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3.2 Exponential distribution

The exponential distribution is commonly employed to describe the time it takes for an event

to occur, given the average number of events per unit of time.

A continuous r. v. X is said to exhibit an exponential distribution with parameter λ > 0, denoted

X ; Exp (λ), if :

Its probability density function is defined as follows:

f (x) =

λe−λx ; if x ≥ 0

0 ; otherwise.
(7.13)

Its cumulative distribution function is defined as follows:

FX (x) =

0 ; if x < 0

1− e−λx ; if x ≥ 0.
(7.14)

Definition 5

The exponential distribution formula shows how likely it is that a specific time period x will elapse

before an event occurs.

The rate parameter λ is positive constant indicating the average number of events occurring in a given

time. The greater the value of λ, the greater the likelihood of an event occurring at an earlier time.

Mean and variance of Exponential distribution

From Definition 6 of Chapter 6, and equation 7.13, the mathematical expectation of the the exponential

distribution, with rate parameter λ, can be written as follows:

E (X) =

∫ +∞

−∞
x · f (x) dx

=

∫ 0

−∞
x · f (x) dx+

∫ +∞

0
x · f (x) dx

=

∫ +∞

0
x · λe−λxdx.

Applying the technique of integration by parts with u = x and dv = λe−λxdx, we obtain:

E (X) =
[
−xe−λx

]∞
0

+

∫ +∞

0
e−λxdx.

Since limx→+∞ xe−λx = 0, we get 0 for the fist term, and thus:

E (X) =

∫ +∞

0
e−λxdx =

[
−e−λx

λ

]+∞

0

=
1

λ
.
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From Definition 7 of Chapter 6, the variance of the exponential distribution can be written as follows:

V (X) = E
(
X2
)
− E (X)2

=

∫ +∞

−∞
x2 · f (x) dx− E (X)2

=

∫ +∞

0
λx2e−λxdx− 1

λ2
.

Applying twice the technique of integration by parts, we obtain:

V (X) =
[
−x2e−λx

]+∞

0
+

∫ +∞

0
2xe−λxdx− 1

λ2

=
[
−x2e−λx

]+∞

0
+

[
−2x

λ
e−λx

]+∞

0

+

∫ +∞

0

2

λ
e−λxdx− 1

λ2

=

[(
−x2 − 2x

λ
− 2

λ2

)
e−λx

]+∞

0

− 1

λ2

=

[
0 +

2

λ2

]
− 1

λ2

=
1

λ2
.

Hence the mean and variance of Exponential distribution are:

E (X) =
1

λ

V (X) =
1

λ2
.

(7.15)

In a call centre, the duration of phone calls is modelled using an exponential distribution to describe the time until

the next event occurs.

Let X be the r. v. associated with this duration. We write X ; Exp (λ).

Given an average call duration of 4mn, for instance, we can deduce the rate parameter as follows:

E (X) =
1

λ
=⇒ λ =

1

E (X)
=

1

4
.

Then X ; Exp
(
1
4

)
. Its probability density function is defined as follows:

f (x) =

 1
4
e−

x
4 ; if x ≥ 0

0 ; otherwise,

and its cumulative distribution function is defined as follows:

FX (x) =

0 ; if x < 0

1− e−
x
4 ; if x ≥ 0.

Thus:

Example 6
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We can calculate the probability of a call being longer than 5mn, for example:

P (X > 5) = 1− P (X ≤ 5)

= 1− FX (5)

= 1−
(
1− e−

5
4

)
= e−

5
4

≈ 0.287.

We can also calculate the probability of a call lasting between 2mnand 5mn:

P (2 < X < 5) = FX (5)− FX (2)

=
(
1− e−

5
4

)
−
(
1− e−

2
4

)
= e−

1
2 − e−

5
4

≈ 0.32.

3.3 Normal distribution or Laplace-Gauss distribution

The normal distribution , also referred to as the

Gaussian distribution or the Laplace–Gauss distri-

bution (in recognition of the contributions of Pierre-Simon

Laplace and Carl Friedrich Gauss), is a continuous probab-

ility distribution characterised by a graph of a bell-shaped

curve (see the opposite figure). The curve shows that most

of the data points are concentrated around the mean and

taper off towards the ends of the curve.

In the fields of probability theory and statistics, the normal distribution is the most widely used for

modelling a variety of natural phenomena originating from many random events. Normal distributions

correspond to the behaviour of a series of random experiments under certain conditions when the

number of experiments is very high. This property means that the normal distribution can be applied

to approximate other distributions, enabling many scientific studies to be modelled, such as error

measurements or statistical tests.

A continuous r. v. X is said to exhibit a normal, Gaussian or Laplace-Gauss distribution, with

real parameters µ and σ > 0, denoted X ; N (µ, σ), if its probability density function is defined

as follows:

f (x) =
1

σ
√
2π

exp

(
−(x− µ)2

2σ2

)
. (7.16)

µ is the mean of the distribution, while σ is the standard deviation.

Definition 6

µ = E (X) is located at the centre of the probability density function curve.

σ=
√
V (X) indicates how spread out the data is around the mean.
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If X ; N (µ1, σ1) and Y ; N (µ2, σ2) are two independent r. v., then:

(X + Y ); N
(
µ1 + µ2,

√
σ2
1 + σ2

2

)
.

(X − Y ); N
(
µ1 − µ2,

√
σ2
1 + σ2

2

)
.

Properties

The cumulative distribution function of the normal distribution, given by:

FX (x) =
1

σ
√
2π

∫ x

−∞
exp

(
− (t− µ)2

2σ2

)
dt, (7.17)

has no analytical expression that can be easily derived. Its values can be accessed via the usual statistical

tables (see Appendix 3.5.2).

The mean, median and mode are all equal in a normal distribution.

Around 68%of the data is within one standard deviation of the mean (between µ − σ and µ + σ), 95% is

within two (between µ− 2σ and µ+ 2σ), and 99.7% is within three (between µ− 3σ and µ+ 3σ). This is

what we call the 68− 95− 99.7 rule.

Remarks 1

3.4 Standard normal distribution

The standard normal distribution , also known

as the unit normal distribution , is the simplest case of

normal distribution when µ = 0 and σ = 1 (see the opposite

figure).

A continuous r. v. X is said to exhibit a standard normal or unit distribution, denoted X ;

N (0, 1), if its probability density function is defined as follows:

f (x) =
1√
2π

exp

(
−x2

2

)
. (7.18)

The mean of the distribution is µ = 0, and the standard deviation is σ = 1.

Definition 7

The probability density function of a standard normal distribution N (0, 1) is easily derived from a

general normal distributionN (µ, σ), by normalising the normal r. v. This involves the transformation

of the original r. v. X ; N (µ, σ) by subtraction of the mean and division by the standard deviation.

This results in a standard normal r. v. Z = X−µ
σ ; N (0, 1) with an expected value E(Z) = µ = 0,

and a standard deviation σ = 1.
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From the cumulative distribution function of Z,given by:

FZ (x) = P (Z ≤ x)

= P

(
X − µ

σ
≤ x

)
= P (X ≤ σx+ µ)

= FX (σx+ µ) ,

we can deduce the probability density function as follows:

fZ (x) =
dFZ (x)

dx

=
dFX (σx+ µ)

dx
= σfX (σx+ µ)

=
1√
2π

exp

(
−(σx+ µ− µ)2

2σ2

)

=
1√
2π

exp

(
−x2

2

)
.

For the two r. v. X ; N (µ, σ), and Z = X−µ
σ
; N (0, 1):

P (X ≤ x) = P
(
Z ≤ x−µ

σ

)
.

P (Z < −x) = P (Z > x) = 1− P (Z ≤ x) = 1− FZ (x).

P (a < Z < b) = FZ (b)− FZ (a);∀ a,∈ R.

Properties

The cumulative distribution function of any normal distribution N (µ, σ) can be calculated in two steps.

Firstly, the value x is converted to z = x−µ
σ

:

FX (x) = P (X ≤ x) = P

(
X − µ

σ
≤ x− µ

σ

)
= P (Z ≤ z) = FZ (z).

Secondly, the standard normal cumulative distribution function FZ (z) from the statistical standard normal

distribution table (see Appendix 3.5.2) is determined.

The cumulative distribution function FZ (z) associated with a given value z can be found in the standard normal

distribution table, also known as z-table. Firstly, we locate the integer and decimal places of the z value in the

column on the left, and the hundredths place in the row above. The intersection of the corresponding row and

column indicates the value of the cumulative distribution function, representing the area under the probability

density function curve from infinity to the z value.

Remark 2
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I. Let us consider a r. v. Z ; N (0, 1).

We will use the standard normal distribution table to determine P (Z < 1.54), P (Z < −1.54), and

P (0.7 < Z < 1.54):

- For the first probability, we have:

P (Z < 1.54) = FZ (1.5)

The intersection of the row corresponding to the integer and decimal places and the column corresponding to the

hundredths place of z = 1.54, in the standard normal distribution table, indicates that:

P (Z < 1.54) = FZ (1.5) = 0.9382.

- For the second probability, we can write:

P (0.7 < Z < 1.54) = FZ (1.54)− FZ (0.7) .

In the same manner as for the value z = 1.54, the z-table indicates that FZ (0.7) = 0.7580. Then:

P (0.7 < Z < 1.54) = 0.9382− 0.7580 = 0.1802.

II. Let us consider a r. v. X ; N (2, 4).

We will use the standard normal distribution table to determine P (X > 6).

- Firstly, we write:

P (X > 6) = 1− P (X ≤ 6) = 1− P

(
Z ≤ 6− 2

4

)
= 1− P (Z ≤ 1) = 1− FZ (1) ,

Example 7
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with Z ; N (0, 1).

- From the z-table, we locate FZ (1) = 0.8413. Then:

P (X > 6) = 1− 0.8413 = 0.1587.

III. Let us consider a r. v. Z ; N (0, 1).

We will use the standard normal distribution table to determine the value z for which the probability is P (Z < z) =

0.8670.

From the z-table, we find that FZ (1.11) = 0.8665, and FZ (1.12) = 0.8686. We deduce that the approached value

of z is z =
1.11 + 1.12

2
= 1.115.

3.5 Derived distributions from the standard normal distribution

The standard normal distribution can be used to derive several probability distributions. These

include the chi-square distribution, the student’s distribution, the F-distribution and the log-normal

distribution. Here, we focus on the first two distributions.

3.5.1 Chi-squared (Pearson’s) distribution

The chi-squared distribution is a continuous probability distribution that is particularly important

in the context of statistical hypothesis testing. It is defined by an integer number of degrees of freedom,

and used in tests such as the chi-squared test of independence.

If we consider n independent r. v. X1, X2, . . . , Xi, . . . , Xn, such that Xi ; N (0, 1) ; ∀ i = 1, n,

then the r. v. Y =
∑i=n

i=1 X
2
i is said to follow a chi-squared distribution with n degrees of freedom.

We write Y ; χ2 (n).

Its probability density function is defined as follows:

f (x) =


1

2
n
2 ·Γ(n

2 )
x

n
2
−1 · exp

(
−x

2

)
; if x ≥ 0

0 ; otherwise,
(7.19)

with Γ (a) =
∫ +∞
0 xa−1 · e−xdx; ∀ a ∈ N.

Definition 8

The mathematical expectation of the the chi-squared distribution, with n degrees of freedom, can be

written as follows:

E (Y ) = E

(
i=n∑
i=1

X2
i

)

=

i=n∑
i=1

E
(
X2

i

)

Knowing that Xi ; N (0, 1), we have E (Xi) = 0, and V (Xi) = E
(
X2

i

)
− E (Xi)

2 = 1, then

E
(
X2

i

)
= 1, and:

E (Y ) =

i=n∑
i=1

1 = n.
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The variance of the chi-squared distribution, with n degrees of freedom, can be written as follows:

V (Y ) = V

(
i=n∑
i=1

X2
i

)

=

i=n∑
i=1

V
(
X2

i

)
=

i=n∑
i=1

[
E
(
X4

i

)
− E

(
X2

i

)2]
=

i=n∑
i=1

[
E
(
X4

i

)
− 1
]

with:

E
(
X4

i

)
=

1√
2π

∫ +∞

−∞
x4e

(
−x2

2

)
dx =

2√
2π

∫ +∞

0
x4e

(
−x2

2

)
dx,

because the function x4e

(
−x2

2

)
is even.

Applying the technique of integration by parts for this last identity, with u = x3 and dv = xe

(
−x2

2

)
dx,

we obtain:

E
(
X4

i

)
=

2√
2π

([
−x3e

(
−x2

2

)]+∞

0

+ 3

∫ +∞

0
x2e

(
−x2

2

)
dx

)

=
6√
2π

∫ +∞

0
x2e

(
−x2

2

)
dx.

Applying again the technique of integration by parts for this last identity, with u = x and dv =

xe

(
−x2

2

)
dx, we obtain:

E
(
X4

i

)
=

6√
2π

([
−xe

(
−x2

2

)]+∞

0

+

∫ +∞

0
e

(
−x2

2

)
dx

)

=
6√
2π

(
1

2

∫ +∞

−∞
e

(
−x2

2

)
dx

)
.

= 3

(∫ +∞

−∞

1√
2π

e

(
−x2

2

)
dx

)

Since
∫ +∞
−∞

1√
2π
e

(
−x2

2

)
dx = 1 (from the definition of a probability density function), we obtain

E
(
X4

i

)
= 3, and then:

V (Y ) =

i=n∑
i=1

[
E
(
X4

i

)
− 1
]
=

i=n∑
i=1

2 = 2n.

Thus, the mean and variance of chi-squared distribution, with n degrees of freedom, are:

E (Y ) = n

V (Y ) = 2n.
(7.20)
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As for the standard normal distribution, the cumulative distribution function of the chi-squared distribution, with

n degrees of freedom can be calculated using a chi-squared distribution table (see Appendix 3.5.2). Firstly, we

locate the number of degrees of freedom in the column on the left, and the significant level corresponding to the

test in the row above. The intersection of the corresponding column and row indicates the critical chi-squared

value for the test.

Unlike the z-table, the critical chi-squared values in this table correspond to the right area of the probability density

function, representing P (Y > y).

Remark 3

I. Let us consider a r. v. Y ; χ2 (30).

We will use the chi-squared distribution table to determine the values y1 and y2 such that P (Y > y1) = 0.01, and

P (Y ≤ y2) = 0.5.

- For the first probability, y1 is indicated by the intersection of the row corresponding to number of degrees of

freedom and the column corresponding to the desired significant level for the test.

Thus, we find that y1 = 50.89.

- For the second probability, we can write:

P (Y ≤ y2) = 1− P (Y > y2) = 0.5.

Then:

P (Y > y2) = 1− 0.5 = 0.5.

From the chi-squared table, we locate and find that y2 = 29.34.

II. Let us consider a r. v. Y ; χ2 (30).

We will use the chi-squared distribution table to determine the significant level α such that P (Y > 45) = α.

From the table, we find that P (Y > 43.77) = 0.05, and P (Y > 46.98) = 0.025. We deduce that the approached

value of α is α =
0.05 + 0.025

2
= 0.0375.

Example 8
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3.5.2 Student’s distribution

The student’s distribution is a continuous probability distribution used in hypothesis testing and

constructing confidence intervals, typically for populations with unknown standard deviations and

small sample sizes. It is also defined by its degrees of freedom, which related to the sample size.

If we consider two independent r. v. Y ; χ2 (n) and Z ; N (0, 1), then the r. v. T =
Z√
Y
n

is

said to follow a student’s distribution with n degrees of freedom.

We write T ; T (n).

Its probability density function is defined as follows:

fn (x) =
1√
n · π

Γ
(
n+1
2

)
Γ
(
n
2

) (
1 +

x2

n

)−n+1
2

(7.21)

with Γ (a) =
∫ +∞
0 xa−1 · e−xdx; ∀ a ∈ N.

Definition 9

The n parameter represents the degrees of freedom and is usually equal to n− 1 for a sample size of

n. It affects the shape of the curve which is bell-shaped with heavier tails than the standard normal

distribution. The greater the increase in degrees of freedom, the closer Student’s distribution becomes

to the standard normal distribution.

The expected value for the Student’s distribution is defined for n > 1 and is always zero since it is

symmetrical around zero. If n = 1, the distribution does not have a finite mean due to its heavy tails.

The variance of a Student’s distribution is derived from its probability density function by integrating

a specified expression. This results in the value
n

n− 2
. This formula becomes undefined when n ≤ 2,

at which point the variance diverges.

Thus, the mean and variance of Student’s distribution, with n degrees of freedom, are:

E (T ) = 0 ; n > 1

V (T ) =
n

n− 2
; n > 2.

(7.22)

The cumulative distribution function of the Student’s distribution with n degrees of freedom can be found in a

Student’s distribution table (see Appendix 3.5.2). Firstly, we locate the degrees of freedom in the left-hand column

and the calculated t-statistic within the corresponding row. Depending on whether the test is one-tailed or two-

tailed, the intersection of the corresponding row and column indicates the p-value or p
2
-value for a specific t-statistic

in the two rows above.

As for the chi-squared table, the critical Student’s values in this table correspond to the right area of the probability

density function, representing P (T > t) or the left area of the probability density function, representing P (T < −t)

.

Remark 4
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I. Let us consider a r. v. T ; T (10).

We will use the Student distribution table to determine the probabilities P (T > 1.372), and P (T ≤ 2.764).

- For the first probability, t = 1.372 is located in the first column of the row corresponding to number of degrees

of freedom. Thus, we find that:

P (T > 1.372) = 0.200
2

= 0.100 if considering the are in two tails

P (T > 1.372) = 0.100 if considering the are in one tail.

- For the second probability, we can write:

P (T ≤ 2.764) = 1− P (T > 2.764) .

From the Student table, we locate the value t = 2.764 in the row corresponding to the number of degrees of freedom.

Thus, considering the area in one tail, we obtain its corresponding p-value:

P (T ≤ 2.764) = 1− 0.01 = 0.99.

.

II. Let us consider a r. v. T ; T (10).

We will use the Student distribution table to determine the t-statistic such that P (T > t) = 0.025.

From the table, the intersection of the row corresponding to the number of degrees of freedom and the column

corresponding to p-value, considering the area in one tail, gives t = 2.288.

Example 9
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