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Introduction

Spatial statistics study phenomena whose observation is a random process X = {X(s),s € K} indexed
by a spatial set K, The location of an observation site s € K is either fixed and deterministic, or ran-
dom. Classically, K is a two-dimensional subset, K C Z2.

Spatial prediction methods are experiencing significant development due to strong demand from
many fields of application such as agriculture, climatology, ecology, econometrics, geology, medical
studies, oil prospecting and water pollution analysis, where data are available at specific locations.
Most often, the multi-step prediction is accomplished with the kriging method, it is a geostatistical
linear least squares estimation method in spatial statistics for the best linear prediction of a natural
phenomenon at any unsampled arbitrary locations of interest as a weighted average of the neighbor-
ing observed values. The determination of unknown weights requires specification of a parametric
model for the covariance structure with few parameters. It relies on the knowledge of the covariances
between the observed and the interpolated locations. The key step lies in fitting the experimental
variogram with a parametric variogram model function by choosing a suitable variogram model and
estimating the corresponding parameters as for instance presented in [[1]. However, the main disad-
vantage with this method is that one has to select a model for the covariance function which is a very
subjective task ( [2]). In practice, the model for the covariance is selected from a list of available
models and then its parameters are estimated from the observed data X(s). This presupposition that
the data can be modelled by a specific covariance function is not universally accepted because a mis-
specified model can often lead to highly biased predictions. Some work has been done by using the
nonparametric methods of estimating a multivariate covariance function ( [3,/4]). Another drawback
of this method is that the assumption of similar dependence structure at all the points may not hold
true when the data is highly irregular.

Hence, developing a prediction method which makes minimal assumptions on the covariance struc-
ture and its data driven is a major challenge for prediction on random fields.



2 Introduction

Thesis Statement

Prediction problem of random fields has been widely investigated in recent years ( [5], [6], [ 7], [8],
[91, [10D). In this thesis, we deal with two non-standard prediction problems of stationary random
fields. Firstly, prediction of stationary random fields where a number of observations are missing to
the quarter-plane past. Secondly, prediction of stationary random fields based on nonsymmetrical
half-plane past. Toward this end, we consider the structure of random process when S C Z? (2-D
discrete random fields). The analysis is performed by formulating the 2-D linear prediction problem
in a similar manner to Wiener-Kolmogorov prediction analysis of 1-D discrete random processes. The
basic step in the prediction theory of 1-D random processes is the orthogonal decomposition theorem,
known as the Wold decomposition [11]. However, in the 2-D domain, contrary to the 1-D case,
there is no natural order definition, and hence terms like "past" and "future" are with no significance
unless defined with respect to a specific order. In general, different order definitions will lead to
different orthogonal decompositions ( [12], [13]), defined the predictor support to be a NSHP and
derived a Wold-type decomposition for stationary random fields. They also studied the spectral theory
which corresponds to this decomposition. [14] showed that by considering multiple total-order and
nonsymmetrical half-plane definitions, a countably infinite Wold-type decomposition of the field can
be obtained. It should be mentioned that other types of past have been considered in the litterature,
the case of quarter-planes were studied . Thus, an important representation is the quarter-plane (QP)
representation ( [15], [16], (171, [181], (191, [Z1, [8l, [9], [10]).

Thesis Contributions
The main contributions of this thesis are:

* The first contribution is presented in Section [2.5l We treat the prediction problems where a
number of observations are missing to the quarter-plane past of a stationary random field. The
purpose consists in quantifying the influence of missing values on the prediction by giving the
simple bounds for the prediction error variance. These bounds allow to characterize the random
fields for which the missing observations do not affect the prediction.

* The second contribution [20] is developed in Chapter [3l We investigate the problem of linear
prediction of stationary random fields with nonsymmetrical half-plane past. We establish an
explicit autoregressive series representation for the best multi-step ahead linear predictor of
stationary random fields with nonsymmetrical half-plane past (NSHP). Furthermore, necessary
and sufficient condition for the mean square convergence of these series is given.

Thesis Organization

This thesis is divided according to the objectives stated above and is therefore structured in three
chapters.

* In Chapter [I} we have presented a certain number of structural properties of weakly stationary
random fields. A spatial process may be considered as a generalisation of 1-D process. However,
its characteristics make its analysis considerably more difficult. The key difference is that a 1-D
process is unidirectional with a natural ordering from past to future. However, this ordering
does not exist for a general spatial processes. There is no natural order definition, and hence
terms like "past" and "future" are with no significance unless defined with respect to a specific
order. In general, different order definitions will lead to different orthogonal decompositions.
We list them as follows : Nonsymmetrical half-plane (NSHP) orthogonal decomposition : any



stationary random fields is decomposed into two mutually orthogonal components: a purely
indeterministic component and deterministic component ( [14,[20]). Rational nonsymmetrical
half-plane (RNSHP) decomposition : any stationary random fields is decomposed into two mu-
tually orthogonal components: a purely indeterministic component and a deterministic compo-
nent. The deterministic component is further decomposed into mutually orthogonal half-plane
deterministic and generalized-evanescent components ( [21[]). Other pasts have been consid-
ered, namely quarter-plane pasts. Thus, an important representation is the quarter-plane (QP)
representation;

Chapter [2] contains two parts: In the first one, an overview of some basic results on stationary
random fields is presented: Firstly, the authors in [7] studied in details some prediction problems
for stationary random fields with quarter-plane past. They obtained the best predictor of X (0, 0)
based on the quarter plane with finitely many observations added. Their solution expresses
the error variance formulas in terms of the moving average (MA) parameters of the random
fields. Secondly, the authors in [8] developed methods which get around the technical difficul-
ties noted in [[7] and solved the quarter plane prediction problem with finitely many missing
values left open in [7] when the stationary Gaussian random fields possesses a onesided moving
average representation. Two solutions have been presented for predicting a stationary Gaussian
random fieldbased on a quarter-plane with finitely missing observations . One expresses the
best predictor in terms of the moving average coefficients of the random field, and the other
expresses the prediction error variance in terms of its autoregressive coefficients. Finally, in [9],
the authors established an explicit formula for the prediction error of a future value of stationary
random fields when the infinite past is altered by some missing observations.

In the second part, we treat the prediction problems where a number of observations are missing
to the quarter-plane past of a stationary random field. The aim is to quantify the impact of
missing observations from the past. The central idea of our study consists in using the MA and AR
representations of the random field. The obtained results highlight the important role of the AR
parameters in forecasting. Indeed, we establish lower and upper bounds for the prediction error
variance given in Theorem (2.5.1) which is the novelty of our work. This boundedness property
of prediction error variance shows that the degradation of the prediction due to the missing
data increases with the maximum value of the AR parameters of the missing data. They also
allow to conclude that the larger the indices of missing values are, the better is the preciseness
of the bound of the prediction error variance. Also, our results characterize the random fields
for which the missing observations do not affect the prediction of X (0,0). We conclude this with
two illustrative examples.

In Chapter [3] the problem of interest consists in finding the minimum-norm linear predictor
X(s,t) of x(s,) as the projection of x(s,7) on the Hilbert space spanned by all the field samples
that precede the (s,7)-th sample, according to the defined orderwith. The main topics touched
upon in this chapter are : an explicit autoregressive series representation for the best multi-step
ahead linear predictor of stationary random fields with nonsymmetrical half-plane past (NSHP)
is established. Necessary and sufficient condition for the mean square convergence of these
series is given. Moreover, step recursive relations between the prediction coefficients for the
infinite past predictor are provided. These relations are used to calculate explicitly the multi-
step prediction coefficients.

Finally, we conclude with the relevant conclusions of the work and some problems for further
research.
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CHAPTER

1

Properties and Orthogonal Decom-
positions of Random Fields

Contents

1.1 Introduction

This chapter covers essentially introductory and preparatory material and establishes the necessary
notation and assumptions for this thesis. A random field X on R?means a collection X = {X(s),s € R?}

of random variables indexed by R¢.

A basic starting point in the prediction theory of 1-D random processes is the orthogonal decompo-
sition theorem, known as the Wold decomposition [11]. The discussion about the Wold-like decom-
position will be restricted to the case of two dimensional fields X = {X(s), s € Z*}. In other words,
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6 Chapter 1. Properties and Orthogonal Decompositions of Random Fields

we study the 2-D Wold-like decomposition for stationary random fields with respect to the defined
support and total order.

The outline of this chapter is : Section furnishes an overview of the needed theoretic back-
ground of random fields including some basic definitions and the special class of Gaussian random
fields [22424]. The main result presented in Section [1.3] is the spectral representation theorem of
stationary random fields ( [25]]). To this end, some needed results, namely the mean and covariance
functions of random fields; the notion of continuity and differentiability of random fields; and stochas-
tic integration are presented beforehand. In Section [1.4] we detail the orthogonal decompositions of
2-D random fields.

1.2 Basic definitions and structural properties of random fields

The study of random fields is, by definition, the study of random functions defined over some Eu-
clidean space [22H24]. Consequently, this study can cover an extremely wide area, since any question
that can be asked about an ordinary non-random function, or class of functions, can just as readily
be asked about their random counterparts. Hence, the general theory of random fields is certainly at
least as large as the general theory of functions. Indeed, adding a random component to the theory of
functions makes it a much larger, more interesting, and often more complex subject.

1.2.1 Some backgrounds in random fields

There are two virtually distinct approaches to defining random fields. One is essentially a measure
theoretic approach and leads ultimately to a probabilistic setting, while the other starts probabilis-
tically and can be eventually placed in a measure theoretic setting. Let us consider the measure
theoretic approach first. Let GV denote the set of all RY —valued functions on R¢,N,d > 1, and &4V
the o—field containing all sets of the form {g € G*",g(s;) € B;,j=1,...,m} where m is an arbitrary
integer, the s; are points of RY, and the B; are half open intervals in RY. Then, much as we defined
random variables, we define an (d,N) or d—dimensional, random field, or stochastic process, to be a
measurable mapping X from (Q,.%) into (G*V,&%N). We use the notation X (s, ) to denote the value
the function in G?" corresponding to  takes at the point t.

Given the existence of the probability measure P on .# we can obtain from this definition a collection
of measures F;, s, on %"V defined by

.....

Fs...5,(B) =P((X(s1),...,X(ss)) € B) (1.1

for any B € ™. The collection of all such measures, or, equivalently, the corresponding distribution
functions, is known as the family of finite dimensional distributions for the field X. In general it
is the finite dimensional distributions that we work with in the study of a random field. the finite
dimensional distributions of any given random field uniquely define the P measure of all sets in the
o—field &%V . Not all events of interest are in &%V, however. For example, sets of the form

{g, g(s) €B, forall sel},

where B € %7 and I is an interval in R¢, are not usually in &%, they are of obvious interest. To obtain
the probability of such a set from knowledge of the finite dimensional distributions only it is necessary
to assume some other condition, such as separability.

The second definition of a random field, which is more natural in modelling context, is to define it
as a collection of random variables X (s),s € R?, together with a collection of measures or distribution



1.3. Stationary random fields and their spectra 7

functions of the form F;, s, on Be B n=1,...,s; € R? which satisfies (I.I). The question to ask is
whether or not one can always find a random field, according to the first definition, which posses the-
ses measures as finite dimensional distributions. According to Kolmogorov’s result is that a necessary
and sufficient condition for the existence of such a field is that the given family of measures satisfies
both conditions:

.....

Not every family of measures corresponds to a random field. However, we shall only deal with fam-
ilies that do. We conclude by introducing an powerful concept in the study of random fields called
stationarity. We call a real- valued random field X (s) strictly stationary if, for arbirary k, any real num-
bers xi,...,x; and any (k+ 1) points 7,s,...,s; in R? the following condition on its finite dimensional
distributions is satisfied

P(X(S]) le,...,X(Sk> Sxk) = P(X(Sl —|—T) le,...,X(Sk—FT) §xk).

1.2.2 Gaussian random fields

An important special class of random fields is the class of Gaussian random fields. The main reason
for this is the convenient analytic form of Gaussian density, which allows explicit results to be obtained
for Gaussian fields which seem almost impossible to derive for more general processes.

Definition 1.2.1 ( [22H24].). X is a Gaussian process on R? if for every finite subset A C RY and real

valued sequence a = (as,s € A), Z as;X (s) is a Gaussian random variable.
SEA

If mp = E(X)) is the mean of X, = (X(s),s € A) and X, its covariance, then if X, is invertible, the
density of (X4) with respect to the Lebesgue measure on R*\ is

— %A 1 —1 i
) = (21) 2 (dermp)2e 2 VAT MMV EN (A ma)

where *U is the cardinality of U and x, possible values of X,. Such densities are defined and for
any mean function m and p.d. covariance 7y there exists a Gaussian random field with mean m and
covarince 7.

1.3 Stationary random fields and their spectra

A full proof of the spectral representation Theorem is given by [26] which only obtains the
theorem under stronger conditions. However, his approach is not based on the Hilbert space theory
that most fundamental results of random fields rely on. A spectral theory for processes defined on more
general spaces than R? is developed by [27] who study processes defined over complete, separable,
metric spaces, while [28] studies processes defined over certain separable, locally compact groups.
The spectral theory of stationary random fields was rigorously established in [25].
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1.3.1 The mean and covariance functions

Although our primary interest lies in the study of real-valued random fields, it is mathematically
more convenient, and often more useful, to develop spectral theory for complex valued processes.
Hence, we shall assume that X(s) takes values in the complex plane C, while s € RY. We shall also
assume that the expectation E (X (s))? is finite for all s € RY, i.e. E(X(s))? < eo. With these assumptions
the mean function

m(s) = E(X(s))

becomes a non random function from R? to C. We define the covariance function y: R¢ x RY — C,
defined for all s,t by

¥(s,t) = Cov((X(s) —m(s)) (X (t) —m(t))), (1.2)
where the bar denotes complex conjugation.
It is an immediate consequence of (I.2)), the finiteness of E(X(s))?, and the Cauchy Schwartz inequality
that y(s,t) is finite for all s,t € R?. Furthermore, it is easily seen that y(s,s), which is the variance of
X (s), is real and non-negative, and that the covariance function satisfies the relation

’Y(Svt) = ’}/(Sat)

for all s,t € RY. Every covariance function is a non-negative definite function on R??, i.e., if sy,s, ..., s
is any collection of points of R?, and z;,z,...,z; are arbitrary complex numbers, then the Hermitian
form

k
Y ) vlsis))zz; (1.3)

i=1j=1

is real and non-negative. This follows from the fact that this expression is equal to

which is real and non negative. The property of non negative definiteness actually characterizes
covariance functions, so that given any function m(s) : R? — C, and a non-negative definite y(s,t) :
RY x RY — C it is always possible to construct a random field for which m(s) and y(s,t) are the mean
and covariance functions, respectively.

As we have already noted, a central concept in the study of random fields is that of stationarity. We say
that a random field X (s) is strictly stationary if its finite dimensional distributions are invariant under
translations in the parameter s. That is, for any set of points 7,s;,s,,...,s, € R? the joint distribution
of the k complex variables (X(s;),X(s2),...,X(sx)) should be the same as for the variables

(X(S] —I—T),X(Sz—l—f),...,X(Sk—l-T)).

An immediate consequence of this property is that the mean function m(s) is identically equal to a
constant, which we shall hereafter take to be zero. This assumption reduces notational complexity for
no real loss of generality. A second consequence of strict stationarity is that the covariance function
(s, t) is forced to be a function of the difference s —t only.

Very often, when dealing with random fields, it is not necessary to impose the restrictive condition of
strict homogeneity. Hence, we shall introduce a class of fields which we shall call a second-order sta-
tionary, X is a second-order stationary process on R¢ if it has constant mean and translation invariante
covariance

y: Vs, t e R E(X(s)) =m and y(s,1) = Cov(X(s),X(t)) = y(s — t).
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Example 1.3.1 (Strong White Noise (SWN) and Weak White Noise (WWN)). X is a Strong White Noise
if the variables {X(s),s € RY} are centered, independent and identically distributed (i.i.d.). X is a Weak
White Noise if the variables {X(s),s € R?} are centered and uncorrelated with finite constant variance: if
s#t, cov(X(s),X(t)) =0 and V(X(s)) = 6> < oo. A SWN on R? is strictly stationary; a WWN on R? is a
stationary process in L.

A strictly stationary field is clearly stationary, but in general the reverse is not true. However, it is
true for certain Gaussian fields which satisfy the following condition.

Theorem 1.3.2. In order that a stationary, Gaussian random field be strictly stationary it is necessary
and sufficient that the function

should be a function of s —t only.

Note that if X (s) is complex valued H is not its covariance function, since we do not take the complex
conjugate of the second factor in the expectation. On the other hand, if X(s) is real valued H = R, so
that as a corollary to the theorem, we have that every stationary Gaussian process with real values is
also strictly stationary.

We conclude this section by noting that for stationarity fields the Hermitian form given in (1.3) sim-
plifies to

k k
Z Z ’)/(Si - Sj)ZiTj- (1.4

i=1j=1

Since this must be non-negative for any set s; € R? and complex numbers z;, we have that the covari-
ance function, considered now as a function on R, is non-negative definite. It is useful to know that
such functions can be characterized, as in the following result.

Theorem 1.3.3. ( [29], [30, p. 209-211]) A continuous function (s) from R¢ to the complex plane is
non-negative definite if and only if it can be represented in the form

¥(s) = /R Har(h), (1.5)

where < s, A > denotes the inner product Y¢_,s;A; and F(A) is a bounded, real-valued function satisfying
[y dF (L) > 0 for all measurable A C R%.

Since every covariance function is non negative definite, each such function has a representation of
the form (I.5). The function F of the theorem is only specified up to an additive constant. When we
fix F by demanding that

F(—eo,...,—e0) =0

(thus implying that F(eo,...,e0) = y(0), we call (L.5) the spectral representation of y(s). When F(1)
is absolutely continuous we call the corresponding density, f(A) say, the spectral density and (1.5)
becomes

¥(s) = /R P f(A)dA. (1.6)

These representations of the covariance function are extremely helpful in investigating its properties.
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1.3.2 Geometric properties: Continuity and differentiability of random fields

Questions about continuity and differentiability of a function f(s),s € R? at point s* boil down to
questions about the convergence of sequences of the form (f(s,)) when ||s, —s*|| — «. When the
functions being studied is actually a random field, it follows that we are actually asking questions
about the convergence of a sequence (X(s,)) of random variables. Hence, just as there are various
modes of convergence, there are various types of continuity and differentiability for random fields.
We shall consider only two of them.

The strongest form of stochastic convergence is almost sure convergence. Corresponding to this, we
shall say that a random field X is almost surely continuous at s* if for every sequence (s,) for which
|8, — 8¥|| — o0 as n — o0, X(s,,) ©¥ X (s*). Alternatively, we could write this condition as

P{o: || X(sy,0) —X(s*,®)|]| > 0as. n— oo} =1.

We say that X is almost surely continuous through a set A C R if it is almost surely continuous at each
SEA.

d
Similarly, if we write f; to denote the th first-order partial derivative % of a function f , we say that
J

arandom field X is a.s. differentiable at a point s* if P{® : || X;(s*, )| — 0 exists } = 1. Let §;,1 < j <d,
denote the d vector, all of whose elements are zero, except for the j"#, which is one. Then if X is almost
surely differentiable at s* the a.s. limit

. . X(s*+hé;) —X(s*

is called the function j* partial derivative of X at s*. By allowing s* to vary we obtain the partial
derivative field X;(s).

We shall generally wish to use the information contained in the covariance function to investigate
the behavior of random fields. Thus, because covariance functions are essentially only second-order
moments, if often turms out that the most natural form of convergence to use in the theory of random
fields is mean square convergence. We shall now see how this mode of convergence can also be used
to develop notions of continuity and differentiablity for random fields, and how these relate to the
covariance function.

Let s1,s,, ... be a sequence of points and s* a fixed point in R for which ||s, —s*|| — o as n — . Then
if

X(sn) m—'s>‘X(s*), as n — o
we say that X is continuous in mean square at s*. If this holds for all s* € A, where A is some subset of
R?, we say that X(s) is continuous in mean square over A. It is interesting to note that whether or not
a fields possesses this property can be red off from the covariance function of X(s), as in the following
theorem

Theorem 1.3.4 ( [22]). A random field X (s) is continuous in mean square at the point s* € R¢, if and
only if its covariance function ¥(s,t) is continuous at the point s =t =s* . If y(s,t) is continuous at every
diagonal point t = s then it is everywhere continuous.

We now consider differentiability in mean square, for which we assume that the field X is real valued.

9*y(s,t)
8sl~8ti

X(5) = }lir%X(s+h6}i) —X(s)
n

Theorem 1.3.5 ( [22]). If the derivative

limit

exists and is finite at the point (s,s) € R, then the

1.7)
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exists, and X;(s) is called the mean square derivative of X (s) at s. If this exists for each s € R? then X (s) is
9%y(s.1)
8s,~8t,~ ’

We note that when the basic process X(t) is stationary, the conditions ensuring m.s. continuity and
the existence of m.s. derivatives become particularly simple. For example, by Theorem[1.3.4] X (s) will
be m.s. continuous at s if its covariance function is continuous at (s,s). But because of stationarity,
this is equivalent to demanding that y(s) be continuous at s —s = 0.

In these results, the fact that for a stationarity random field the behaviour of its covariance function in
the neighbourhood of the origin may be a determining factor in regard to mean square local properties
(continuity, differentiability, etc.) of the field is implicit.

said to possess a m.s. derivative. The covariance function of X;(s) is then given by

1.3.3 Stochastic integration

In this section, we deal with the theory of stochastic integration on R, we limit our treatment to the
existence of certain Fourier type integrals. The theory of d-dimensional stochastic integration for is
treated in detail in [26,27]] .

We start by defining a particular class of random fields. Given any complex-valued random field
Z(s),s € R?, it is possible to define a random additive set function on the set of finite unions of intervals
of R? in the following manner. Let I = (aj,by] X ... x (aq,bq] be an interval in R?, and set

Z(I) =Z(by,...,bg) — [Z(b1,....,ba) + ...+ Z(b1,...,bg_1,a1)] + ...+ (=1)Z(by,...,by). (1.8)

This defines Z(I) for any interval I C R?. The definition is extended to the class /¢ of sets A € R?
which are finite unions of intervals of R?

Z(AUB) = Z(A)NZ(B)

if A\Ba7¢ and ANB = @.

Now suppose that X (s), considered as a random field, has finite variance for all s € R?. Then, by (L.8),
E|Z(I)|*> will also be finite for all 7 C RY. We then call Z(s) a field with orthogonal increments if for
every pair of disjoint intervals I;,l, € R? by demanding additivity, i.e.

E (Z(I] )%) ~0. (1.9)

An immediate consequence of (I.9) is that such a field determines a measure on .«7¢, generally denoted
by F(I) and defined by

F(I)=E|Z(I)|)*. (1.10)
Such a measure will, up to a constant, determine a point function on R¢ that is non decreasing in each
si,1 <i<d. If we also use F to denote the point function, set F(—oo,...,—o) =0, and demand that F

is bounded over the whole of R?, then F(s) has all the properties of a multidimensional distribution
function multiplied by an arbitrary constant. The relationship between F as a point and set function
is also of the form given in for Z. Hereafter we shall assume, without explicit mention, that F(s)
is bounded for all s € R?.

For random fields of the above form it is possible to define a wide class of stochastic integrals known
as mean square integrals, a subset of which is given in the following theorem.

Theorem 1.3.6 ( [25]). If Z(s) is a complex-valued random field with orthogonal increments, then for
every s € R? the Riemann-Stieltjes integral

X = /Rdg(l)dz(l) (1.11)
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is well defined as

A—ocon—roo -

A,
lim lim Y g(A,;)Z (1),
j=1

for all complex valued g for which
X:/d\g(l)yzdF(l) < oo, (1.12)
R

In defining the mean square limit we partition, for each A > 0 and n > 1, the interval (—A,A]? into
A disjoint intervals I,,;,1 < j < A,, in such a way that

sup Aq(I,j) -0 as n—0.
1<j<A,

By setting g(1) = ¢/>*> we obtain from (L.11) a family of random variables
X(s) = /d <A az(0), (1.13)
R

which is well defined for any Z for which

supE|Z(I)|? < oo.

n

The complex valued field X defined in this fashion has rather special properties, for if we set F(s) to
be the function defined by (1.10) and assume for the moment that E(Z(s)) = 0 for all s, we have the
following theorem.

Theorem 1.3.7 ( [25]). For the random field X (s) determined by
E(X(s)) =0 and y(s,t) = E (X(s)W) - / SRR (R, (1.14)
R

where the integral is a standard Riemann Stieltjes integral.

An immediate implication is that since the covariance function ¥(s,t) of X(s) depends only on the
difference s —t, the random field defined by the stochastic integral is stationary. Furthermore,
the spectral distribution function of X(s), as defined in (L.5), is simply the function F(A) determined
by the field Z(s) in (1.10). This automatically leads us to question whether the fact that an integral
such as (1.13) leads to a stationary field whose covariance function satisfies (1.14) implies that the
converse holds; i.e. given a stationary field whose covariance function satisfies (1.14) can we represent
it as a stochastic integral as in (1.13)).

1.3.4 The spectral representation theorem

We now proceed to give a positive answer to the above questions. Suppose X (s),s € R?, is a stationary,
complex valued random field for which E(X(s)) = 0 and E|X(s)|?> < . Furthermore, let X(s) be
continuous in mean square and let y(s) denote its covariance function. Then, by Theorem [1.3.4] (s)
is continuous for all s € RY and so, by Theorem [I.5] has a representation of the form

¥(s) = /R HaE (), (1.15)

where F(A) is the spectral distribution function of X(s). The following theorem is known as the
spectral representation theorem.
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Theorem 1.3.8 ( [25]). For every mean square continuous, zero mean, stationary random field X (R¥)
there exists a field Z(s) with orthogonal increments such that for each s, X(s) has the following represen-
tation as a mean square integral:

X(s) = /R dMaz(h). (1.16)
The field Z(s) is defined up to an additive constant. If this is fixed by setting Z(—os,...,—o0) =0, we have
E(2(s)) =0, E|Z()[> = F(1), EIZA)] = F(),
where I is any interval in R? and F is determined by (L.13).

The representations of y(s) and X (s) given, respectively, by (1.15) and (1.18) are fundamental to the
study of stationary fields.
We shall now investigate some of their simpler implications for real valued random fields. The repre-
sentation of the covariance function of X (s) can be rewritten as

¥(s) = /cos <sA> dF(A)—H/dsin <s,A>dF(A).
S R

If the field X (s) is real valued, then so is y(s), so that

/Isin<s,l >dF(A)=0, forall scR’
Ra

This fact immediately implies that the spectral distribution is symmetric about the origin of R?, in the
sense that for any A;,v;,1 <i<d,

F(()Ll,\/l] X ... X (/ld,vd]) :F((—Al,—\/l] X... X (—A,d,—\/d]).

If a spectral density function f(1) exists, it is also symmetric, in the sense that f(1) = f(—A4) for all
A € R%. Consequently, the odd-ordered moments of F, when they exist, are zero; i.e.

d
//1’1122 AsdF(A) =0 if Y ij is odd. (1.17)
i=1

Another useful consequence of (I.15) is the existence of relationships between the even ordered mo-
ments of F and the behaviour of y(s) near s = 0. For example,

[ dF(2) =7(0). (1.18)

Furthermore, if we write 4;; to denote the second order spectral moment
[aiagara)
S

9%y(s.t)
8s,-8 i ’

and set then

9%y(s.t)
8s,-8t,~

= —7%,(0). (1.19)

s=t

ij =

In general, the 2k order spectral moments are equal to the appropriate 2k’ partial derivative of y(s)
at the origin times (—1)*. From Section [[.3.2] the mean square derivative X;(s) of X(s) if it exists, has
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the partial derivative ¥;(s) as its covariance function. Since the variance of X;(s) is then given by ¥;;(0),
in view of (1.1I9) we have
E|Xi(s)?=2A;0f i=1,....,d. (1.20)

Similarly, the variance of a k" order mean square derivative of X(s) will be given by the appropriate
spectral moment of order 2K. Indeed, one can easily derive the following general result:

%tBX (s) 999X (s)
<9s§"8s£-3 . 35?55?

aa+l3+19+6X(s)

B )
sl 0s; dsy's;

‘S—O

_ (71)06-1-[3]'06-1-[3-1-194-5 /A,ialflkﬁllédl:(ﬂ,).

Combining this with ([1.17) it follows from an appropriate choice of a,f,9,d for a real-valued sta-
tionary field X (s) for a real-valued stationary field all 1 <i k,/ <d:

Xi(s) and X(s) are uncorrelated o=1,=9=08=0, (1.21)

Xi(s) and Xy(s) are uncorrelated B =0,0=9=6=1. (1.22)

If X(s) is a Gaussian field than so are its mean square derivatives. (This is a simple consequence
of the fact that derivatives are defined by taking limits of linear combinations of Gaussian variates.
See equation ([1.9)). Furthermore, the joint distribution of X(s) with its derivatives is multivariate
Gaussian. Thus in this case the variables considered in (I.21I) and (1.22) are not only uncorrelated
but also independent.

We conclude this section with a brief discussion of the heuristic meaning of the spectral representation
of a random field. Firstly, note that if X (s) is real valued we can rewrite (1.18) as

X(s) = /dcos <s,A>dU(A) —/dsin <s,A>dV(A), (1.23)
R

R

where U(s) and V(s) are real valued fields defined by
ZA)=U(A)+iV(A).

That is, U and V are the real and imaginary components of Z. Now approximate the integral in (1.24)
by a sum of the form
X(s) =) (cos <s,A; > U(A;) —sin <s,4; > V(A;)), (1.24)

where the J; are disjoint intervals in R? and A; € A;,i = 1,2,.... Then it is clear from this approximation
that the spectral representation of a random field is effectively a method for breaking it up into a large
number of sinusoidal components.

In the one-dimensional situation the basic components in (1.24) are simple sine and cosine waves
of random amplitudes —V(A;) and U(A;), respectively, and wavelengths equal to 27/A;. In higher
dimensions the elementary components are harder to visualize. Consider the two-dimensional case.
Dropping the subscript on A; for the moment we have that an elementary cosine wave is of the form
cos(Ai1s1 + Aaty). The A; are fixed, and the point (s1,s,) takes values in R?. Elementary trigonometry
shows that such a function actually forms a wave-pattern, in R? of a sequence of waves travelling in a
direction which makes an angle
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with the #; axis, and having the wavelength
2r
A=——
AP+ 23

as the distance between troughs or crests, as measured along the line perpendicular to the crests. A
pictorial representation of such a surface is given in Figure [1.3.4]

2n
M

Figure 1.1: Elementary wave form cos(At; + Axtp) in R2.

This concludes our study of the fundamental aspects of the spectral representation for random fields.

1.4 Orthogonal Decompositions of 2-D Random Fields

The discussion hereafter will be restricted to the case of real discrete 2-D random fields, X =
{X(s,t), (s,t) € Z*}. Let H be a Hilbert space (e.g, H = L*(Q, F, P)) the space of all random vari-
ables on (Q, F, P) with finite second order moments and zero mean, endowed by the inner product
< X,Y >=E(XY) with norm || X|| = VEX? (that is, by convergence we will always mean convergence
in mean square). The collection of all finite linear combinations of elements in the space and its clo-
sure are evenly included in the space [31].

The structure of 1-D stationnary process was rigorously formulated by the seminal results of Wiener-
Kolmogorov prediction theory [32,[33] and [34]]. The analysis of 2-D random fields is carried out
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by formulating the 2-D linear prediction problem in a manner similar to the one which is broadly
used for the analysis of 1-D discrete random processes. However, there is no natural definition of
the past and future when the index of the process is in two dimensions. In fact, the simplest way to
extend the theory of the Wiener-Kolmogorov prediction to the 2-D case is to choose a past for which
the prediction error is a white noise according to which the process must be able to be represented.
Helson and Lowdenslager [12,/13]] have shown that pasts with this properly correspond to asymmetric
half-planes. It should be mentioned that other types of past have been considered, the case of quarter-
planes were studied in [15H17,135].

1.4.1 Nonsymmetrical half-plane orthogonal decomposition

The totally ordered NSHP support is a favorable type of support in the sense that it yields a natural
extension to the 1-D results, this fact has been shown in [[12,/13]. In what follows, we assume all
definitions and theorems are stated with respect to the total order and nonsymmetrical half-plane
(NSHP); and the 2-D random field X (s,#). We first introduce some basic definitions related to the
NSHP prediction scheme. Next, we state the 2-D Wold-type orthogonal decomposition theorem.

Definition 1.4.1 ( [12]]). We call a nonsymmetrical half-plan past (NSHP) any subset S of 72 satisfying
1. S stable under addition
2. SU-S=7?

3. SN—-5={(0,0)}.

t
] ] ] o o o
n n n = = o
FUTURE
] ] ] = = o
PREBENT
= — S
n n n ) o = o
PAST
] ] ] = o o
n ] ] T o o o

Figure 1.2: NSHP Total Order Definition
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The NSHP support, S, results from the total-order definition (I.25a). The total order is defined as
a raster-scan : top-to-bottom column-after-column from left to right. In mathematical terms: The
order < is defined by

(s1,01) < (s2,02) iff (s1,01) € {(k, 1) |k = 52,1 <2} U{(k,[)|k < 57,—00 <1 < oo}, (1.25a)
and the order < is naturally defined by
(Sl,l‘l) < (Sz,l‘z) iff (Sl,tl) < (Sz,lz) or (S],l‘l) = (Sz,l‘z), (1.25b)

which coincides with the lexicographic order. Figure [1.2]illustrates this support graphically.

Because of the infinity in one of the scanning axes, we have an infinite number of samples between
any two samples that are in different columns. We now present the definitions and the main theorems
which result in the orthogonal decomposition of the 2-D random field. In the sequel we shall assume
the 2-D random field X(s,7) to be real, with zero mean. We shall also assume that the random field
has finite second-order moments, i.e.,

sup E (X*(5,2)) < oo
(s,1)eZ?

and that E (X?(s,r)) > 0 for at least one (s,r) € Z?, i.e. X € H. In what follows, the problem of
prediction is developed in the case of a past defined by an nonsymmetrical half-plane resulting from
the total order definition (I.25a), S = {(k, 1) € Z?, (k, ) < (s,t)}. We define jf(ift) as the closed linear
subspace spanned by {X(k, [), (k,!) € S} in the Hilbert space H, which represents the strict past of X
at the point (s,#). We denote by P,.x the orthogonal projection operator onto jﬁfﬂ, ie, ij(i([)X (s,1))

one-step minimum norm causal continuous support, linear predictor of X (s,7). The innovation process
{e(s,1),(s,t) € Z*} with respect to the defined support and total order is given by

e(s, 1) =X(s,t)— Pf%‘ff./)X(s’ t)).

Nonsymmetrical half-plane orthogonal decomposition of non-stationary random fields

We state the 2-D Wold decomposition theorem. This theorem is generalization of the well known 1-D
Wold decomposition [11]]. The 2-D Wold-like decomposition theorem was stated by

Theorem 1.4.2 ( [12,13]). If X(s,1), (s,t) € Z? is a regular random field, it can be represented uniquely
by the following orthogonal decomposition:

X(s,t) =W(s,t)+V(s,t), (1.26)
where
wis,t) =YY bg,(k,)e(s—k,t—1) (1.27)
k>01>0

by (m,n) is given by

LU eloml ) - if E(&2(k—m, 1 —n)) >0,

bk,l(mvn) =
0, ifE(e*(k—m,l—n))=0,

where if E(&*(k—m,l —n)] =0, by (m,n) is arbitrarily set to zero. Also,
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@ Y Y @, (kDE(E(s—kt—1) <

&5
(b) E(V(s.1)=0.

(©) E(e(s.0)e(mn) =0, (s.1) # (m,n).
() E(e(s.)V(m,n)) =0, ¥(s.1), (m,n).

(e) W(s,t) € H();t)

) vis,e) e H(’g ..y Where the Hilbert space H(X is defined by H (5—e0) ﬂ H

f=—o0

() If for dll (s,t) € Z*, E ((&(s,1))*) > 0, the sequences {€(s,t)} and {b, }are unique, i.e. there is
only one 2-D sequence of random variables {€(s,t)} and only one 2-D sequence of constants {b(,}
satisfying the previously stated results. However, if there are (s,t) € Z* such that E ((g(s,1))*) =0,
the uniqueness of the sequence {b} is achieved by the arbitrary setting of the corresponding
elements of the sequence {b,} to zero.

From (c) we can immediately say that the corresponding innovation field {e(s, t), (s, t) € Z*} defined
by e(s,t) = X(s,1) —Ryﬁx)X (s,t) is a white noise field, whereas (d) implies that random fields are

mutually orthogonal for all (s,t) and (m,n). In mathematical terms: W(s,z) L V(m,n) for all (s,#) and
(m,n).

Proof: We first prove (c). From the orthogonal projection theorem, £(s,¢) is orthogonal to every vec-
tor in ), we deduce that &(n,m) L H(X for all (n,m) < (s,). Because &(s, 1) € H , for all (s,r), we
conclude that £(n, m) L (s, t) for all (s,r) < (n,m). By interchanging the role of indices we also have
that &(s,¢) L €(n,m) for all (n,m) < (s,¢), and this completes the proof of (c).

We shall now prove (a). Let the support S’ be defined by ' = Sy » U{0;0)}, where

Sy ={k,1),k=0,0<1<MyU{(k,0),k=0, —M <1< M}
We shall at the following expression:

0<E< Zz;bklss—kt—l)>2

=E (X(5,1)?) =2} Y braE(X(s,0)e(s —k,t = 1))
+ZZbk7,bn,mE?«a(i—k,z—z)s(s—n,t—m))

_EH )—2Y Y ot E(e(s—kt—1)))+ Y Y bi E (e(s— k,t —1)?)
:E(X(s,t)z);;Z’;J%’,E(e(sk,tl)z). e

By assumption sup E (X(s,t)*) < co. We therefore conclude that
(s,1)€Z?

ZZb,%’lE[ez(s—k,t—l)] < sup E(X(s,1)?) < oo

N (s,t)€Z?
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This sum is bounded for any N and M by an expression which is neither a function of N nor M. There-
fore, the positive series converges since the sequence of its partial sums is bounded. This completes
the proof of (a).

From W(s,r) is in the linear manifold spanned by (i, j) such that (i, j) < (s,z). Because
&(n,m) € H,  for all (n,m) and Hj; = C H , for all (n,m) < (s,t), W(s,?) is a linear combination of

elements in H(’g_[). Since its second moment is finite, W (s,7) € H(’i ;) as stated in (e).
The proof of (b) follows immediately from the definition of V(s,7) as

V(s,t) =X (s,t) —W(s,t) (1.28)
We shall now turn to prove (d). For every (n,m) < (s,t) such that E (&(s,7)?) > 0 we have

E(V(s,t)e(n,m)) = E(X(s,t)e(n,m)) — Z ZkaE(e(s—k,t—l)s(n,m))).

k>01>0

Since

Y Y bEle(s— ki —1)e(n,m)) = bypi—mE ((e(n,m))?),

k>01>0
we have that E[V(s,7)e(n,m)] = 0.
For the case in which E ((s(n,m))z), we have using the Cauchy-Schwarz inequality that

0 < |E(V(s,t)e(n,m))|* <E ((V(s,1))*)E((e(n,m))*) = 0.

Hence, E(V (s,t)e(n,m)) = 0 in this case as well.

For (s,t) < (n,m) we have by using (I.28), and since both W (s,) L ,%”(ift) and X(s,t) € H();t), that
V(s,t) € H; . Since &(s,r) L 2}, and since H{ , C %), whenever (s,t) < (n,m), we have that for
every (s,t) < (n,m), €(n,m) L V(s,t). Combining the two cases, we conclude that for every two pairs
of indices (n,m) and (s,7), €(s,t) L V(n,m).

In order to prove (f), define sp{e(s,z)} as the subspace of H(’g 2 spanned by the vector &(s,7). From the
orthogonal projection theorem, £(s,7) L ,%ﬂ(ift) and therefore H();t) = Jf@ft) @e(s,t). Since V(s,t) L g(s,1)
and V(s,1) € H , it follows that V(s,1) € 7}, By induction V (s,1) € Hf

Let us now prove (g). From the orthogonal projection theorem it follows that &(s,7) is unique. This
holds for every (s,¢) and therefore the field {&(s,7)} is unique.

If for all (s,r) € Z*, E ((¢(n,m))?) > 0, then since for every (s,r) and (n,m) such that (n,m) > (0,0),
X (s,7) and €(s —n,r —m) are elements in the Hilbert space H()i’t) where the inner product is defined as
E[xy], the uniqueness of &(s,¢) implies the uniqueness of b;;. However, if there are (s,7) € 72, such
that {€(n,m))*}, the uniqueness of the sequence b,, may be achieved by the arbitrary setting of the
corresponding elements of the sequence b;; to zero. O

Properties Of The 2-D Wold-Like Decomposition

In order to further investigate the properties of the decomposition components we need additional
definitions.

Definition 1.4.3. A field {X(s,t)} is deterministic if for all (s,t). E[X(s,t) _Pﬁ’f’?)x(s’ 1)) = 62 =0. This
means that for all (s,t), {X(s,t)} can be perfectly predicted as a linear combination of elements of its past
(or as a limit of such), i.e., elements of H({J). Note that the deterministic field is a random field and it is
deterministic only in the mean square sense.
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Definition 1.4.4. A regular field {X(s,t)} is called purely indterministic if for all (s,t),H(’i n= H('i iy e
if its deterministic component V (s,t) vanishes, so that {X (s,t)} can be represented completely by the white
innovation driven moving average term in equation (1.26)):

Y. b(s, 1) (k,0)e(s —k,t —1).
k>01>0

For any integers k, [, we define the subspaces of Hilbert space H :

H(SSJ) = @{S(ka l): (kv l) € S}: %f[) = @{E(k, l)a (k7 l) € S}7
H(‘z/[) :W{W(kv l)a (k7 l) € S}7 (SJ) :W{W(kv 1)7 (k7 l) € S}7
H(‘;t) :@{V(ka l)> (k7 l) € S}7 %K[) :@{V(ka l)> (k, l) € S},

where S and S are defined as follows S = {(k, 1) € Z?, (k,1) < (s,1)}, S={(k,l) € Z?, (k,1) < (s,1)}.

Theorem 1.4.5. Let {X(s,t)} be a 2-D regular random field. Its component W (s,t) is purely indetermin-
istic and regular.

Proof: Let us rewrite (I1.27) as

W(s,t)=boo+ Y Y brie(s—ki—1). (1.29)
k=000
If E ((€(n,m))?) =0, then by = 1. We have already proved that W(s,r) and £(s,1) € H, ,, that £(s,1) L

%”(f )’ and that Z Zbk,le(s —kit—1)€ %”(it). Therefore, the orthogonal projection theorem and the
k>01>0
uniqueness of both the projection and the residual, together with the above representation of W (s,¢),

imply that R%§,>W(s’f)’ which is the projection of W (s,#) on jﬁf )’ is given by

Pox W(s,t) =}, ) bise(s k.t =1). (1.30)
k>01>0
Clearly holds also if E ((€(s,))?) = 0, since in that case W(s,1) = ij(%W(s,t), and both are
elements of 7},

In order to prove that {W (s,)} is a purely indeterministic random field we show that H& = H(‘i -
As we have W (s,7) is a linear combination of the elements €(k,/) where (k,l) < (s,), Therefore H(Vz e
H(gs e On the other hand, ijéﬂw(s,t) c %”(ift). Hence, there exists a sequence of constants {c,,} such
that Pﬂ(f’)w(s,t) is represented by

ijxWSl‘ ZZCMX S—kt—l) (1.31)
k>01>0

or by a limit of such expression. Using (1.26]), we can rewrite (1.31)) as

P%axWSl‘ chk1WS— t—l—i—ZZCk[VS— t—l) (1.32)
k>01>0 k>01>0

From (1.30), P%g[)W(s,t) € %iit). Also, since %fr"t) C jf(i,), we have that Y, oY ~ock /W(s—k,t—1) €

jf(g - Theorem [[.4.2] (d) implies that for all (0,0) < (k,1), V(s—k,p—1) L jf(ft) . Hence, (1.32)

holds if and only if for all (0,0) < (k,1), V(s —k,t —I) = 0. Therefore, Pjﬁxr)w(s,t) =Yoo Xm0k W (s—
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k,t —1). This implies that R%a(x)W(s,t) € jﬁ?’t) C H(V;’t). From ([1.29), &(s,t) = W(s,1) —P%(()X)W(S,l‘) and
therefore £(s,t) € H(Vr;) for all (s,7), so that HE (s,7) C H(Vrt), we finally conclude that Hf, ) = H(V;’t). Since
P%ZX)W(S’t) € H(‘f > We conclude that {&(s,7)} is the innovation field of {W(s,#)}, as well. Therefore if

{X(s,t)} is a regular field, then {W (s,7)} is also a regular field. O
Corollary 1.4.6. HX(s,t) has a direct sum representation of
H{, =H{,, OH . (1.33)

Proof: The definition of {X(s,7)} (1.26), and Theorem (1.4.2) (d) imply that V (s,7) L &(s,7) for all
(s,¢) and (n,m). By Theorem (1.4.2), for all (s,z), X(s,t) can be represented uniquely as X(s,z) =
W(s,t) +V(s,t), where W(s,1) € H, , and V(s,1) € H(‘;J). Since the two subspace H{, ) and H(‘;t) are
orthogonal, it follows that H();t) =Hf,, @H(‘;J).

O

Theorem 1.4.7. Let {X(s,t)} be a 2-D regular random field. Its component {V (s,t)} is a deterministic
random field.

Proof: The direct sum representation(I.33)), implies in particular that ,%”(f H= szf n® jﬁ:-f)' By The-
orem [L4.2] (f), V(s,1) € HY .., C A}, Since V(s,t)— &(n,m) for all (s,r) and (n,m), it follows that
V(s,t) L e%’?f’t). Finally, because V (s,7) € e%”(fvt) and V(s,) L e%”(fﬁt), we conclude that V(s,t) € jﬁ}fz), ie.,
{V(s,1)} is a deterministic random field. O

Nonsymmetrical half-plane orthogonal decomposition of stationary random fields

We shall restrict our attention to the class of stationary random finds. Clearly, The results obtained
above are applicable to this special class of 2D random fields. For stationary random fields, frequency
domain analysis is applicable since there exists for these fields a spectral representation in the form
of a Fourier-Stieltjes integral, both for the field variables and for the associated covariance functions.
In the following, we For stationary 2-D random fields frequency domain analysis is applicable due to
the existence of spectral representations both for the field variables and for the associated covariance
functions.

Definition 1.4.8. A family of real random variables {X (s,t)}, (s, t) € Z? is called a second order station-
ary random field. If
sup E (Xz(s,t)) < oo
(s,1)€Z?
and for all integers sy, s2,t; and t,, the covariance of the X(sy, ;) and X (s, t;) depends on the lags(s; —
$2, 1 — 1), namely,
cov(X(s1,1),X(s2,02)) = y(s1 — 2,11 —12)

We first describe these spectral representations. From (1.5) of Theorem [1.3.3] there exists a unique
spectral distribution function F(., .) on the rectangular region [—1, 1] x [-1, 1] such that

2 S22
b
Y(s, 1) :/ 1 / 1 ez(s/hﬂ?tz)dF(;Lh b)) (s,1) € 72,
V)
From (1.18) of Theorem[I1.45] there exists a spectral representation of the field {X(s,7)} such that:

1 1
X(s,1) :/21 /21 MTRIAZ (N, Ma);
—2Y72
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where Z(A,4,) is a doubly orthogonal increment process, i.e.,
E[dZ(M, ) dZ(23,44)] =0, A # A3, Ay # Ay,
which is related to F(4;,4;) by
dF (A1,%2) = E[dZ(M,A2) dZ' (A3, M4)].

f(A1,42) is the corresponding spectral density function, which is the Lebesgue 2-D derivative of

F(M,20)

0°F (A1,12)
oA oA,

Let F*(A;1,A,) be the singular part of F(A;,A,) (with respect to the singularity of the measure associated
with F(A1,A42) and the Lebesgue measure). Note that for real valued random fields y(k,/) = y(—k,—I)
and hence F(A1,4;) = F(—A1,—A2).

fAL,A) = (1.34)

Theorem 1.4.9 ( [12)13]]). A stationary 2-D random field {X (s,t)} is regular i.e, purely non deterministic
(PND) if and only if f(A1,A2) > 0 almost everywhere in K (Lebesgue measure) and

1
log f(Ar, o)dAyd Ay > —oo. (1.35)
2
If {X(s,7)} is a stationary 2-D random field, then {e(s,7)} is wide sense stationary, and so are {w(s,?)},
{v(s,t)}. variance of the innovation field {&(s,¢)} is constant and it will be denoted by . We then say
that the field {X(s,7)} is if non deterministic E[X (s,) — X (s,1)]? = 62 > 0, in other words a discrete 2-D
random field is regular if its innovation field €(s,#) does not vanish. Contrary to the non-stationary
case, the innovations variance of a regular stationary 2-D random field is strictly positive and equals
o? for all (s,t) € Z*. Therefore, the 2-D Wold decomposition for stationary random fields is unique,
whereas in the case non-stationary this uniqueness is not always guaranteed.

Theorem 1.4.10 ( [12,[13]). Let {X(s,t),(s,t) € Z*} be a regular field. The variance of the variance of
the innovations field {&(s,t)} with respect to the defined support S and the total order; is given by

[
G2(S) = / : / * log f(A1, Aa)dAd .
—2Y 72
In the regular case the variance of the innovations field {e(s,t)} is given by

1 1
2 (ffl 1% logf(ll,lz)dkldkz)
2 2

ol—¢ (1.36)
A stationary 2-D random field {X (s,t)} is deterministic if an only if
[
/ : / " log (A, Aa)dhidAg = oo, (1.37)

2 2
o2 should be interpreted as zero if [ [log f(®,A)dwd Ay = —oo.

The decomposition of the regular random field into two mutually orthogonal components, the purely
indeterministic field and the deterministic field (Theorems [1.4.2] [1.4.5), results in the following
spectral decomposition.
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Theorem 1.4.11 ( [12,[13]). Let Fy (A1, A2) be the spectral distribution function of the purely indeter-
ministic component of a regular and homogeneous random field, and let Fy(Ai,A,) be the spectral dis-
tribution function of the deterministic component. The spectral distribution function of F(A1,A;) the
regular field is uniquely represented by F(A1,A2) = Fw(A1,A42) + Fy(A1,A2), where the spectral distri-
bution function Fy(A1,A2) of the purely indeterministic component W (s,t) absolutely continuous and
Fy(A1,A2) = F*(A1,A) Hence, the spectral measure induced by Fy(Ai,A;) is singular with respect to
the Lebesgue measure, and therefore it is concentrated on a Borel set L of Lebesgue measure zero in
K =[-13,3] x [-3.,3]- The derivative of Fy(A1,A,) is zero, except on the set L. The spectral representa-
tions of the purely indeterministic and deterministic random fields are given by

Wist)= [ B Raz(a, 1),
KIL

V(s,t) = / d0R+2) 701 2). (1.38)
L

Since the random field is stationary, the coefficients a;; in the moving-average representation (??), of
the purely indeterministic component are space invariant, i.e., for all (s,¢), ay(k,l) = a(k,l). Hence (??)
implies that f(4;,4;) is given by

2

FA, ) = 2|V Y a(k,1)elh+1)

We therefore conclude that a necessary and sufficient condition for a stationary random field {X(s,7)}
to be purely indeterministic is that F(A;,4,) is absolutely continuous, f(A;,A;) > 0 almost everywhere
in K (Lebesgue measure), and log f(A;,4;) is Lebesgue integrable. At the other extreme, if (1.35)) is
false the stationary random field {X(s,7)} is nonregular and deterministic even if its spectral distribu-
tion function is absolutely continuous. Hence for example, any band-limited 2-D process is nonregular
and deterministic. However, it is interesting to observe that the spectral measure of the deterministic
component resulting from the orthogonal decomposition of a regular field (Theorems[1.4.2] is
always concentrated on a set of Lebesgue measure zero in K and it is therefore a special case of the
class of nonregular fields.

Thus, the decomposition of the stationary regular field into purely indeterministic and deterministic
components corresponds in terms of spectral measures to the decomposition of the spectral
measure of the regular field into a sum of two mutually singular spectral measures. In terms of
spectral distributions it corresponds to the representation of F' as the sum of its absolutely continuous
and singular components, Fy and Fy respectively.

1.4.2 Multiple order definitions and the decomposition of the deterministic compo-
nent

The NSHP support definition which results from the total order definition in (1.25) is not the only
possible one of that type on the 2-D lattice. In the following we generalize the results derived based on
the total order definition (I.25), by introducing a family of total-order-and NSHP-support definitions
in which the boundary line of the NSHP is of rational slope (These order definitions are obtained by
rotating the NSHP support by angles of rational tangent, rather than considering only the vertical
and horizontal orientations). Note that it is only the total order imposed on the random field that is
changed, but not the 2-D discrete grid itself.
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Definition 1.4.12. Let a,f be two coprime integers, such that a # 0. Let us define a new total-order
and NSHP support by rotating the NSHP support which was defined with respect to (1.25), through a
counterclockwise angle about the origin of its coordinate system, such that tan 6 = g.

Let the coordinates (s*,7*) be defined by

()= (Y57 vep) (e ) (),

where (s,7) are the sample original coordinates, and

cos® —sinf Vo + 2 0
sin@ cosf )’ 0 1/\/ o2+ B2

are the rotation transformation matrix, and the normalization matrix, respectively. The normalization
matrix is such that the indices of the columns are consecutive integers and the distance between two
neighboring samples on the same column is one. Thus, the new coordinates (s*#,r%#) of the original
(s,t)th sample are given by

s@B —

%P = — c(s*P)

c(s*P) is a correction term which guarantees that *# is an integer as well. For each fixed column
index s*P of the new total order, ¢(1*#) is determined by c¢(s*#) = argmins {[t*|}, that is, c(t%P)
is set equal to the r* of the lowest absolute value in the s*# column. For 6 = Z the transformation

is obtained by interchanging the roles of columns and rows. The total order in the rotated system is
defined similarly to (1.25a)), that is

(s2P 2Py < (5@ 1Py e (s7P 1Py € {(k, 1)k = s%P 1 < 18Py U{ (K, D)k < s9P —o0 < 1 < o0}, (1.39)

Let us denote by O the set of all possible total order and NSHP definitions on the 2-D lattice, in which
the boundary line of the NSHP is of rational slope, that is O = {«, 8|, B are coprime integers }. We
shall call such support rational nonsymmetrical half-plane (RNSHP). An example of one such total
order and RNSHP definition is illustrated in Figure[1.3] Note the way the "column" is defined.
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Figure 1.3: RNSHP Total-Order Definition

Definition 1.4.13. A field {G(s,t)} is called generalized evanescent if it can be represented as a linear infi-
nite combination of evanescent fields. Each of the evanescent fields generates column to column innovation
with respect a different total order and RNSHP support.

We study the family of total orders defined by Definition to better understand the structure of
the deterministic component of the decomposition (1.26)). Define ,%”(fo o) = sp{e(k, 1), (k, 1) € Z*}, to be
the Hilbert space spanned by the purely indeterministic component of the regular field and similarly
define ,%”(ffo’w) =5p{V(k,1), (k, 1) € Z*} to be the Hilbert space spanned by the deterministic component
of the regular field.

Lemma 1.4.14. Interchanging of roles of past, and future is any RNSHP total-ordering definition imposed
on a regular field results in identical evanescent components.

Proof: Let P be some RNSHP total order. The Hilbert space spanned by the corresponding evanescent
component is given by

EB PV = @ Sp{v\v e v Lji”(f;vliw)}.

Let F denote the total order obtained by rotating the order P by 8 = n. The Hilbert space spanned by
the corresponding evanescent component is given by

EB e EB sp{viverly v il ).

Let (s,7) and (s2,72) be the indices of the same grid point under the two different order definitions.
The properties of the deterministic random field imply that for any (s;,7;) and for any fixed o € O,

0,P o,P o,P
°%ﬂ51 T ‘%ﬂ(sl —o0) T ‘%0(s1, 00)*



26 Chapter 1. Properties and Orthogonal Decompositions of Random Fields

Because for any o’ € O, %ﬂ t/ =Sp{V(s2,12)|(s2,22) < (s',#')} and because the deterministic component
of the random field is unique and NSHP total-ordering invariant,

FV _ FV _ \4 PV \4 PV
Kooy = A5y = Hlooie) O Aty = Hooe) © A )

Due to the reversed order of the indexing induced by the two total order definitions P and F, when
t — oo, t' — —oo, By the same argument,

Ky = H o) O K ey
Hence,
D A4 = @S{viverl oAV LA oA L)
= @ sp{viver venrl = @ 2.

§=—0o §=—0o

O]

Define j‘f ) = ero%” - Note that %X ) is the Hilbert space spanned by the intersection

of all Hllbert spaces spanned by the regular ﬁeld samples {X(s,r)} for all (s,¢) and with respect to all
possible RNSHP total-order definitions.

Definition 1.4.15. A 2-D deterministic random field {P(s,t)} is called half-plane deterministic if it has
no column-to-column innovations with respect to any RNSHP total ordering definition.

The deterministic field {V(s,7)} can be further decomposed as follows:

Theorem 1.4.16 ( [14,121]). The deterministic component {V(s,t)} of a 2-D regular and stationary
random field can be represented uniquely by the following countable infinite orthogonal decomposition

V(s,t) = P(s,t)+G(s,t) = P(s,t —|—ZZeaﬁ s,1).

The random field {P(s,t)} is half-plane deterministic. The field {e, g} is the evanescent component that
generates the column-to-column innovations of the deterministic field with respect to the RNSHP total-
ordering definition a, € O, and G(s,t) is called generalized evanescent random field. The two random
fields P(s,t) and G(sy,t;) are mutually orthogonal for all (s,t) and (sy,t;). The generalized evanescent
field is a linear combination of a countable number of mutually orthogonal evanescent fields.

Proof: We first show that for any pair of RNSHP total-ordering definitions 0,0’ € O such that ¢’ is not
obtained by rotating o by 6 = 7.

(EB %0V> 1 ( é f/;,‘”y) . (1.40)

S§=—00 §'=—o0

Using Lemma [1.4.14] we conclude that it is sufficient to consider only —7 < 6 < 0. Let V(s,7) be the
deterministic component of the (s,7)th sample of the regular field, where the indexing is with respect
to the order definition o. Let also J2°(q) = Sp{V (k,1)|k = s, [ < q}, the indexing is with respect to o.
Let u be a vector such that u € 2% for some fixed n. Using the definition 2" and because for all
m, A" = A s Vv, we conclude that for all m,

AV = A S AL C AN (1.41)
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/ / /
Assume u € Y for some fixed 5. Therefore, u € %’;f';‘;, ul %?!‘1/700-
Because any support o’ considered here will contain an infinite number of samples {V (s,)};___., from

sth column defined with respect tothe RNSHP order definition o, we have that for any o/, J&°" c
f%”s,”i | _..- Because (I.41I) holds for all m, we have AV A°(m) Hence, #"" C A, and u=0.

Because the preceding argument holds for all s', we conclude that /" L @5 #;". Repeating the
§/=—o0

same arguments for each s, we obtain (1.40). Hence, the evanescent fields are mutually orthogonal.

The deterministic component of the random field is unique and NSHP total ordering invariant. We

can therefore rewrite (??) for any total-order o € O, while letting s, ¢ — .

Ay = ALy = H @ D A (1.42)

§/=—oc0

For any o € O, @f:,w%”’v C %ﬂi o) Also, for any two total-order definitions 0,0’ € O such that o’ is

not obtained by rotating o by 6 = &, (67> _, %OvV) NG %,7;',\/). Hence, we conclude using (1.42))
that for any two such total order definitions 0,0’ € O,

( D %’j{?"v> c A (1.43)

k!=—o0

Using (1.42) together with the uniqueness and NSHP total ordering invariance of the deterministic
component, we conclude that

ey = (= (e @ )

0€0 0€0 k' =—o0
_ X o 0,V
= ff"i”(fw,f@@é@”@%‘i : (1.44)
o€l [=—o0

where the last equality results from the definition of jﬁ’_‘ o,—e0) from (1.40), which results in the elim-
ination of the cross terms that involve the intersection of more than one Hilbert space of the type
@f:_m,}fj”’v and from (1.43). @0 B> jﬁ"’v is the Hilbert space spanned by all the evanescent
components of the regular field. Because O is a countable set, the number of evanescent components
of a regular field is countable. By and Definition ,%”(i‘ o o) 1S spanned by a half plan

deterministic field. O

The result in (1.43)) implies that for each RNSHP total-order definition o € O, all subspaces spanned by
the evanescent components ¢,, where o' # o, remain in the remote past space %”(O_i e which corre-
sponds to the definition o. Hence, from (1.44]) we conclude that in order to resolve all the evanescent
components of a regular field, the field has to be tested against all the possible RNSHP total-ordering
definitions in O. Note also that because column-to column innovations are found only when RNSHP
total-ordering definitions are imposed on the field, and because the half-plane deterministic compo-
nent of the decomposition is deterministic by definition, we conclude that the half-plane deterministic
field has no innovations nor column-to-column innovations with respect to any NSHP total ordering.

1.4.3 Quarter-plane representations

The problem of predicting random fields can be posed in several ways, depending on the considered
past. With quarter-plane Q as the past, the authors in [36] obtained a four-fold Wold decomposition
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in the time-domain for a stationary random field. For the precise statement of the corresponding MA
representation and the necessary and sufficient spectral conditions for it, we recall that a stationary
random field {X(s,7)} is said to have a one-sided (unilateral) MA(eo) representation on Q if there
exists a white noise process £(s,#) such that

X(s,6) = £(s,1) + U{;};gbk,,e(s—k,z ~1), (1.45)

where the sequence {by ;;(k,1) € Z*} consists of the MA parameters of the process, with by = 1,
by, =0, when k <0or!<0and

by, < oo.

(k1jeo ©

In view of the equality of the two subspaces involving the pasts of the two process, we call g(s,7) the

innovation process of X(s,?) and the V(&(s,t)) = 6> = 6*(Q) is referred to as the innovation variance.

The following result from [17] gives the spectral characterization of stationary random fields having
a one-sided MA(e0) representation on Q.

Theorem 1.4.17 ( [17] ). A stationary random field {X(s, t); (s,t) € ZZ} with spectral density function
f(A1,42) has a one-sided MA (o) representation (1.45) on the quarter-plane, if and only if

(@) log(f)eL',
(ii) the Fourier coefficients of log(f) vanish outside of {—Q}UQU{0},
(iii) %’}OO = %’}0"" N0,
where H]’Y’ is defined as before with M:
M = {(s,);s<0,t <0}, for 7,

= {(s,0):5<0,t €Z}, for #7~,
_ . 00
= {(s,1);s € Z,t <0}, for H5".

The spectral factorization of the spectral density function on Q provides an analytic ¢(z;;z2) of complex
variables z; = ¢! and z, = ¢'* such that the spectral satisfies f(A;,A;) = |¢(z1,22)|?, where ¢(0,0) = 1

and
Ry k.l
Z ch,lZ1Z2
0(z1,22) = e \k=01=0 ;

where ¢, ; are the two-dimensional cepstral coefficients of f(4;,4,).

Recursive Formulas for the AR and MA Coefficients

Recursive formulas which relate the MA and AR parameters in terms of the cepstral or Fourier coef-
ficients of the logarithm of the spectral density function are given hereafter, (see [37]). Consider the
Taylor expansions of the optimal factor ¢ and its inverse:

O(z1,22) = Y Y brizids,
k=01=0

0 ' (zz2) = Y Y awdid, (1.46)

k=01[=0
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from which it follows that the MA and AR parameters of the random field are related to each other via
the recursions

boo = app=1,
i

bij = k;oz;o by ai—k j—1. (1.47)
(k,1)#(i))

The corresponding autoregressive representation of {X(s, ); (s, t) € Z*} is given by

X(s,8) = £(s,1) + U{;);Qak,,x@ k=), (1.48)

1.5 Conclusion

We have mainly presented a Wold-like orthogonal decomposition for 2-D discrete random fields. In
the stationary case, the regular random field is decomposed into a purely indeterministic component,
a countable number of mutually orthogonal evanescent components and a half-plane deterministic
component. The resulting decomposition of the spectral distribution function of the regular and sta-
tionary random field into absolutely continuous and singular spectral distributions was presented.
Finally, we concluded by giving quarter-plane representations.
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CHAPTER

2

Prediction of Stationary 2-D Ran-
dom Fields with Quarter-Plane Past

Contents

2.1 Introduction

Prediction theory of stationary 2-D random fields with quarter-plane past has attracted much attention
in recent years. Firstly, we give a small overview of some works on random fields multi-step predic-
tion with quarter-plane past [[7], [8], [9]. Secondly, we detail our first contribution, namely, we treat

31
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the prediction problems where a number of observations are missing to the quarter-plane past of a
stationary random field.

In what follows, the problem of prediction is developed in the case when the past is generated by a
quarter-plane Q, defined by

Q={(k,1), (k1) € Z?, k< 0,1 <0,(k,I)#(0,0)}.

We define Hg as the closed linear subspace spanned by {X(k, /), (k,!) € Q} in the Hilbert space H,
which represents the strict past of X at the point (0,0). We denote by PHg the orthogonal projection

operator onto Hy, i.e, Png (s, t) one-step minimum norm causal continuous support, linear predictor

of X(s,¢). The innovation process {&(s, ), (s, ¢) € Z*} with respect to the defined support and total
order is given by

e(s, 1) =X(s,t)— PHgX(s, t)

The outline of this chapter is as follows: In Section [2.2] some prediction problems for stationary ran-
dom fields with quarter-plane past are given. Indeed, [7] obtained the best predictor based on the
quarter-plane with finitely many observations added. Furthermore, solution expresses the error vari-
ance formulas in terms of the moving average (MA) parameters of the random fields are obtained.
However, expressing the solution in terms of the autoregressive (AR) parameters depends on a mys-
terious projection operator( see [38]]). In section the prediction problem is solved when the
stationary Gaussian random field possesses a one-sided moving average representation in a certain
strict sense [8]. In section [2.4] prediction error of a future value of stationary random fields when
the infinite past is altered by some missing observations is established in [9]. Furthermore, an explicit
formula for X(0,0) —Pﬂgl X(0,0) is given in Theorem [2.4.1] This formula leads to the above-mentioned

expression of var (X (0,0) —Pﬂg X (0,0)) and allows to derive the AR representation of Pﬂg X(0,0) in
1 1

Theorem In Theorem [2.4.3] we characterize the processes for which the loss of observations in
the past does not affect the prediction of X(0,0), i.e., PHS X(0,0) = PHgX (0,0). This representation can
1

be seen as an alternative solution to the problem posed in [7].

In Section [2.5] we detail our first contribution. The aim is to quantify the impact of missing obser-
vations from the past. The central idea of our study consists in using the MA and AR representations
of the random field. The obtained results highlight the important role of the AR parameters in fore-
casting. Indeed, we establish lower and upper bounds for the prediction error variance given in Theo-
rem (2.5.T) which is the novelty of our work. This boundedness property of prediction error variance
shows that the degradation of the prediction due to the missing data increases with the maximum
value of the AR parameters of the missing data. They also allow to conclude that the larger the indices
of missing values are, the better is the preciseness of the bound of the prediction error variance. Also,
our results characterize the random fields for which the missing observations do not affect the predic-
tion of X(0,0). Finally, note that X(0,0) is chosen without loss of generality, and the main conclusions
extend, naturally, if we consider the prediction of X (h;,h;), hi,hy; > 0. To summarize, we establish
lower and upper bounds for the prediction error variance, see Theorem (2.5.1). In Corollary (2.5.2),
some properties of the predictor are presented, and in Corollary , asymptotic behaviors for the
prediction error variance are obtained. We conclude this section with two illustrative examples.
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2.2 Multi-step ahead prediction with quarter-plane past

2.2.1 Introduction

Predicting future values other than X(0,0) is important in the theory and applications of stationary
random fields, this problem have been studied in [7,39]]. In this section, the multi-step ahead predictor
and its prediction error variance when Q is used as the past are derived. For more details on the results
and the proofs, we refer the reader to [7,[39].

Theorem 2.2.1 ( [[7]). Let X(s,t) be a PND stationary random field with the spectral density function
f(A1,42) satisfying the conditions of Lemma Then for any ((h1,h2) € Q°, where Q° is the comple-
ment of Q, the (hy,hy)-step ahead linear least-squares predictor of X (hi,h,) based on the past Q is given
by

X(hi,ho) = Zh’ Z bri€(hy —k,hy = 1),
(k) (y )
with the corresponding prediction error

hi—1 o
X(hl,hz)—PHgX(hl,hz) = bhhth(0,0)-i-Z ZkaE(hl—k,hz—l)
k=0 I=hy
oo hp—1 hi—1hy—1
+ ) Zbkle (hy —k,hy 1) +Z Zbkls (h—khp—1), (2.1)
k=h; 1=0

and the prediction error variance

hi—1 o o hp—1 hi—1hy—1
V{X(hl,hz)—PHé(X(hl,hz)} = ( o T Z Z ‘bkl|2+ Z Z ‘bkl|2+ Z Z bkl‘2> (2.2)

=0 I=hy k=h; 1=0
where ¢ = 6%(Q) is the innovation variance.

Remark 1. Depending on (h;;h,), some terms in (2.1) and (2.2]) become zero for either of h; < 0;i=1,2,
but they always involve the infinite sums which makes them quite different from their counterparts in 1-D
process in the sense that the latter are always finite sums, (see [40, p. 181]).

2.2.2 Prediction with augmented quarter-plane Past

We consider the problem of prediction of X(0,0) when a finite number of observations are added to
the quarter-plane Q and the past is modified to:

1= QUK,

where K represents a finite dimensional space spanned by the additional observations. This is the first
natural step in generalizing the 1-D to the 2-D processes. It turns out that computing such predictors
and prediction error variances are closely related to finding multi-step ahead predictions using the
MA (e0) representation of a PND random field with Q as its past. The orthogonal projection of
X(0,0) onto the linear subspace generated by the random variables with indices from the modified
past, I = QUK provides the best linear predictor of X(0,0). However, due to non orthogonality of O
and K computing this predictor is not easy even though it is known how to compute the projections
of X(0,0) onto Q and K separately. A natural way to alleviate this problem is to re-express I as the
orthogonal sum of Q and a finite-dimensional subspace orthogonal to it. To this end, define

A =sp{X (i, j) = Pyx (i, J)s (i, J) € K7, (2.3)
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Lemma 2.2.2 ( [7,39]). Let {X(s,1); (s, t) € Z*} be a PND stationary random field satisfying the condi-
tions of Theorem Suppose the MA parameters of {X (s, 1)} are {by; (k, [) € Z*}, with the modified
past [ = QUK,

(a) X(0,0) is not in the modified set I, that is, X(0,0) ¢ I.
(b) Q and I are orthogonal subspaces spanning I such that, I = Q ® A, where A is given in (2.3).
(c) The orthogonal projection of X(0,0) onto I = Q@A is given by PX(0,0) = Py(0, 0) +PH5X(0, 0)

(d) The orthogonal projection of X (0, 0) onto the finite-dimensional subspace A is given by
PyX(0,0) = ZZB,J{X (i.J) ~ Py i, i)} = B (Xk ~ X, 2.4)

where B = {Bi,(i,j) € K} arranged using the lexicographic order of Z* is given by = C~'b, and
C is the variance-covariance matrix of the prediction errors in A, and b = {b; ;, (i, j) € K} is a vector
of MA parameters, then the following normal equations hold true C = b.

The results in Lemma [2.2.2] are the counterparts of those for prediction problems in 1-D in stationary
processes with modified past, (see [41,42]). We now establish the prediction based on two different
configurations of the set K in Lemma [2.2.4] and Theorem [2.2.3]

A Single Additional Observation

When the modified past has only the single additional observation X (h;,h;), that is,

=QU{X(h, )} = QUK

with h; > 0,i=1,2 and (h, ha) # (0, 0), then computing the prediction error variance for P, X(0,0)
involves projecting onto a one-dimensional subspace.

Theorem 2.2.3 ( [7,39]). Let {X(s,1); (s, ) € Z*} be a PND stationary random field with the innovation
variance 6* and MA parameters {by ; (k, ) € Z*}. Then, the best linear predictor of X(0,0) based on I,
is given by

Py X (0,0) = PyxX (0, 0) + Buy iy (X (A1, o) = Pyx X (1, h2)),

where

2
Bryiy = Pl
1,y — hi—1 hy—1 hi—1vh—1 :
b3, + 0 X, bF + X X0 b+ 0 B0 B2,

The corresponding prediction error variance is

hy,h
o*(h)=c*|1- L . (2.5)
bﬁ] h2+zh1 121 N k1+Zk hlzhz lbz +Zh1 1th 1b2

It is clear from (2.5)), that for a stationary random field with b, , = 0 adding X (h;,h;) to Q will have
no effect on the prediction error variance of X(0,0). However, unlike the 1-D case the prediction error
variance for 2-D processes involves infinite number of terms.
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Several Additional Observations

Next we turn our attention to the prediction of X(0,0) based on the knowledge of
L=QU{X(i, j);0<i<h;, 0<j<hy, (i, j) # (0,0)} = QUK,

where K is a finite set of n future observations in the first quadrant. Here the set K in the & X h
rectangle or any subset of it. This is the simplest form of the problem of finding the best linear
predictor of X(0,0) and its prediction error variance when a finite number of observations are added to
Q. It is analogous to the interpolation problem in stationary 1-D processes to predict X (0) see [41,/43].
In the next lemma, the vector of prediction errors with entries from the set A in (2.3) is written as a
linear transformation of the innovation process.

Lemma 2.2.4 ( [[7,139]). Let X(s,t) be a PND stationary random field satisfying the conditions of Theo-
rem[2.2.1] Suppose the innovations for X (s, t) are €(k, [), (k,l) € Z, the MA and AR parameters are {by ;}
and {ay,;}, respectively. Then,

(a) The vector of prediction errors for the observations in K based on the knowledge of Q can be expressed
as:

XK—XK :bKe(O, 0)+Tt81(, (26)

where bx = {by;,(k,1) € K} is a vector of MA parameters corresponding to observations in the set
K. €k is a vector with entries indexed by the lattice points in the finite set K future observations with
all points in the X (hy, hy) rectangle.Theterms in both bk and ek are arranged lexicographically, T is
a rectangular matrix with infinite number of rows and n columns. The MA parameters appearing
in the prediction errors of the n observations in K correspond to the n columns in T .

(b) The variance-covariance matrix of the vector of prediction errors Xx — Xx = by is
C = c*(T'T + b bg),
where T = (T")* is the entry wise complex conjugate of T .
(c) Let (ak) be a vector of AR parameters with indices arranged as in €. Then, by = T'ak.

For 1-D stationary processes the matrix T involved in the prediction errors for additional observations,
is a lower triangular, square and Toeplitz matrix of MA parameters, see [40, p.271]. For 2-D processes,
if the set K consists of observations of the form {X(i, j),i > 0}, then the matrix 7 in reduces
to a rectangular block lower triangular and Toeplitz matrix. Furthermore, for K finite the matrix
G =T'T, as a scalar multiple of the covariance matrix of T'gg, is invertible since & is a segment of
the innovation process.

Theorem 2.2.5 ( [7,[39]). Let {X(s,), (s,t) € Z*} be a PND stationary random field satisfying the

conditions of Theorem 2211 Suppose the innovations for X (s, t) are €(k, 1), (k,l) € Z, the MA and AR

parameters are {by ;} and {ay,;}, respectively. Then, the best linear predictor of X (0, 0) based on I, is
P,X(0,0) = PyxX(0,0) + B’ (Xk — PyxXx),

where PyxX (0, 0) is the orthogonal projection of X (0, 0) onto Q and

B=G b (1+b;G b)) ",
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where G = T'T. The corresponding prediction error variance in terms of the MA parameters is
o’ (b) = c*(1+b;G b))~ 1.
The prediction error variance can also be expressed in terms of the AR parameters as:
0*(h) = (1 +a;Pa) ", 2.7)
where P =T(T'T)~'T" is a projection matrix.

The prediction error variance in (2.7) seems to be expressible only in terms of the MA parameters.
An attempt to express (2.7) in terms of the AR parameters runs into the projection operator P which
makes the situation for 1-D and 2-D processes to differ considerably.

2.3 Prediction of Gaussian random fields with incomplete quarter-plane
past

2.3.1 Introduction

In [17], the basic quarter-plane prediction problem is solved when the stationary Gaussian random
field possesses a one-sided moving average representation in a certain strict sense. Based on these
results, [[7] expresses the error variance predictors formulas in terms of the moving average (MA) pa-
rameters of the random field. However, they found that expressing the solution in terms of the autore-
gressive (AR) parameters depends on a mysterious projection operator ( see [38]]). [8]] is concerned
with solving the quarter-plane prediction of stationary Gaussian random field based on a quarter-plane
with finitely missing observations which was left open in [7]. The methods used here sidestep, but do
not solve, the technical obstacles noted in [7]. Two solutions have been presented in [8]]. The first
solution, representing a direct approach, expresses the best predictor in terms of the MA coefficients
of the random field. The second solution requires more stringent spectral conditions, and employs a
modified duality argument to express the prediction error variance in terms of the AR coefficients of
the random field.

Throughout this section, the problem of prediction is developed in the case when the past is generated
by a quarter-plane Q , defined by

Q={(s,1), s>0,1>0,(s,1) # (0,0)}. (2.8)

Let A be normalized Lebesgue measure on the unit circle T of the complex plane. Throughout this sec-
tion we take {X(s,t), (s,t) € Z*} to be a complex valued, centered, stationary Gaussian random field.
We assume that {X(s,7)} has a continuous spectral measure with respect to normalized Lebesgue
measure dA?> = dA x A on the torus T?. Its spectral density function f (ei’ll,e’ﬂz), defined in (1.34), is
assumed to factorize as f = |¢|.

In this situation, the trigonometric isomorphism X (s,7) — ¢/**1t7%2) then brings in the theory of func-
tions on T?. We identify the Hardy class H*(T?) of functions on the torus with that subspace of T2. For
analytical reasons, the choice of quarter-plane past enables us to investigate the prediction problem by
analogy with the one-parameter case, by drawing upon the rich function theory on T?, the condition
of f being outer is merely necessary, but not sufficient, for the property

spLf(e™ e™) Mtk (5. 1) € QN {(0,0)}} = H*(T?). (2.9)
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With that in mind, we adopt the terminology of [44,/45]] and speak of f as being strongly outer in
H?(T?) if it enjoys the property (2.9). The property of the spectral factor ¢ (e, ¢"*) being strongly
outer is equivalent to the condition

sp{X(s,t),s > 0,t >0} =5p{e(s,t),s >0,t >0}

[17] solved the basic quarter-plane prediction problem under the assumption that the spectral mea-
sure of the random field has a strongly outer factorization. To solve the corresponding problem with
missing observations, we wil need to develop further the theory of strongly outer functions, and that
is the subject of the next section.

If .7 is a subset of Z?\(0,0), let .7 be its complement in Z?\(0,0). Let us stress that the origin is
excluded in this complementation. By —. we understand the set {(—s,—?), (s,7) € .}. We adopt the
notation f € . to mean that f(e’*,¢*) has a square summable Fourier Series, and its coefficients f*
vanish for all (s,7) outside of .. Let us say that . is Q-invariant if . + (s,7) C . for all (s,¢) € Q). It
is obvious that Q itself is Q -invariant. Our results for Q will in many cases extend to parameter sets
& that are Q -invariant.

2.3.2 Strongly outer functions

The terms strongly outer and weakly outer were introduced in [46] in connection with the behavior
of certain projection operators in the prediction of stationary random fields. The importance of the
strong outer condition to quarter-plane prediction problems was previously established in [15,17],
and the associated function theory was further investigated in [44,/46]. This section presents some
additional theory of strongly outer functions. The assertions below enable us to extend many of our
results from the quarter-plane Q to more general parameter sets. The following characterizations of
Q-invariance are obvious and will be useful.

Proposition 2.3.1. Let S be a subset of 7. The following are equivalent:
1. < is Q -invariant;
2. S+(1,0)C S and &S C .S +(0,1);
3. The parameter set —(.¢) is Q -invariant.

The importance of this idea is that parameter sets . that are Q-invariant enjoy of property (2.9)
in connection with strongly outer functions. We have already seen that this is an important tool in
solving prediction problems.

Proposition 2.3.2. If ¢ is strongly outer in H*(T?), and . is a Q-invariant subset of Z*\(0,0), then
{(P(eik] ’eikz)ei(s/h-&-tlz) . (S,l‘) c y} _ {ei(S/'Ll—&-t/lz) . (S,l‘) c 5;}

This underscores the importance of the parameter set Q , even though it may appear to be an artificial
and limited special case.

The remaining results of this section provide ways to generate additional examples of strongly outer
functions.

Proposition 2.3.3. If ¢ is strongly outer in H*(T?), then ¢* is strongly outer in H*(T?) for all a,0 <
o <L

The theorem below is an immediate consequence of Proposition (2.3.3). It assures that there are
many,examples of spectral factors ¢ meeting the requirements of the sections that follow.
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. 1
Theorem 2.3.4. Let ¢ be an outer function on the torus T2. If ¢ and s belong to H>*¢(T?) for some

1
€ > 0, then ¢ and s are strongly outer in H*(T?).

As an illustration, suppose that for some constants K| and K, the spectral density function f(e'*,e'*)
satisfies

0 < Ky < feh,e™) < Ky < oo, (2.10)

throughout T?. Then log f is integrable, and it factorizes as f = |¢|?, where the outer function ¢ has
analytic extension given by

1 eil] +Zei)tz +f . . . .
f(Z,f) = CCXPE - mlogf(elM’ellz)dl(elll) % dl(@llz).

By Theorem [2.3.4] ¢ is strongly outer, as was already found in [[17, Theorem 4.5].

2.3.3 Missing values

Let us now consider the problem of predicting X (0,0) based on the parameter set Q’, where Q' is the
quarter-plane Q with finitely many points missing. For some fixed (h;,h,) € Q, we can express Q'as
the disjoint union

Q =JUK (2.11)

where J = {(s,t) €Q:s>hj or n > hy} and K is a subset of the finite set {(s,7) : 0 < s <h; and 0 < s <

Our objective is to obtain explicit formulas for the best prediction and prediction error variance.
Similar to [7], our strategy will be first to project X(0,0) onto the space generated by J; this is made
possible by our previous work on Q-invariance. Then we project X(0,0) onto the span of the finitely
many co-projections (relative to J) of the observations from K. The (orthogonal) sum of these two
projections will be the best estimate of X(0,0) based on Q' = JUK. Figure 2.T]illustrates this support
definition graphically.
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= points of J

t o points of K
: - . . . .
: - . . . .
: - . . . .
o o . .
o . .
O = = s

Figure 2.1: Incomplete quarter-plane support Q' = JUK.

The projection of X(0,0) onto sp = {X(s,?) : (s,7) € J} is isomorphic to the projection of ¢ onto 5p =
{@ (e, e™M)elMiH122) (5.1) € J}. But J is Q-invariant, and thus by Proposition (2.3.2), this last span is
equal to 5p = {/Mth) (5.1) € J}.

The projection of ¢ on this space is simply (Z;);cwe"ml +42) This tells us that the projection of X (0,0)
onto the subspace generated by J is '

Y b e 2.12)
(s,)e 77

where again {b,,} are the moving average coefficients of {X(s,#)} defined by (1.43), and £(s,7) is a
Gaussian white noise.

Similarly, for each (s,7) € K, the co-projection of X (s,7) relative to the subspace generated by J is given
by

Y(s,t) = sg;zglbp_s,q_ze(p,q). (2.13)
1<g<iy

Then the projection of X(0,0) onto the span of {Y (s,7) : (s,¢) € K} is some linear combination
(g’;);{ch(s,t).

The coefficients c,, can be determined as follows. Let A be the finite column vector indexed by K, with
its (s,7) entry being E(X(0,0)Y(s,t)). Let C be the finite square matrix with rows and columns each

indexed by K, and with its entry in the (s,7)-row and (p,q)-column given by E(Y (p,q)Y (s,t)). Take B
to be the column vector, indexed by K, with entries b, ,. Then A = CB.
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We claim that C is full rank. To see this, let us suppose for the sake of argument that the vectors
{Y(s,t) : (s,t) € K} are linearly dependent. Then let the elements of K be placed in lexicographical
order < by their coordinates, and let (M,N) be the smallest index under < for which Y (M,N) lies
in the linear span of its successors. Then it follows that X(M,N) lies in the subspace generated by
{(p,q) € Z*,(M,N) < (p,q)}. But this parameter set is the NSHP support, results from the total-order
definition (1.25a) in the sense of Helson and Lowdenslager (see [12]). It would then follow Theo-
rem [1.4.T7] that log || fails to be integrable, contradicting the outer property of ¢. This affirms that
{Y(s,t), (s,t) € K} are linearly independent.

Next, let {v(s,t), (s,¢) € K} be any orthonormalization of {Y(s,7), (s,¢) € K}; thus each v; can be

written
vSt_ ZZYSI pq)qu

The matrix T is necessarily full rank, and indeed, {Y(s,7), (s,¢) € K} is isomorphic to the column
vectors of T~!. Finally, we have C = (T~!)*T~!, confirming that C is full rank. We may therefore
compute the coefficient vector B by

B=C"A. (2.14)

Let us summarize these findings

Theorem 2.3.5. Let X(s,t) be a centered, stationary Gaussian random field with strongly outer spectral
factor ¢. Let Q' = JUK be a quarter-plane with finitely many missing values, expressed as in (2.11). Then
the projection of X(0,0) onto the subspace generated by Q' is given by

%); bs,t'gs,t @ (g;);{ CSJY(S7 t)_

where {b,,} are the MA coefficients of {X(s,t)} defined by (1.45), &, is a Gaussian white noise, Y (s,t)
are the co-projections (2.13)), and the coefficients c,; arise from (2.14). The resulting prediction error
variance is

<oz<§z \bs,trz> —A*C'A, (2.15)

0<t<l

where A* is the Hermitian conjugate of A. To see this, note that the co-projection of X(0,0) onto the space
for Q' is given by

— LZS;)EZ; bs,zE(S,t)GB(%;);(CS,zY(S t) ] ZZ bstg (s,1) {ZZ bs,€(s,t @chs[Y (s,1) }

OZ’S;b”S (s,2) ZZC”Y (s,2).

0<r<l

The variance of this expression is

;;bsts (s,1) ZZC Y (s,1)

‘ = EL 2 (ER B eets70.)
0<t<li 0<r<l 0<t<l
+ ZZ 2 b
(s,0)EK (i,j)eK

where % (z) stands for the real part of z. Notice that the middle term is unchanged if the first sum is taken
over all (s,r) € QU (0,0). This is because each Y (i, j) is orthogonal to all the additional terms. Also, the
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expected values appearing in the sums can be expressed in terms of A, B and C. The variance calculation
can then continue as

Lo 20 (25 L bkt ) + EE L b,

0<r<l o<;<1 (s,t)eK (i,j)eK
- ();s;c|b5t|22'@ <ZZb11E XO OYz })) +B CB
0<r<l

= é; |bs.|> — 2% (B*A) + (A*C™H)C(C'A)

0<t<l

= é; |bs,|* — 2% (A*CT'A) +A*CT'A

0<t<l

_ ég;; |bs. | —A*CT'A
0<r<l

which confirms (2.15).

2.3.4 Duality

The second solution to the problem of prediction with respect to a quarter-plane with missing values is
presented here. A related "dual" prediction problem with added observations is solved, and it is shown
that the resulting prediction error variances are reciprocals of each other. A particular challenge in this
situation is that the complement of a quarter-plane is not a quarter-plane, and so duality arguments
from one variable do not carry over directly. This solution requires both the spectral factor If and
its reciprocal to be strongly outer in H*(T?). As noted in [7], the duality argument from the one-
parameter case (see [47]]) does not extend directly, since the complement of quarter-plane Q does
not coincide with its reflection over the origin. Suitably modified, however, this approach yields a
useful duality relationship for prediction variance formulas, similar to that in [47]. A further result is
a prediction error variance formula in terms of the AR coefficients of the random field.

1
Theorem 2.3.6. Let ¢ be outer and let — be strongly outer in H*(T?), and let the parameter set Q' be
the quarter-plane with finitely missing values. Then,

—1
inf{Hl + Pl PE Q’} = [mf{Hl +PHL2 1) Pe (Q’)CH : (2.16)

where f = ¢2.
Let us now turn to the dual problem of computing the right hand side of equation (2.16). Assume

1
that s is strongly outer in H*(T?) , and let {Z(s,t)} be the random field
(]%;Qaj’ke(J +m,k+n)
Then the mapping Z(s,) — /21 +1%) /§ (¢t ¢*2) induces a Hilbert space isomorphism from L?(P) to
L*(dA?). The functions {¢/**1 /%) (s.1) € Z*} correspond to a Gaussian white noise. Since ’ is strongly

outer, and —O is O-invariant Proposition [2.3.2] provides that

@{ei(s/h-&-tlz)\(ﬁ(eil]’eilz) . (S,l‘) c Qc} _ ﬁ{ei(sll-i-t?uz) . (S,t) c Q}
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The expression inf { ||1+ P||i2 (1) P e (Q') ; is the prediction error variance of estimating Z(0,0) based
7

on the disjoint union QU{(0,0). Proceeding as in the derivation of Theorem [2.3.5] let us project Z(0,0)
separately onto the subspace induced by Q¢, and onto the span of the co-projections W (s,t) of Z(s,t)
with respect to Q¢, for all (s,¢) € I. Thus, for each

0§p§ as—pi—q€(P,q) (2.17)
0<g<t

The projection of Z(0,0) onto {Z(s,?) : (s,¢) € Q°} is given simply by

ZZ —j— k8pq

(J,k)€Q

1
Since the coefficients of — vanish outside of —QU {(0,0). The projection of Z(0,0) onto the span of

(Zs;t)gﬁs,,ms,z).

Again the coefficients f;;, can be obtained from the equation A = CB; in this case, B is the column
vector of the coefficients fB;;; A is the column vector with entries A;, = E(Z(0,0)W(s,)), and C is the
square matrix with entries

{W(s,t) : (s,t) € I'} can be expressed as

Clmn).(p.g) = EW (P, @)W (s,1))-
These vectors and matrices are all finite, with respective rows and columns indexed by /. Again, the

1 o . .
outer property of 6 ensures that the matrix C is full rank, and we may obtain B via

B=C"A. (2.18)
We thus obtain the following result

Theorem 2.3.7. Let {Z(s,t)} be a centered, stationary Gaussian random field with strongly outer spectral
1
factor — . Let I be a subset of {(s,1):0<s < h,0<r <k}. Then the projection of Z(0,0) onto the subspace

generated by Q“UI is given by

ZZa_j ik @ZZB”W 5.1) (2.19)

where {ay;} are the AR coefficients of {X(s,t)} define by (146D, {&(s,t)} is a Gaussian white noise,
{W(s,t)} are the co-projections (2.17), and the coefficients ﬁs,z arise from (2.18). The associated predic-
tion error variance is given by \a(z) oA*a"'A|. To see this, start with the prediction error vector

ZOO—ZZa i—k€(J,k @ZZB”WS,
B ) PRI ) 5 TS s Y

(J}k)E—QU{(OvO)}

— d0,0€(0,0) (Z)Z;ﬁW
This has variance given by

Eldoe(0,0) ZZB”W“| _ oo —2% <ZZaOOB”E( (0,0)W >+Z LY B, B E(W, W),

(s,0)€l (i,))€el
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2.4 Prediction with incomplete quarter-plane past

2.4.1 Introduction

Prediction of stationary random fields with incomplete quarter-plane past has been studied in [9]. An
explicit formula for the prediction error variance of a future value of a weakly stationary random field,
when the infinite past is altered by some missing observations is given. This explicit formula allows us
to derive the AR representation of PHx X(0,0). Let us introduce some notations. Let {X(s,t), (s,t) € Z*}

be a zero mean weakly stationary random field with spectral density f define by (1.34). We denote by
PHéX (0,0) the best linear mean-square predictor of X(0,0) based on the quarter-plane Q. Assume that

the data X(—ny,—m;),X(—ny,—my),...,X (—ny,—my) are missing in the past, and we set
M = {(nlaml)a ey (nNamN)v ni > Oami > 03 (niami) 7& (070)}

We denote by —.# the set of indices of the missing variables in the quadrant Q and by Q; the set
of indices points constituting the observed past, namely, Q| = Q\{—.#}. Figure [2.2]illustrates this
support definition graphically.

= points of —.#
o points of Q;
—n,

[ ] B [ ] [ ] [ ] [ ]

[ ] B [ ] [ ] [ ] [ ]

[ ] B [ ] (] [ ] [ ]

n q n | | | | | | RN

. = = = —my

Q n n n | | | | | |

Figure 2.2: Incomplete quarter-plane support Q; = Q\{—.#}

Let ny = [max ni,my = [max m;. Let PHélX (0,0) be the best linear mean square predictor of X(0,0)

based on the incomplete past {X(s,?), (s,7) € Q1 = Q\{—#}}.
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2.4.2 Prediction with incomplete past

Using the above notations, we are able to establish an explicit formula for the prediction error of
a future value of weakly stationary random fields when the infinite past is altered by some missing
observations.

Theorem 2.4.1 ( [91). Let {X(s,1); (s, ) € Z*} be a zero mean weakly stationary random field satis-
fying the conditions of Theorem (LAI7) with the innovation process {&(s,t); (s,t) € Z*} and the AR
parameters {ay;} define by (1.46). Then

np g

X(0,0) — Py X(0,0) = Z Z Vg Y, Zanp,l,,q JE(—=i,—)), (2.20)
p=0g=0 i=0j=0
where the coefficients v, , satisfy the matrix equation
U(l[/()7(), l[/()’l, ceeny 1[1170, ceny l[/NaN)t = (170, ceny O)t. (2.21)

U being the nonsingular (N + 1) x (N + 1) matrix with elements

/ /
npAng ny/\g

Up7q: Z Z anpfi,anjg(*i’*j)anpfi,anjg(*ia *]) p’p/,qu/:OvuwN (222)
i=0 j=0

where k A n stands for the minimum of k and n. The predictor error variance is
var (x(o,O) — Py x(o,O)) = 6%yy. (2.23)
1

Remark 2. Assume that 0 < n; < N;0 <mj <N, (n;,m;) # (0,0),s0 that Py X(0,0) is the (N+1) x
1

(N + 1)-step predictor of X(0,0). It follows from Equation ([2.22) that U = A’A, and since A~' = —C,
Equation (2.21) is equivalent to

A(Yoo, ..., Wnn)' = —(boo, -, ban)',
we deduce from Equations (2.20) and (2) that

N N
X(0,0) — PHX X(0,0) = Z Z (Z Y vogtn,—in,- ,) e(—i,—j) =YY bije(—i,—)) (2.24)

i=0j=0 \p=04¢=0 i=0 j=0
Since the innovation process {&(n,m)} is not directly observable, Equation (2.20) can not be used to calcu-
late Py X (0,0) unless one can express the innovation €(k,l) in term of the observations X (k—i,l — j);i >
1
0,7 > 0. This is equivalent to finding a mean square convergent AR series representation for PH;Q< X(0,0).
1
In the following theorem, we establish such representation.

Theorem 2.4.2 ( [9]). Let {X(s,t); (s,7) € Z*} be a non deterministic zero mean stationary random
field satisfying the conditions of Theorem[L.4.17]with AR parameters {ay,}. The predictor PH>Q¢ X(0,0) has
1

an AR representation for any finite set of missing data iff {X (s, t)} has the AR representation (1.48). In
this case, the AR representation of Pyg X (0,0) is unique and is given by
1

Py X(0,0) = ¢ f %;’%hk X(—k,—1), (2.25)
(k1)#(0,0)
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where
npAkngAl
My = s — Z Z Vog Y Z an, iy i€(—i,—J)an,—in,—j€(—i,— j), (k,1) € N*. (2.26)
p=04¢=0 i=0 j=

and the coefficients y, , are defined in Theorem
Remark 3. According to Equation (2.26)), hoo, and for any (k,1),k > 0,1 > 0, (k,l) # (0,0)), we have
ny my
hkl—* ZZ OGjak—i—j, (2.27)

i=0 j_
(i./)#(0,0)

where a;; = Z]]Y:O Z]quo Vp.q@n,—in,—j- Therefore,
nN I’ﬂN }’lN mN
s\L o) (L (2.28)
i=0j=0 i=0j=0

for any (k,1) € N2.

According to Equation (2.23), the increase in variance of the prediction error of X(0,0) due to the
missing data X(—ny,—m;y),...,X(—ny,—my), is equal to 6%(Wpo—1). In the following theorem, we
characterize the processes for which the missing observations do not affect the prediction of X(0,0).

Theorem 2.4.3 ( [9). Let {X(s,1); (s,7) € Z*} be a non deterministic weakly stationary process with
the AR parameters (ay;). Then

PHé(lX(O’O) = PHgX(O,O) iﬁanhmi =0 fOT‘ (ni,m,-) S/

Remark 4. Under the assumption that {X(s,t),(s,t) € Z*} has the AR representation Equation (1.48),
Theorem is easily proved as follows. If PH;Q( X(0,0) = PH5X (0,0), we deduce from Equations (2.25)
1

and (1.48) that

(k.1 Z);ﬁ\;\:///hk X (= Z Z hi X (—k,—1), (2.29)
(k) #(0.0) Arod)

which implies that ai; = 0 for all (k,l) € .# . Conversely, if ax; = 0 for all (k,1) € .#\{(0,0)},

Z ak,lX(—k, —l).

PyX(0,0) = r v

and thus, PH5X(O,O) esp=A{X(s,1), (s,t) €01 =0\{—#}} and X (0,0) —PHé(X(O,O) 1L35p={X(s,1), (s,1) €
0} Osp={X(s,1), (s,t) € Q1 = Q\{—4}}. Therefore, PHé(X(O,O) = PHng(O,O).

To summarize, an explicit formula for the prediction error variance of a future value of a weakly

stationary random field is established in [9], when the infinite past, is altered by some missing ob-

servations. This explicit formula allows us to derive the AR representation of PH>Q( X(0,0). It should
1

be emphasized that this representation can be seen as an alternative solution to the problem posed
in [[7]].
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2.5 Impact of missing data on the prediction of random fields

2.5.1 Introduction

Our first contribution ( see [[10]) is detailed in this section. We aim to quantify the impact of missing
observations from the past. The central idea of our study consists in using the MA and AR represen-
tations of the random field. The obtained results highlight the important role of the AR parameters
in forecasting. Indeed, we establish lower and upper bounds for the prediction error variance given
in Theorem 2.1 which is the novelty of our work. This boundedness property of prediction error
variance shows that the degradation of the prediction due to the missing data increases with the max-
imum value of the AR parameters of the missing data. They also allow to conclude that the larger
the indices of missing values are, the better is the preciseness of the bound of the prediction error
variance. Also, our results characterize the random fields for which the missing observations do not
affect the prediction of X(0,0). Finally, note that X(0,0) is chosen without loss of generality, and the
main conclusions extend, naturally, if we consider the prediction of X (hy,hy),hy,hy > 0.

In order to clarify our contribution with respect to previous works, we begin by collecting some needed
material and establish the necessary notation and assumptions on weakly stationary random fields for
this section. Assume that the data X (—n;,—m,),X(—na,—ma),...,X (—ny,—my) are missing in the past,
and we set

M ={(n1,m),...,(ny,my); nj >0, m; >0, (n;,m;) # (0,0)}.

We denote by —.# the set of indices of the missing variables in the quadrant Q and by Q; the set of
indices points constituting the observed past, namely,

01 = Q\{_%}7

and nf, = max n;, my =
N7y TN T

port definition graphically.

max m;, ny = min n;, my = min m;. The following figure illustrates this sup-
<i<N 1<i<N 1<i<N
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o points of —.#
= points of O,
—ny —ny

] L a ] L] L] —m;,

n L n | | | | | |

u L u O [ ] [ ]

n q n | | | | | | RN

[ ] = = = L —m]*\,

O = n n n n n

In what follows, if S is an arbitrary nonempty family of random fields in Z,, the subspace of all (finite)
linear combinations of elements of S is denoted by sp{S} and its closure in L, by 5p{S}. For any
(k,1) € 72, we set

Hyy = 5p{X(i,j)i<k,j<lI}
H—oo7—o<> - m HkJ.
(k,1)eZ?

Let PHgX(O, 0) be the best linear mean-square predictor of X(0,0) based on Hyo = sp{X (i, ); (i,j) € O}
and PHgIX (0,0) the best linear mean square predictor of X(0,0) based on the incomplete past H(I),O =
sp{X (n,m); (n,m) € Q1 = Q\{—.#}}. In the case, where 0 < n;,m; =N, (n;,m;) # (0,0), PHé(lX(O,O) is the
(N+1,N+1) is the (N+1,N + 1)—step predictor of X(0,0) which is easily calculated from the moving
average representation of X (k,/), (see [[7]). In [8]], two solutions have been presented for predicting
a stationary Gaussian random field based on a quater-plane with finitely missing observations. One
expresses the best predictor in terms of the moving average coefficients, and the other expresses the
prediction error variance in terms of its autoregressive coefficients. When (n;,m;),...,(ny,my) are
arbitrary in N2|(0,0), let K be the number of the observed values located in the rectangle Ry delimited
by the points (0,0), (—ny,0), (0,—my) and. (—ny,—my). We have K = (ny + 1) x (my+1) —N — 1. Let
((=k1,—1),...,(—kk,—Ik)) be the indices corresponding to the K observed values in the rectangle Ry.
The observation space is decomposed as the orthogonal sum

@{X(kJ)’(kal) € Q]} = @{X(kJ)’k < _n}k\’ﬂl < _m;/; (kvl) 7é (_n;7_m;)}+SP{Y17"'7YK}7
where Y, :X(—I’l,',—m,') —X(—n,-,—m,-), = 1,...K and X(—n,-, —m,-) = PH

* *
M

X(—nj, —my;) is the orthog-
onal projection of X (—n;, —m;) onto

H_py —myy = SPAX (kD)3 k < —ny, 1 < —my; (k. 1) 7 (—ny, —my) }.
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Next, the space sp{Y (i) = X (n;,m;) — X (ni,mi); (ni,mi) € 0} is decomposed into the sum of K orthog-
onal one dimensional subspaces by means of the Gram-Schmidt procedure. Hence, the observation
space is decomposed as the K + 1 orthogonal subspaces, and X’(0,0) is the sum of the projections of
X(0,0) onto each subspace. For (hy,hy) € Q°, where Q¢ is the complement of Q, the (hy,h,)-step ahead
mean square predictor of X (h;,h,) based on the past Hy is given by

hl,hz Zh Zh bklg h — k,hz—l), (2.30)
(k,1)# (I ha)
with the corresponding error
R hi—1 oo
X(hi,hy) = X(hi,ha) = b p,(0,0)+ Y. Y bege(hy —k,hy —1)
k=0 I=h,
©0 hz—l ]11—]/’12—1
+ Z Z bk718(h1 —k,h2—1)+ Z Z kaE(hl —k,hz—l).
k=hy 1=0 k=0 I=0

The predictor error variance of X (h1,h,) is Var (X (hi,hy) — X (h1,hy)) = 0%V with

hi—1 o o hp—1 hi—1hy—1

|bh17h2|2+ Z Z |bkl’2 Z |bkl|2 (2.31)

k=0 I=hy k=h =0

For (s,t) € Z?, we set
Is.j = @{X(lvf)v(la.]) 7é (S7t)}?

the past and the future of the random field {X(s,7)} at (s,7). P, denotes the orthogonal projection onto
Iy;, and 1(s,t) = X (s,¢) — P, X (s,1).. The random field {X(s,7)} is zero mean, weakly stationary, and is
called the interpolation error or the two-sided innovation of X (s,7). We set 6, = || (s,?)||, 0e = ||€(s,1)]]
and o, = ||X(s,t)||. The random field X (s,t),(s,t) € Z?* is said to be minimal if n(s,z) # 0 for some
(s,t) € Z*. Since Hy, C I;;, every minimal stationary random field is nondeterministic. In this case, we
have

2 O¢
Op = oo -
Y Y a;

i=0 j=0

2.5.2 Lower and upper bounds for the prediction error variance

The aim of this section is to quantify the influence of the missing data X (—n;, —m;), (—n2, —my),
..,X(—ny,—my) on the linear prediction of X(0,0). Minimum and maximum values of the prediction
error variance are obtained. These values allow us to characterize the lower and upper bounds for
X (0,0) — X’(0,0)]| given in Note that Py X(0,0) € Hy, C Hyp and €(0,0) L Hyo. Consequently,
1 ’ ’ ’
PHéX(O,O) —PH;Q( X(0,0) L £(0,0), which entails
1

1X(0,0) = Pyx X(0,0)[* = [|£(0,0) = X(0,0) — Px X(0,0)]?
= 7[[X(0,0) — Pyy X(0,0)|*



2.5. Impact of missing data on the prediction of random fields 49

Theorem 2.5.1 ( [10]). Let {X(s,t); (s,t) € Z?} be a weakly stationary random field with the innovation
process {€(s,t)}, the MA parameters {bs,} and the AR parameters {a,} Equation .Then,

o max lai,| < [[PygX(0.0)~ Py X(0,0)]

(irj)EM
GS(%;/’//(Pi,j’ai,j’ < Gx(%;/’//’ai,j’a (2.32)

where

—ny+s — mN+t —nN+s +oo m*+1 l
(ps,t:<z Zbkl+z Z b+ Z Zb>

k=0 k=0 [=—my+t+1 k=ny+s+1 1

Proof: According to (1.45)), we have

o my ny my
;; a; j X (—i,—Jj) :—ZZaw —i,—J)
(i, )#(0.0) =07=0

ny my o oo

with

min(ny,k) min(my,l)

Sk,l— Z Z al,jbk il—j-

i=0

According to (T47), Soo=—1and S; ;=0 for (i,j) € Ry, = {(i,j) € Z* 0<i<k,0< j<I; (i,j) # (0,0)}.
Therefore,

l’lN WlN
= L X aX(—i,—j)+(0,0)+ Uno,
i=0j=0
(i, 7)#(0,0)
where
UO,O = - k;;/ Sk’lf':(—k, _l) € anv,m;, = E{X(lm])’ i < _n;;]’ ] < —m}i,, (lvj) # (n;;fvm;(])}
(i,7)#(0,0)
Consequently,
ny my
PHXX(O,O) = ZZ a; j X (—i,—J) +Uoy
Q i=0j=0
(i,7)#(0,0)
ny my
PH;Q(IX(O,O) = ;; a; ;X (—i, +(%§%ai’jPH§lX(—l, —7)+Uoo
(i, /)#(0,0)
and

PagX (0,0) — Pyy X(0,0) = ZZ L ai (PHXX ~J) = Py X (i, - j)). (2.33)
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: !
Since H_;, —m;, C Hy, we have

lje//llj

LY a (R(i,~j)~ Pyy X(~i _J))H < EL ol || (=i —) — Py X(~i,-))|

According to (T.47) again, for any (s,7) € Z?, we have

Py . .X(S,t) Z Z bklé'(s—kt—l)

—nyy,—my i= nN+S] mN+t
(k, 1) #(nyA+-s,my~+t)

ny s my -+t ny+s
X(s,t) = Pu_. . X( Z Z brie(s—k,t—1)+ Z Z bre(s—k,t—1)
NN k=0 =0 I=mj+1+1

+oo my+t
+ Z Z bk’lg(s—k,t—l).
k=ny+s+1 [=0

Hence,

X (—i,—j)—Py . . X(—i,—)) H = 0¢¢; j, and the first upper bound in (2.32) follows by using

—ny—my

o oo p o oo
(2.33) and (2:34). Since ¢;; < (Z Zbl%,l> , and (L.47) implies that 6§ = 67 ) Z ., the second
k=01=0 i=0,j=0
upper bound in (2.32) follows immediately from the first one. In order to prove the lower bound, let
(i,7), (k1) € A, we have

oy, if (i,)) = (k.1),

<X(_i7 _j)7n(_k7_l)> =
0, otherwise .

Moreover, since Hy, C I-; - and n(—i,—j) L I; - j, we have n(—i,—j) L Hy,. Then

< Z aij (X(_i7_j)_PHng(_iﬂ_j)7n(_k7_l)>>:ak,IG%
(

i,j)ed

and using Schwarz inequality, we get

aijlon < || X (X(=is=j) = Py X(=i,=))) H
. 1
(i.j)et
which, using (2.33), gives the lower bound in (2.32). O

Remark 5. For a weakly stationary random field {X(s,t); (s,t) € Z*}, with the AR parameters, {ar;}

satisfying Z Z al% j < oo, the lower bound in (2.32) hows that the degradation of the prediction due to
i=0j=0
the missing data increases with max; j cy- In the particular case, where .4 = {(ny,my),ny > 0,my > 0},

inequalities (2.32)) give

O¢ |anN N ’

r < HPHé(X((LO) _PHg X(070)> ” < GS‘“”N7mN|7 (2.35)
3 1
(Z Z%)
i=0j=0
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and it follows that
HPHXX (0,0) — Py X(0,0) H __ Gelduym| (2.36)

(£54)

Therefore, the larger the values of ny and my are, the better is the preciseness of the lower bound in (2.35).

In the following corollary, we characterize the random fields for which the missing observations do
not affect the prediction of X(0,0).

Corollary 2.5.2 ( [10]). Let {X(s,t); (s,t) € Z*} be a weakly stationary random field with the innovation
process {€(s,t)}, the MA parameters, {b,,} and the AR parameters {a,}. Then

(a) Ppyx X(0,0) = PyxX(0,0) if and only if a;,; = 0, V(i, j) € A,

(b) PHéIX(O,O) — PH)Q(X<O,0) in Ly as iy, my — oo.

Proof: (a) follows from inequality (2.32]). To show (b), note that Z Z a; ; implies that a; ; — 0,
i=0 j=0
as i, j — oo. and the upper bound in (2.32) implies (b). It is important to note that Theorem [2.5.7]

gives rates of convergence Pﬂg X(0,0) to Pﬁg (0,0) as 7y, my tend to infinity.
1
U

The following corollary provides a typical asymptotic behavior result.

Corollary 2.5.3 ( [10]). Let {X(s,t); (s,t) € Z*} be a weakly stationary random field with the innovation
process {€(s,t)}, the MA parameters, {bs,} and the AR parameters, {as,}. Then iy, iy — oo

HPHg (0,0) — ;,5 (0,0)H =0 (a™*™) is O(a'*/) as i, j— for some a € (0,1).
Proof: The result follows from (ZSGZ/% i|=0(a™*™) and from the upper bound in (2.32)). O
i,j)e.

2.5.3 Illustrative examples

To evaluate the impact of missing values on the prediction of X(0,0), we present here two exam-
ples carried out using the statistical software R 3.0.2. The steps involved in the computation of the
estimates for the linear predictor, the missing data and their impact are summarized as follows. Data
are generated as n x m rectangular grid from a spatial models of the form (2.37) and (2.38), where
{e(s,t)} is white noise process with mean 0 and variance 62 = 25. Different sample sizes n and n are
considered. After the suppression of X(n— 1,m — 1), we calculate the value of PHé(l (n,m) by replacing

‘this missing data’ by its orthogonal projection onto H,_ ,_.The criterion used to quantify the impact
of missing data on the predictor is the mean square prediction impact defined by

1 rer %

1

which corresponds to the quantity of HPHS (0,0) — Py (0,0) H defined previously.
1
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Note that this criterion depends on the parameters of the model, so it has to be computed for several
values. Moreover, for our models, the values of the parameters used in the simulation satisfy the
stationarity conditions (i.e. [48 Lemmal]).

For obtaining a suitable estimate of mean square prediction impact of missing data, the simulation
replicated 500 times for each sample size and pair of parameters (a,f).The results are provided in
Tables 1 and 2

Example 2.5.4. Consider the stationary first order multiplicative spatial autoregressive model (MSAR(1))
defined by
X(s,t)=oX(s—1,t)+BX(s,t —1)—apfX(s— 1,6 —1)+&(s,1), (2.37)

where {(s,t);(s,t) € Z*}are independent random variables with E(g(s,t)) = 0, Var(g(s,t)) = 02,|a| <
land B < 1.

By using the recursions given by (1.47) and the fact that a19 = &, a19o = B,a11 = —aff and g;; =0 if
(i,7) ¢ {(1,0),(0,1),(1,1)}, it can be shown that the MA representation of the MSAR(1) model is

by — akBl, ifk>0,1>0,
ki 0, ifk<0,orl<0.

)

Note that the method used to obtain the best linear predictor of X(0,0) is similar to prediction in time
series AR(p) models, where the prediction is linear combination of p—nearest past observations.

Piys(0,0) = aX(~1,0) + BX(0,~1) — aBX(~1,~1).

[48]] obtained the prediction of X (0,0) in the MSAR (1) model. Their prediction is a linear combination
of data points in the nearest neighborhood to the prediction point:
ot
1+o?+ B2+ a?f?
£X(0,1)) = aB(X(~1,—1)+ X(1,1)) — af x (X(~1,1)+X(1,~1))}

and its mean squared error is

X(0,0) = (0 —aB?)(X(~1,0)+X(1,0)+ (B+a?B) xX(0,~1)

1 1
o4 2 a?f? ~ (1+o2)(1+5%)

o2 = |n(kD)|? = ||X(0,0) - X(0,0)|| =

According to Remark[5] it is clear that if the indices of missing data (n;,m;) ¢ {(—1,0),(0,—1),(—1,—1)},
we , we have PHé( (0,0) = PHx (0,0). Also, if we have one missing data with the 1nd1ces in {(1,0),(0,1),(1,1)},

for example if (n;,m;) = (1, O) = a) = a, and (2.35) can be simplified and reduces to

(1 +o¢c;§?12+ﬁ2) < HPHg (0,0) —Puy (0,0)”2 <o,

and it follows from (2.36) that HP”% (0,0) — Py (0,0) H = o|a|. Table 2.1 gives the simulated values of
1

MSPI when the data are generated by the model (2.37). We consider the parameters for which the
stationarity conditions are verified. Using these parameters values, we generated the data for several
grid sizes. Note that the MSPI is obtained after filling the missing value of X(—1,—1) by its orthogonal
projection onto H_; _for each iteration.

From Table 2.1, it can be seen that the MSPI is smaller for values of o and 8 for which the product
o.f is small. This confirms the validity of the theory because the coefficient of X(—1,—1) is a.f.
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(m,n)
| (a,B) (25,25) | (25,50) | (50,50) | (100,100) | (150,150)
(0.2,0.2) [ 0.253 | 0.246 [ 0.238 | 0.202 0.199
(0.2,0.5) | 0.538 [ 0.540 | 0.528 | 0.512 0.510
(0.2,0.9) | 1.115 | 1.027 | 1.001 | 0.904 0.901
(0.5,0.2) | 0536 0.538 | 0.531 |0.514 0.509
(0.5,0.5) | 1.892 [ 1.882 | 1.863 | 1.139 1.136
(0.5,0.9) [ 2.892 [ 2.843 [2.841 |[2.228 2.225
(0.7,0.2) [ 0.812 [ 0.801 [0.795 | 0.722 0.723
(0.7,0.5) | 2.114 | 2.038 [ 1.987 | 1.829 1.825
(0.9,0.2) [ 1.113 [ 1.031 [ 0.996 | 0.910 0.908
(0.9,0.5) | 2.889 | 2.850 |[2.837 |2.232 2.228
(0.9,0.9) | 3.586 | 3.218 |[3.106 | 2.943 2.939

Table 2.1: Mean Square Prediction Impact when the value of X(—1,—1) is missing

In addition, it seems that for all values of («, ), the MSPI decreases as the grid sizes increase. In
addition, the simulations highlight a certain symmetry of the results. Indeed, the MSPI for the values
o =aand B = b are very close to @ = b to § = a, that is, by permuting the values of o and 3, the MSPI
remains almost identical.

Example 2.5.5. Assume that {X(s,t)} is a spatial autoregressive model with parameters o, 0,03, O4
and o instead Ofalv(),a()’],aLl,az’o and a:

X(s,t)=ouX(s—1Lt)+oX(s,t—1)+ouX(s—1,t—1)+uX(s—2,t— 1)+ asX(s—2,t—1)+&(s,1).
(2.38)

The extension of the prediction method developed in [49] was applied to this model in [50] and they
obtained

PH)Q( (0,0) = (X]X(—l,()) + (XQ(O,—l) + (X3X(—1, —1) —I—(X4X(—2,0) —I—(X5X<—2,—1),

1
1+ 0f+0F + 05 + o + o
+ (o — o3 — ou0s) (X (0,—1) +X(0,1)) — (oo + az304) (X (—1,1) + X (1,—1)
+(az—oyos)((X(—1,—1)+X(1,1))) + (aa — 0p05) (X ((—2,0) + X (2,0))
—omou(X(—2,1)+X(2,—-1)),

X(0,0) =

X ((a — ooy —opos — oz05) (X (—1,0) + X(1,0))

and its variance is

1
2 2
62 = [n(0,0)|? = .
7 =m0 14+ af+ 03 +of +oF +o2

Of course, when the indices of missing data (n;,m;) ¢ {(—1,0),(0,—1),(—1,—1),(=2,0),(—2,—1)} we
have Py (0,0) = Py (0,0)|]. From (2.35) if we have one missing data with the indices in {(—1,0),
1
(07_1)7(_17_1)7(_2)0)7(_27_1)}1f0r example (nivmi) = (_1)_1): we have
o’a?
1+ ol +a3+ 03+

2
B 2 2
T2 S HPHé(O,O) Pay (o,o)H < o?el.
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(m,n)
| a=(ou,00,03,04,05) | (25,25) | (25,50) | (50,50) | (100,100) | (150,150) | (200,200)
(0.1,0.2,0.3,04,0.5) |1.410 |1.125 [1.119 [0.998 0.860 0.858
(0.1,0.3,0.4,0.5,0.6) | 1.687 |1.589 |[1.420 [1.267 1.107 1.103
(0.1,0.4,0.5,0.6,0.7) | 1.759 | 1.602 |1.499 [ 1.382 1.202 1.117
(0.1,0.5,0.6,0.7,0.8) | 2101 [1.892 [1.643 |[1.497 1.421 1.387
(0.1,0.6,0.7,0.8,0.9) | 2101 [1.892 |[1.643 |[1.497 1.421 1.387
(0.2,0.2,0.3,0.4,0.5) |1.724 |1.663 |1.597 |[1.118 1.105 1.098
(0.2,0.3,0.4,0.5,0.6) |1.943 |1.813 [1.739 |[1.576 1.548 1.442
(0.2,0.4,0.5,0.6,0.7) | 2118 [2107 [2.065 |2.003 1.847 1.720
(0.2,0.5,0.6,0.7,0.8) | 2.807 |2764 [2669 |2.501 2.357 2.582
(0.2,0.6,0.7,0.8,0.9) [3.179 |3.109 |2.964 | 2.869 2.776 2.693
(0.5,0.2,0.3,0.4,0.5) |2.013 |2.007 |1.986 |[1.876 1.789 1.781
(0.5,0.3,0.4,0.5,0.6) |2.716 | 2.683 |[2.547 | 2.443 2.222 2.113
(0.5,0.4,0.5,0.6,0.7) |2946 |2938 [2920 |2.863 2.768 2.616
(0.5,0.5,0.6,0.7,0.8) [3.210 |3.117 |3.113 | 3.002 2.981 2.867
(0.5,0.6,0.7,0.8,09) |3.332 [3326 [3.119 |3.107 2.987 2.991
(0.7,0.2,0.3,04,0.5) |2121 |2111 [2103 |[2.058 1.977 1.807
(0.7,0.3,0.4,0.5,0.6) | 2458 |2.441 [2396 |[2.356 2.241 2.123
(0.7,0.4,0.5,0.6,0.7) |3.114 |3.012 |2.888 |[2.769 2.563 2.453
(0.7,0.5,0.6,0.7,0.8) | 3.389 |3.427 |[3415 |3.333 3.119 3.008
(0.7,0.6,0.7,0.8,0.9) | 3.651 |3.558 |3.447 |[3.339 3.247 3.219
(0.9,0.2,0.3,0.4,0.5) [3.476 |3.339 |3.332 |3.221 3.117 3.101
(0.9,0.3,0.4,0.5,0.6) |4.101 |3.876 [3.776 | 3.655 3.549 3.247
(0.9,0.4,0.5,0.6,0.7) | 4.997 |4.919 |[4.837 |[4.773 4.486 4.369
(0.9,0.5,0.6,0.7,0.8) | 5.553 |5.106 [4.992 |[4.917 4.873 4.796
(0.9,0.6,0.7,0.8,0.9) |5.646 |5428 [5.001 |[4.891 4.763 4.668

Table 2.2: Mean square prediction impact when the values of X(—1,0) and X(—1,—1) are missing.

Using (2.36), we deduce

ooz
[us 0.0) Py 0.0 = 7007 o
i t0g

In what follows, we apply the same idea of simulation used previously to the model (2.38). We use
the MSPI criterion to quantify the impact of the missing values X(—1,0) and X(—1,—1). In order
to highlight the role of the autoregressive parameter, we vary all the coefficients of the vector a =
(ay1,00,03,04,05). In view of Table 2.2, the same conclusions apply to the model (2.38). Indeed, the
values of MSPI increase as a; and o increase. Also, it appears from Table 2.2, the larger the sum

5
Z a?, the greater the impact of the missing data on the prediction, which highlights the role of the
i=1

coefficients of the autoregressive representation. As for the symmetry of results, it is also confirmed
in this model. Indeed, by permuting the values of the coefficients of ¢;, the MSPI’s values remain very

close.
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2.6 Conclusion

Section [2.2] focus on prediction of random fields has been on moving average (MA) representation
and the multi-step ahead predictors and their prediction error variances. The purpose of the second
section was to use these relations to solve several nonstandard prediction problems when the third-
quadrant Q is used as the past of a stationary random field and some observations are added to the
past. More precisely, we are interested in predicting X(0,0) when a finite number of observations
are added to the past Q. It turns out that solutions of such nonstandard prediction problems are not
straightforward extensions of their stationary 1-D process counterparts. In fact, it was found in in [7]
that one can express the prediction error variances in terms of the MA parameters for the random field
case. However, attempts to express them in terms of the autoregressive (AR) parameters depend on a
new projection operator, which seems intrinsic to the random field situation. This task is riddled with
technical challenges and was left as an open problem in [7] .

In Section [2.3] two solutions have been presented for predicting a stationary Gaussian random field
based on a quarter-plane with finitely missing observations . One expresses the best predictor in terms
of the moving average coefficients of the random field, and the other expresses the prediction error
variance in terms of its autoregressive coefficients. In both cases, the solutions depend on spectral
conditions associated with the notion of a strongly outer function on the torus. Needed properties of
strongly outer functions were obtained.

In Section [2.4] an explicit formula for the prediction error variance of a future value of a weakly sta-
tionary random field is established, when the infinite past, is altered by some missing observations.It
should be emphasized that this representation can be seen as an alternative solution to the problem
posed by [7].

In Section we treat the prediction problems where a number of observations are missing to the
quarter-plane past of a stationary random field. Our aim is to quantify the influence of missing values
on the prediction by giving the simple bounds for the prediction error variance. These bounds allow
to characterize the random fields for which the missing observations do not affect the prediction.
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3.1 Introduction

Our second contribution (see [20]) is detailed in this chapter, we investigate the problem of linear pre-
diction of stationary random fields with nonsymmetrical half-plane past. We aim at finding an explicit
formula of the mean square convergent autoregressive series representation for all (h;,4;)-step ahead
linear predictors, (hy,h;) > (0,0). In order to calculate explicitly the prediction coefficients of our
new expression, we provide recursive relations between the infinite multi-step prediction coefficients
which are a generalization of the relations between the prediction coefficients of infinite multi-step
ahead linear predictors of stationary time series established by [51].

The outline of this chapter is : In section [3.2] we give necessary and sufficient condition for the ex-
istence of the predictor proposed herein, when the considered past is the strict past of X at the point
(s, 7). In section [3.3] we provide recursive relations between the prediction coefficients of multi-step
ahead linear predictor of stationary random fields. Some specific examples to validate the applicability
of our relations are presented.

Under the assumption of stationarity of the random field, [7]] developed a framework for computing
the predictors of random fields by extending some works of stationary time series cited in their bib-
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liography such as [52]] and [42]. By following the lines in [7], we establish a formal basis for the
analysis of the problem of finding the autoregressive representation for all (4;,h;)-step ahead linear
predictors, (hy,hy) > (0,0) of X(s+ hy,t+ hy) based on the strict past of X at the point (s,7). Unlike
the 1-D case, there is no natural order definition in the 2-D domain. In what follows, The problem of
prediction is developed in the case of a past defined by an nonsymmetrical half-plane resulting from
the total order definition (L.25a), S = {(k, 1) € Z*, (k,1) < (s,t)}. We define HS as the closed linear
subspace spanned by {X (k, ), (k, /) € S} in the Hilbert space H, which represents the strict past of X at
the point (s, ). We denote by Pys the orthogonal projection operator onto HS. Then, from the above
we can immediately say that the corresponding innovation process {&(s, t), (s, t) € Z*} defined by

e(s, 1) =X(s,t) — PysX(s, 1)

is a white noise. If E(X(s,t) — PysX(s,1))? > 0, the random field is called non deterministic. In this
case the variance of the innovations field {&(s, )} is given by Equation (1.36]). The generalisation of
the Wold decomposition theorem to the 2-D case was established by [[14]. This generalisation states
that every non deterministic stationary process X (s, ) may be decomposed into two stationary and
orthogonal components: the purely-nondeterministic process (that produces the innovations) and the
deterministic process see Theorem [1.4.2] namely

—+o0 40

X(s,0) =YY brig(s—k,t—1)+V(s,1),

k=01=0

+o00 o0
where the sequence {b; ;, (k, [) € Z*} satisfies Z Z |by.1|* < o, with by o = 1. We note that {&(s, 1), (s, 1) €
k=01=0
77} is the innovation process (one step predictor error) of {X (s, t); (s, t) € Z?} with mean zero and vari-
ance o2, which is uncorrelated with X (u, v), (u, v) < (s, t).
For a purely non deterministic stationary (PND) random field X(s,7) (the case when V(s,¢) =0, i.e
X(s,1) € 5p{e(s,t),(s,t) € S} ). X(s, 1) have a mean square convergent infinite moving average MA ()

representation [7]
—+o00 40

X(S,t): ZZkaS(S—k,t—l), (3.1)
k=01=0

the sequence {by j, (k, 1) € Z*} is called the MA() parameters.

The author in [53] extended the solution of the 1-D spectral factorization problem to the 2-D case,
and showed that the purely indeterministic field has an innovations driven autoregressive (AR) repre-
sentation, in addition to the existing MA representation (3.I)), if the MA representation is invertible,

then it is inverted to give
—+oo +oo

e(s,t) = ZZakJX(s—k,t—l). (3.2)
k=01=0

In the remainder of this chapter, convergence of representation (3.2)) will always be in mean square.

3.2 Autoregressive representation of the Multi-step ahead linear pre-
dictor

The multi-step ahead prediction problem of stationary random fields has been studied by [7]] when the
third quadrant is used as the past. We extends their pioneer work to random fields with nonsymmetri-
cal half-plane past. Let {X(s,t); (s, t) € Z*} is a PND stationary random field. The procedure for solving
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the (h;, hy)—step ahead linear prediction problem with respect to the total order and nonsymmerical
half-plane (NSHP) support defined by involves the construction of predictor of future values
as a linear combination of {X (k, I), (k, ) € S} which are close to X (s+h1,t+hz), (hi, hy) > (0, 0) in the
sense of mean squared error. The collection of all finite linear combinations of elements in the space
and its closure are also included in the space. At first we fix our attention on the problem of finding
convergent representation for the one-step ahead linear predictor PysX (s, ), i.e the minimum norm
linear causal and continuous support predictor of X(s,7). We show that when (3.2)) converges, such a
representation exists.

Theorem 3.2.1 ( [20]). Let {X(T); T € Z*} be a PND stationary random field. The one step ahead linear
predictor PysX (s, t) of X(s,t) possesses a convergent serie representation given by

~+oo 4o
PysX (s, t) kZE)IZ’ ag, X (s—k,t—1), (3.3)
(k,1)#(0,0)

if and only if €(s,t) has the series representation (3.2)).

Proof: We have (3.1) implies that
E(e(s, )X (s, 1)) = E(e(s, )"

From (3.2) we deduce that
E(g(s, 1)) = anE(&(s, 1)X (5, 1)),

and necessarily ago = 1. Thus, (3.2) may be rewritten as

o0 oo
X(s, 1) =¢(s,t) ZOIZ ar, X(s—k,t—1).
(k,1)#(0,0)

Since &(s, t) is uncorrelated with X (u, v), (4, v) < (s, 1), we deduce that the one-step predictor of X (s, t)
is given by
oo o0
PHSXSZ = — ZZ ale s—k t—l) (3.4)

(k 1)#(0 0)
The existence of the convergent representation (3.3) for the one step predictor is assured by the con-
vergence of (3.2). Conversely, if the one-step predictor Pys X (s, ) has the mean square representation
(3.3), then the one-step prediction error satisfies

oo oo
e(s, 1) =X(s,1) — PysX(s,t) = ZZale (s—k,t—=1),

with ag o = 1 and the sum convergent in mean square. Thus, we have shown that a necessary and suf-
ficient condition for the existence of (3.3]) as a mean square limit is the existence and the convergence

of (3.2). O

Now, we are interested in predicting future values other than X (s, 7) which is greatly important in
the theory and applications of stationary random fields. The next lemma is useful for computing the
predictor.
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Lemma 3.2.2 ( [20]). Let {X(T); T € Z*} be a PND stationary random field, the MA and the AR param-
eters are {by, (k,1) € Z*} and {ay;, (k, 1) € Z*}, respectively, then the following equation is satisfied for
all (k,1) >(0,1)

k

1
Z Z aijbk,,',[,j =0. (35)

i=0 j=0

Proof: By substituting (3.2 we obtain for all (k, 1) > (0, 1)

Foo0 400

0=E(e(s—k,t—1)e(s,t)) = E(e(s—k,t—1) ZZa,, —i,t—j))
10]

= e(s—k,t—1) ZZ“U (s—i,t—j))
i=0 j=0

a[jE(E(S—k,f—l)X(S_ivt_j))

I
™~
MN

Il
(=]
~.

Il
[e]

al’jbk,L[,jE(S(S—k, r— l))z.

Il
-
MN

Il
o
~.

Il
o

Accordingly
k

I
Y ) aijbiii—j=0, (k1)>(0,1).

i=0 j=0

In the following theorem, we show that when (3.2)) converges, we can find convergent representation
for all (hy,h,)-step ahead linear predictor, (hy,hz) > (0,0), (hy,h2) # (0, 0).

Theorem 3.2.3. Let {X(T); T € Z*} be a PND stationary random field. Then, for any (s+hy,t+hy) € S,
where S° is the complement of S. The (hy, hy)—step ahead predictor of X(s+ hi,t+ha), (hi,h2) > (0,0),
(h1,h2) # (0, 0) based on the past S possesses a convergent series representation given by

~+oo 4o

PHSX(S+h1,t+h2 ZZ s—kl‘—l) (3.6)
(k l)#(o 0)
where
" o h
kll Z thl “ph—qApitgrls (k1) >(0,1) (3.7)
p=04=0

if and only if €(s,t) has the convergent series representation (3.2)).
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Proof: The necessity is obvious, we show sufficiency. Using the convergent representation (3.2))

hy hy h h o0 400
Z thl,pyhz,qe(s—i-p,t—&-q Z thl —p,hy— ‘](Z Zau s—l—p—z t1+q— J))

p=0 ¢=0 p=04=0 i=0j=0
h 1g—1 +o0 400
—Zthl pi— q<2 Y aiX(s+p—ist+q—j)+ Y. ) aiX(s+p—it+q—])
p=04=0 i=0 j=0 i=p j=q
1 oo +o0g—1
+Z Za,-‘,X(s+p—i,t+q—j)+ZZain(H—p—i,t-i-q—j))
i=0 j=q i=p j=0
P g hoh o b b
=Y Y Xk DY Y b gty igi b Al X5kt =) Y Y b gt g
k=11=1 p=04=0 (k l);é(O 0) p=04¢=0
hi hy h o hi
= ZZ S+k,l+l) Z thl_p’hz_qap_k_q_[—i- kZOlZ X S—k l‘—l Z thl —p ha—qQp+k, g+
k=ti=1 p=kq=l (k.)#(0,0) p=0q=0

Now, from Lemma [3.2.2] we have

h hy hy—khy—I
1 for (h], hz) = (k, l),
Y Y bnpioqlp kg1 = Y, Y bukeimi iy = { 0 for (hi, ha) > (k,1).

p=kq=l i'=0 j'=0
From this,
+o00 o0
h
Z thl,p,hzfqg(s—i—p,t—l—q) (S+h17t+h2 Zblz‘(’) kvt—l)?
p=04¢=0 (k,1)#(0,0)

where

h h 1 2

( / ) = Z Z bh—p, hy—qOp+k,g+1-

p=0g=0
Since {g(s, 1), (s, t) € Z*} is uncorrelated with {X (u, v), (u, v) < (s,)}, it follows that the (hy, h,)—step
ahead predictor of X (s+ A1, + hy) possesses a series representation given by
—+o0 4o
PHSX(S+h1,t+h2 ZZ hz —kl‘—l)

=07[=0
kD20, o>

O]

The convergence of (3.6) stems from its construction as a finite linear combination of tails sums of
convergent series.

3.3 Recursive relations between multi-step prediction coefficients

In this section, firstly we give infinite recursive relations between the prediction coefficients for multi-
step ahead linear predictor of stationary random fields. We focus on how this relations can be used
for computing efficiently the (h;,h;)-step prediction coefficients. Secondly, we give some illustrative
examples to verify the validity of our relations.
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3.3.1 Infinite step recursive relations

According to the previous theorem, the best (4, h;)—step ahead predictor based on the infinite past
S, chosen so that the prediction error is a white noise according to which the process X (s,7) must be
able to be represented, is

foo oo
PysX(s+hy, t+hy) = Z%)IZ:.) (s—k,t—1), (h1,h2)>(0,0).
(k,1)7(0,0)

The following relations are analogous to the relations (2.2) in [51] in the one dimensional case. From

@7, we have

ho b
Z Z b g4y —p,l+hy—q> (kv l) > (07 1)7 (3.8)
p=0¢=0
and using Lemma [3.2.2] we obtain
(o) hi+k  hy+l
ag;" ==Y, Y bpg@in-piih-q (k1) =(0,1). (3.9)
p=hy g=h+1

Step recursive relations when the prediction is based on infinite past can be immediately deduced
from relations (3.7) and (3.8) as follows,

h
)= a2 LY by aen—pas (k1) (0,1). (3.10)

p=0

;V-A
'\4.—-

We shall notice that a,(((?;o) = —aqy for all (k,7) > (0, 1). The parameters a(h] h2) ,(h1, ha) > (0,0), can
be calculated recursively using (3.10). These relations are generalization of the recursive relations
(2.4) between the prediction coefficients of infinite multi-step ahead linear predictor of stationary
time series in [S1]].

3.3.2 Some Specific examples

In order to evaluate the operation of our innovative results, we present in this section two theoretical
examples in detail.

Example 3.3.1. The stationary first order multiplicative spatial autoregressive model (MSAR(1)) defined

by
X(s,t)=aX(s—1,1)+BX(s,t —1)—aBX(s—1,t —1)+£(s,1), (s,1) € Z°, (3.11)

where &(s,t) are independent identically distributed random variables, this model is stationary if |a| < 1
and |B| < 1 (see for instance [54]]. It can be shown that the MA representation (MSAR(1)) model is

po_ | @B Fi=0,j>0
b 0 ,ifi<0Oorj<O.

Letay o=, ap 1 =P and a;,; = —af, the coefficients a(hl’hZ) (h1,hy) > (0,0)and (k,1) € £ ={(1,0),(0, 1),
(1, 1)} are calculated by using the recursive relation @D and are given by

1. For (hy, hp) = (0,0), a,ﬁ, )Z—ak,h (k1) €8,
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2. For hy =0, hy 0,

0,h—1)
(0 _ { i ralBI 1) € (0,1),(1,0)
7 k1+21 kﬁl+h2 ’ (kv l):(lal)'

3. For hi #0, hy =0, al"v” = ke **(=B)’, (k1) € &,
4. For hiy > 1,hp > 1,
aleizl l+ahl+kﬁhZ+I ’ (k, l) _ (1’ 0)’

hi,h hi,ho—1
a]((,ll 2) _ ak11+21 , (k,1)=(0,1),

ali !t — kB (k 1) = (1,1).
Example 3.3.2. One of the most studied two-dimensional autoregression models is given by
X(s,t) =ar oX(s—1,t) +ao 1X(s,t — 1) +€(s,1), (s,1)€Z? (3.12)
This model is stationary , if |a1 0| + |ao,1| < 1 (see [48]]).
a) Let aj o= Q, ap,1 = P, the MA representation is
bi,jZ{ . ajﬁj 1:fl::00'rj:0,
(i+j)a'p’ ifi#0,j#0.

The coefficients a,ih}’hZ), (hy, hy) > (0,0) and (k,1) € p = {(1,0),(0, 1)} are calculated by using the
recursive relation ([3.10) and are given by

1. For (hi, h2) = (0,0), a;” = as, (k1) € p,

2. For hy =0, hy #0, al";"”) = a% ™) + okt (k,1) € p,

3. For hi #0, hy =0, al” = a**M B! (k,1) € p,

4. Forhy > 1, > 1, alt"™ = al' /270 4 (hy + ho)a B+ (k1) € p.

b) The case of aj.o = ap,1 = o, was considered by [55]. The coefficients a,({ ha) (h1, hy) > (0,0) and
(k, 1) e p={(1, ) (0, 1)} are calculated by using the recursive relation (3 - and are given by

1. For (hi, h2) = (0,0), a;” = ay, (k,1) € p,
2. Forhi =0, iy #0, ;" = a2 + okt (k1) € p,
3. For hi #0, hy =0, al't" = ak*m+ (k1) e p,

(hy,hp—1)

4. Foriy>1,hh>1,a (’“ ) = gD o (hy - )RR (k1) €

The multi-step prediction coefficients are explicitly calculated by using the recursive relations given (3.10).
The relations are tractable and present great practical importance, since they efficiently facilitates the
computation of predictors.
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Conclusion and perspectives

The purpose of this thesis was to study the prediction problem of stationary random fields. It turns
out that the solutions are not straightforward extensions of their 1-D counterparts. We gave solutions
to several nonstandard prediction problem. Firstly, we treat the prediction problems where a number
of observations are missing to the quarter-plane past of a stationary random field. The change in the
impact due to the missing of the observations provides a way to measure the worth of observations in
prediction. This measure of worth depends on the AR parameters of the random fields and in any case
does not exceed the upper value of the bound established by Theorem [2.5.11 Secondly, we establish
a formal basis for the analysis of the problem of finding the autoregressive representation for all
(h1,hy)-step ahead linear predictors of stationary random fields with nonsymmetrical half-plane past
(NSHP). Firstly, we gave an explicit autoregressive series representation for the best multi-step ahead
linear predictor of stationary random fields with nonsymmetrical half-plane past (NSHP). Secondly,
Necessary and sufficient condition for the mean square convergence of these series is given. Moreover,
step recursive relations between the prediction coefficients for the infinite past predictor are provided,
these relations are used to calculate explicitly the multi-step prediction coefficients.

Research prospects

Many questions still open in this area. As future perspectives on the results presented in this manuscript.

1. In practical problems, we have only a finite number of observations from which to construct the
predictor. Therefore, we aim at further to provide step recursive relations between the prediction
coefficients when the considered past is finite. These relations would to be a generalization of
those presented in Chapter 3|

2. Another practical avenue of research is to develop various algorithms allowing the calculation
of the coefficients of the predictors with incomplete past.

3. In a future work, we would apply the theoretical results presented here in practice. The relations
(3.10) are tractable and present great practical importance, since they efficiently facilitates the
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computation of predictors.

. We note that these nonstandard prediction problems are closely related to the optimal network

site selection problem in environmental studies ( [7]], [56], [57], [58]). Since observations at
different locations have different effect on prediction, a measure of worth for the observations
can be defined in terms of the relative change in the prediction error variance, due to inclusion
(exclusion) of a set of observations. In future works, we discuss the details of network selection
applications and how to apply the theoretical results presented here in practice.

. Two dimensionally indexed Random Coefficients AutoRegressive models,2D-RCAR for short and

the corresponding statistical inference are important tools for the analysis of spatial lattice data.
The study of such models is motivated by their broad range of applications in many areas and
their second order properties that are similar to those of 2D(G)ARCH which plays an important
role in spatial econometric.
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Abstract

In this work, we investigate the problem of linear prediction of stationary random fields : We treat
the prediction problems where a number of observations are missing to the quarter-plane past of a
stationary random field. Our aim is to quantify the influence of missing values on the prediction
by giving the simple bounds for the prediction error variance. These bounds allow to characterize
the random fields for which the missing observations do not affect the prediction. Furthermore, An
explicit autoregressive series representation for the best multi-step ahead linear predictor of stationary
random fields with nonsymmetrical half-plane past (NSHP) is established. Necessary and sufficient
condition for the mean square convergence of these series is given. Moreover, step recursive relations
between the prediction coefficients for the infinite past predictor are provided, these relations are used
to calculate explicitly the multi-step prediction coefficients.

Keywords: stationnary random fields ; autoregessive representation ; moving average representation ;
linear prediction; multi-step prediction ; mean square convergence ; missing values.

Résumé

Dans ce travail, nous étudions le probléme de prédiction linéaire des champs aléatoires stationnaires :
Nous traitons le probleme de prédiction d’'un champ aléatoire stationnaire basé sur un quart du plan
altéré par un nombre d’observations manquantes. L’objectif consiste a quantifier I'influence des valeurs
manquantes sur la prédiction des champs aléatoires en donnant les bornes de la variance de I'erreur de
prédiction. Ces bornes permettent de caractériser les champs aléatoires pour lesquels les observations
manquantes n’affectent pas la prédiction. D’autre part, une représentation autorégressive explicite
pour le meilleur prédicteur linéaire a multi-pas des champs aléatoires stationnaires basé sur un demi-
plan non symétrique (NSHP) est établie. La condition nécessaire et suffisante pour la convergence
en moyenne quadratique de cette représentation est donnée. De plus, des relations récursives entre
les coefficients de prédiction a multi-pas pour le prédicteur basé sur un passé infini sont fournies, ces
relations sont utilisées pour calculer explicitement les coefficients de prédiction a multi-pas. D’autre
part,
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