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Abstract

This dissertation is devoted to study the logistic regression using the Bayesian
approach. To obtain the posterior distributions of the parameters regression,
the Monte Carlo approximation methods by Markov chain(MCMC) are very
powerful and indispensable and have there fore been developed in order to
approximate the posteriori distribution when one does not know how to do
it analytically.
Keywords Logistic regression ,Bayesian logistic regression,Markov chain(MCMC),
approximate,posteriori ditribution.
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Introduction

The man is curious and this is probably the best explanation for his de-
velopment from the beginning of mankind to the present day. This need to
understand observed phenomena and the desire to anticipate them is at the
heart of his preoccupations. This explains the emergence and success .

Is an interdisciplinary art of quanti�cation under uncertainty used by
physicists, economists, engineers, geographers, biologists, insurers, psycholo-
gists, meteorologists, business managers, etc.
All practitioners concerned with building a bridge between theory and ex-
perimental data on solid foundations. Its main objective is to carry out,
through the observation of a random phenomenon, an inference on the prob-
ability distribution which is at the origin of this phenomenon.

Sometimes the studied phenomenon can be simply described by a few
graphical representations of basic data analysis. Often the problem is much
more complicated because multiple in�uenced factors have to be taken into
account.
In such situation, the classical statistician uses both deterministic reasoning
by the absurd, with the aim to propose acceptable values for the parameters
describing the e�ets of the explanatory factors, and probabilistic reason-
ing,to re�ect the variability of the observed results due to noise.In contrast,
the Bayesian statistician uses the same framework of thought to deal with
the interaction of these two levels of uncertainty: ignorance of the possible
values of the parameters and the randomness of the noise a�ecting the ex-
perimental results.

In statistical data analysis, one is interested in the estimation of sev-
eral unknown parameters in models such as regression models. Regression
is concerned with the mean change in a dependent variable to be explained
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conditional on explanatory variables. Usually, the unknown parameters or re-
gression coe�cients of the model are estimated by the least squares method
or by the maximum likelihood method, however, one might want to know
more about the conditional distribution of the variable to be explained.
A statistical model can also be perturbed when the dependent variable is
qualitative which is represented by the logistic model. In this case, we are
interested in logistic regression.

Logistic regression is a mathematical modeling technique that can be used
to describe the relationship of several qualitative or quantitative dependent
variables. It is a special case of the generalized linear model (GLM)which
been formulated by John Nelder and Robert in 1972 as a �exible generaliza-
tion of linear regression [17].

The Bayesian approach is increasingly used in statistical analysis for the
adjustmentand the study of several regression models including the logis-
tic model known as Bayesian logistic regression. To obtain the posterior
distributions of the parameters regression, the Monté Carlo approximation
methods by Markov chain(MCMC) are very powerful and indispensable and
have there fore been developed in order to approximate the posteriori ditri-
bution when one does not know how to do it analytically.

Some works on the application of Bayesian methods to logistics models
are continued in Genkin and al [9], as for example the Bayesian logistic regres-
sion applied to the categorization of linguistic texts and also the comparison
of the two estimation methods classical and Bayesian. Mila and Michailides
(2006) studied the prediction of the severity ofpanicle and scorch of pistachio
shoots in California using lo-Bayesian gistics [15], they noted that Bayesian
methods gave moreconsistent. Gordovil, Guardia, Pero and Fuente (2010)
presented the Bayesian estimate asan alternative to the classical estimation
procedures by logistic regression in the study of theAttention De�cit Hyper-
activity Disorder (ADHD) in a Mexican sample [10].
Logistic regression is widely used in a wide variety of �elds. We can citein a
non-exhaustive way:

� In medicine, it allows for example to �nd the factors that characterize
a groupof sick subjects compared to healthy subjects.

� In insurance, it makes it possible to target a fraction of the clientele
who will be sensitive to a policyinsurance on a particular risk.
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� In econometrics, to explain a discrete variable. For example, voting
intentionsin the elections.

� In the banking sector, to detect groups at risk when subscribing to
acredit.

Many other types of applications have been described in the literature,
for example White,Pearson and Wilson (1999) examined the implementation
of Just in Time manufacturing practices using logistic regression models [24],
Palma, Beja and Rodrigues (1999) modeledobservations of Lynx [18] and in
a particularly contemporary application of Hu and Heisey (1991) who used
logistic regression to predict the �cache value� of objects on the World Wide
Web [6].Obviously, logistic regression is the domain of practitioners rather
than statisticians.That is, less than 1% of the large number of articles on
logistic regression appear in the statistical reviews [23].

These studies clearly show that the application of logistic regression like
other statistical methods covers a wide range of research area by statisticians.

This dissertation is structured in three essential chapters arranged as fol-
lows:

The �rst chapter introduces the basic concepts of Bayesian in-

ference as well as the notations and the appropriate terminology .

second chapter presents the logistic regression model. This

chapter will be de�ned in three parts:

I The �rst part covers the fundamental concepts of the logistic regression
in binary case.

I The second part concerns the generalized the logistic regression model
to the polytomous model.

I The third part will introduces the Bayesian approach for the estima-
tion of parameters logistic models, by laying the theoretical bases which
lead to MCMC methods.
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end with an application followed with conclusion where we

will cite some research perspectives.



Chapter 1

The Bayesian tools

Introduction

The Bayesian analysis,created by Pierre-Simon de Laplace and Thomas Bayes
(1774), has for �rst step the study of situation and identify an uncertainly
carried on en unknown parametere θ then to qunantify this one throughth a
probalistic partition by using the element of calculation.

The Bayesian approach consists in treating the unknown parameter θ as
a randam variable, in association with it ciating a probability distribution on
the space Θ called prior distribution, denoted π(θ), this distribution re�ects
the knowledge prior sence of the parameter θ.
This prior distribution is updated by extracting information contained in the
observations of X , to obtain another distribution, master of Bayesian, called
posterior distribution.

1.1 Bayes' theorem

Theorem 1.1.1 Let (Ω,A,P0) be a probability space and A,B two events
such that P [B] 6= 0. The theory of Bayes gives the expression de�ned by:

P [A|B] =
P [A

⋂
B]

P [B]

Bayes' theorem is a discounting principle, because it describes the updating
of the observation from A , from P [A] to P [A|B] once B is observed.

10



CHAPTER 1. THE BAYESIAN TOOLS

Thomas Bayes (1764) actually proved a continuous version of this result,
namely, that given two random variables x and y, with conditional distribu-
tion f(x|y) and marginal distribution g(y), the conditional distribution of y
given x is

g(y|x) =
f(x|y)g(y)∫
f(x|y)g(y)dy

.

1.2 Presentation of the Bayesian model

Let us de�ne the spaces involved in a Bayesian model:

� Observation space

Noted X , it represents all the results following a study of a phe-
nomenon.

� Actions space

Noted A , it represents all the actions or decisions to be taken after
obtaining information.

� Space of states of nature

Noted Θ, it represents the space of unknown parameters θ .

Let us de�ne the distribution of probabilities involved in the Bayesian anal-
ysis:

1.2.1 The prior distribution

The prior distribution which is denoted by π(θ) is a probability distribution
modeling the information available on the parameter of interest θ.

1.2.2 The Likelihood

It is the distribution of observations or even the conditional distribution ofX
given θ , denoted by f(x|θ) , it is given by:

f(x|θ) =
n∏
i=1

f(xi|θ)

11



CHAPTER 1. THE BAYESIAN TOOLS

.

1.2.3 Joint distribution of the couple (θ, x)

Usually denoted by f(θ, x) , its formula is given by:

f(θ, x) = f(x|θ)π(θ)

.

1.2.4 Marginal distribution

We denote it by f(x) , it is calculated as follows:

f(x) =

∫
Θ

f(x|θ)π(θ)dθ =

∫
Θ

f(θ, x)dθ

1.2.5 The posterior distribution

Its density is given by:

π(x|θ) =
f(x|θ)π(θ)∫

Θ
f(x|θ)π(θ)dθ

We can use the notion of proportionality, that is to say:

π(x|θ) ∝ f(x|θ)π(θ)

.

1.3 The basic decision and Bayesian approach

De�nition 1.3.1 A Bayesian statistical model is made of a parametric ,the
likelihood distribution f(x|θ), and prior distribution on the parameters,π(θ).

In practice, statistical inference leads to a �nal decision taken by the de-
cision maker and it is important to be able to compare the di�erent decisions
by means of an evaluation criterion , which will appear as a loss function.
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CHAPTER 1. THE BAYESIAN TOOLS

De�nition 1.3.2 A loss function is any measurable function L : Θ×D −→
[0,+∞[.

This loss function is supposed to evaluate the penalty (or error) L(θ, d) as-
sociated with the decision d when the parameter takes the value θ. However,
in practice, this function is often di�cult to determine, for example the dif-
�culty is present when the spaces Θ and D are large (in�nite dimensions), it
is then impossible to determine each action a = δ(x) for each value of θ .

De�nition 1.3.3 Let L(θ, δ) be a loss function and let π be a prior distribu-
tion for θ . We call bayes estimator, the decision rule δπ(x) which satis�es:

δπ(x) = argmin
δ∈D

Eπ[L(θ, δ)|x]

This estimator will be determined analytically or numerically depending
on the complexity of the loss function L and the posterior distribution π(θ|x) .

It has the great advantage of not depending on a loss function, and is
useful for theoretical approaches.

The interest of the decision-making approach is to �nd the best possible
evaluation for the function of θ, which can lead to zero loss at best when this
parameter is known. In otherwise, the cost function would lose its continuity,
which could prevent the choice of a decision-making procedure.

To obtain a comparison criterion from a loss function, we consider the
average of it, this is called frequentist risk.

De�nition 1.3.4 We call frequentist risk the average loss of a decision rule
denoted R(θ, δ(x)) and de�ned through :

R(θ, δ(x)) = Eθ[L(θ, δ(x))] =

∫
X
L(θ, δ(x))f(x|θ)dx

The frequentist paradigm relies on this criterion to compare estimators and,
if possible, to select the best estimator, the reasoning being that estimators
are evaluated on their long-run performance for all possible values of the pa-
rameter θ. Notice, however, that there are several di�culties associated with
this approach.
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CHAPTER 1. THE BAYESIAN TOOLS

The Bayesian approach de�nes another risk that integrates the parameter
space to remedy to the di�culties present in the �rst approach.

De�nition 1.3.5 We call a posterior risk the average of the loss compared
to the posterior distribution, commonly denoted by ρ(π, δ(x)) , it is de�ned
by:

ρ(π, δ(x)) = Eπ(.|x)[L(θ, δ(x))] =

∫
Θ

L(θ, δ(x))π(θ|x)dθ

It is also possible to de�ne the integrated risk by de�nig a prior distribution π.

De�nition 1.3.6 We de�ne the integrated risk as being the frequentist risk
averaged over the value of θ according to its prior distribution, it is denoted
by r(π, δ(x)) :

r(π, δ(x)) = Eπ[R(θ, δ(x))] =

∫
Θ

∫
X
L(θ, δ(x))f(x|θ)π(θ)dxdθ

The interest of this risk is that it associates a real number with each estima-
tor, which allows a direct comparison between these estimators.
The value r(π, δπ) = infδ∈D r(π, δ) <∞ is called Bayesian risk.

Another formulation of the Bayesian estimator is proposed in the follow-
ing.

De�nition 1.3.7 A Bayes estimator associated with a prior distribution π
and a loss function L is a estimator δπ verifying, for each x ∈ X :

δπ(x) = argmin
δ∈D

ρ(π, δ(x))

? Properties of bayes estimators

� Bayes estimators are eligible.

� Bayes estimators are biased.
Under certain regularity assumptions most often satis�ed in practice,
we have the two properties:
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CHAPTER 1. THE BAYESIAN TOOLS

� The Bayes estimators are convergent in probability (when the sample
size n −→ +∞).

� The posterior distribution can be asymptotically approximate by a nor-
mal distribution(when the sample size n −→ +∞)

N (E(θ|x), V ar(θ|x))

where V ar(θ|x) = E[(θ − E(θ|x))2|x] is the posterior variance of θ.

De�nition 1.3.8 We call minimax risk associated with the cost function L
, the value R :

R = inf
δ∈D

sup
θ∈Θ

R(θ, δ(x))

The minimaxity criterion aims to minimize the average cost in the least
favorable case, that is a kind of insurance against the worst.

Proposition 1.3.1 Bayes risk is always smaller than minimax risk

R = sup r(π, δπ) = sup
π

inf
δ∈D

r(π, δ) ≤ inf
δ∈D

sup
θ∈θ

R(θ, δ(x)) = R

R is called the maximin risk, and R is the minimax risk.

De�nition 1.3.9 An estimator δ0 is said to be inadmissible if there exists
an estimator δ1 such that for all θ ∈ Θ :

R(θ, δ1) ≤ R(θ, δ0)

In other words, δ0 is admissible if there is no estimator δ such that:

R(θ, δ) ≤ R(θ, δ0)

Proposition 1.3.2 If the Bayes estimator associated with a prior distribu-
tion π is unique, it is admissible.

Proposition 1.3.3 δ0 is admissible and of constant risk, then δ0 is the
unique minimax estimator.
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CHAPTER 1. THE BAYESIAN TOOLS

1.3.1 Usual loss functions

1.The quadratic loss

De�nition 1.3.10 The quadratic loss function is the function de�ned by:

L(θ, δ(x)) = (θ − δ(x))2

Proposition 1.3.4 The Bayesian estimator δπ(x) associated with the prior
distribution π and the quadratic loss function is the mean of the posterior
distribution of θ :

δπ(x) = Eπ[θ|x]

Corollary 1.3.1 The Bayes estimator δπ associated with π and with the
weighted quadratic loss function L(θ, δ) = ω(θ)(θ − δ)2, where ω(θ) is a non
negative function, is

δπ(x) =
E[ω(θ)θ|x]

E[ω(θ)|x]

2.The absolute loss function

De�nition 1.3.11 The absolute loss function is de�ned as follows:

L(θ, δ(x)) = |θ − δ(x)|

Proposition 1.3.5 The Bayesian estimator associated with the prior dis-
tribution πand with the absolute loss function is the median of the posterior
distribution π(θ|x).

In a more general case, this function is weighted, which gives the linear cost
function by pieces:

L(θ, δ(x)) =

{
k2(θ − δ(x)) θ > δ(x)

k1(δ(x)− θ) θ < δ(x)

Proposition 1.3.6 The Bayesian estimator associated with the prior dis-
tribution π and the linear cost perpiece is the fractile of order k2

k1+k2
of the

posterior distribution π(θ|x).
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CHAPTER 1. THE BAYESIAN TOOLS

3.The 0− 1 loss function

This loss is used for hypothesis testing, it is an example of non-quantitative
loss.

De�nition 1.3.12 The loss function L is de�ned by:

L(θ, δ(x)) =

{
0 : (θ − δ(x)) < ε

1 : (θ − δ(x)) > ε

where ε is very small.

Proposition 1.3.7 The Bayesian estimator associated with the prior distri-
bution π and the 0− 1 cost function is the mode of the posterior distribution
π(θ|x).

4.The Linex loss function

De�nition 1.3.13 We de�ne the Linex loss function as follows:

L(θ, δ(x)) = expc(δ(x)− θ)− c(δ(x)− θ)− 1

. with c ∈ R.

Proposition 1.3.8 The Bayesian estimator associated with the prior distri-
bution π and the loss function Linex is:

δπ(x) = −1

c
ln[Eθ exp(−cθ)]

where Eθ is the posterior expectation.

1.3.2 The choice of prior distribution

In practice, the prior information is generally insu�cient, which makes the
choice of the distribution priori di�cult and not precise. Due to lack of re-
sources or time, the researcher can not construct an exact prior, he must
then rely on partial information on the data model.
Most often, it is then necessary to make a arbitrary choice of the prior dis-
tribution,in particular, the systematic use of parametrized distributions (like

17



CHAPTER 1. THE BAYESIAN TOOLS

the normal, gamma, beta,...,etc) and the further reduction to conjugate dis-
tributions (de�ned below) can not be justi�ed at all times.

In the absence of prior information, we will introduce the notion of non-
informative prior distribution which makes it possible to remain in a Bayesian
framework, even when there is no information prior, their choices are moti-
vated by prior distribution which give a posterior corresponding to frequen-
tist estimates. A prior distribution which have an attractive interpretation
or prior distribution allowing an analytical form for posterior distribution
and among the most popular techniques in the construction of its laws one
can quote: the distribution of Laplace, Je�rey, ... etc.

Partially informative approach

1.Maximum entropy

If some characteristics of the prior distribution (moments, quantiles,...,etc.)
are known, assuming that they can be written as prior expectations,

Eπ[gk(θ)] = ωk

(k = 1, ..., K), a way to select a prior π satisfying these constraints is the
maximum entropy method, developed in Jaynes (1980, 1983). In a �nite
setting, the entropy is de�ned as

ε(π) = −
∑
i

π(θi) log(π(θi))

This quantity has been introduced by Shannon (1948) as a measure of un-
certainty in information theory and signal processing.
The maximization of entropy under constraints makes it possible to search
for the least informational distribution, the principle of the method is to cal-
culate argmin ε(π), with constraint Eπ[gk(θ)] = ωk . The solution of this
gives:

π∗ ∝ exp{
∑n

i=1 λkgk(θi)}∑
j exp{

∑n
i=1 λkgk(θj)}

where the λk are the Lagrange multipliers.
The extension to the continuous case is quite delicate, it becomes more com-
plicated to use the maximum method entropy. A �rst di�culty being that
there is no formal de�nition of entropy, Jaynes (1968) then proposed the
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CHAPTER 1. THE BAYESIAN TOOLS

following formula:

ε(π) = −E[ln
π(θ)

π0(θ)
] =

∫
θ

ln
π(θ)

π0(θ)
dθ

In this case, the maximum entropy distribution is given by the density

π∗ ∝ exp{
∑n

i=1 λkgk(θ)π0(θ)}∫
exp{

∑n
i=1 λkgk(η)π0dη}

2.Conjugate priors distributions

The conjugate prior approach, which originated in Rai�a and Schlaifer (1961),it
describes a particular link that connects the model that follows the data and
the prior distrubutions of the unknown parameters . It's can be considered
as a point of starting point for the development of prior distributions based
on limited prior information.

De�nition 1.3.14 A family F of probability distributions on Θ is said to be
conjugate with respect to the likelihood function f(x|θ) if for all π ∈ F , the
posterior distribution π(θ|x) also belongs to F

The conjugate prior distributions are generally associated with a particular
type of sampling distribution that always allows for their derivation wich is
a characteristic of conjugate priors, as we will see below. These distributions
constitute what are called exponential families, studied in detail in Brown
(1986).

De�nition 1.3.15 Let µ be a σ �nite measure on X , and let Θ be the pa-
rameter space. Let C and h be functions, respectively, from X and Θ to R+,
and let R and T be functions from Θ and X to Rk.

f(x|θ) = C(θ)h(x) expR(θ)T (x)

is called an exponential family of dimension k. In the particular case when
Θ ⊂ Rk,X ⊂ Rk and

f(x|θ) = C(θ)h(x) exp{θ.x}

the family is said to be natural.
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Proposition 1.3.9 A conjugate family for f(x|θ) is given by

π(θ|µ, λ) = K(µ, λ) exp{θµ− λψ(θ)}

where K(µ, λ) is the normalizing constant of the density. The corresponding
posterior distribution is π(θ|µ+ x, λ+ 1)

f(x|θ) π(θ) π(θ|x)
Normal N (θ, σ2) Normal N (µ, τ 2) Normal N (%(σ2µ+ τ 2), %σ2τ 2)
Poisson P(θ) Gamma G(α, β) G(α + x, β + 1)

Gamma G(α, β) Gamma G(ν, θ) G(α + ν, β + x)
Binomial B(n, θ) Beta Be(α, β) Be(α + x, β + n− x)

Negative Binomial N eg(m, θ) Beta Be(α, β) Be(α +m,β + x)

Normal N (µ, 1
θ
) Gamma G(α, β) G(α + 1

2
, (µ−x)2

2
)

Table 1.1: Natural conjugate priors for some common exponential families

1.3.3 Noninformative prior distributions

The bayesian approach is also applied even when we have no prior informa-
tion which adds a new point in the critiques against this approach.But this
involves a particular type of particular prior distributions must be derived
from the sample distribution, since this is the only available information. For
obvious reasons, they are called noninformative priors.
We describe below some of the most important techniques in the derivation
of noninformative priors.

De�nition 1.3.16 A noninformative distribution is a distribution which does
not carry any information on the parameters to be estimate, it does not give
more weight to a particular value of the parameter.

De�nition 1.3.17 A prior distribution π(θ) is said to be improper if it is a
σ-�nite measure and which veri�es:∫

Θ

π(θ)dθ =∞

I Laplace prior's distribution

Historically, Laplace was the �rst to use noninformative techniques since,
although he had no information,he used a uniform prior. His reasoning, later
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CHAPTER 1. THE BAYESIAN TOOLS

called the Principle of Insu�cient Reason, was based on the equiprobability
of elementary events and therefore appeared to be sound enough.
Suppose Θ is a set of size k then:

π(θ) =
1

k

The resulting distributions are improper when the parameter space is not
compact.
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The Je�reys' prior distribution

The Je�reys noninformative prior distributions are based on Fisher informa-
tion, given by:

I(θ) = Eθ

[
∂ log f(X|θ)2

∂θ2

]
in the one-dimensional case. Under some regularity assumptions, this infor-
mation can also be written as

I(θ) = −Eθ
[
∂ log f(X|θ)

∂2θ

]2

The Je�reys prior distribution is

π∗(θ) ∝ I
1
2 (θ)

when π∗ is proper When θ is a multidimensional parameter, the Fisher in-
formation matrix is de�ned as
For θ ∈ Rk, I(θ) has the following elements,

Iij(θ) = −Eθ
[
∂2 log f(x|θ)
∂θi∂θj

]
(i, j = 1, · · · , k)

and the Je�reys noninformative prior is then de�ned by

π∗(θ) ∝
[
det I

1
2 (θ)

]
1.3.4 Credibility interval

The Bayesian analogue of a classical con�dence interval is called con�dence
region or credibility interval de�ned as follows:

De�nition 1.3.18 An α-credible region of 100(1− α)% for θ(0 < α < 1) is
a subset c of Θ such that

1− α ≤ P [θ ∈ c|x] =

{ ∫
C
π(θ|x)dθ∑
θ∈C π(θ|x)

There exists an in�nity of α-credible regions for θ , to choose the right set,
we are interested to the region which has the minimum volume, the volume
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V being de�ned by:

V (C) =

∫
C

dν(θ)

if π(θ|x) is absolutely continuous with respect to a measure ν .

For this, we will introduce the notion of HPD region ie "Highest Poste-
rior Density".

De�nition 1.3.19 An HPD region α-credible for θ "Highest Posterior Den-
sity" , the subset Cx of Θ of the form Cx = {θ ∈ Θ : π(θ|x) ≥ k(α)}

where k(α) is the largest bound such that

P π[θ ∈ Cx|x] ≥ 1− α

.

1.3.5 Bayesian approach to testing

Consider a statistical model f(x|θ) with θ ∈ Θ. Given a subset of interest of
Θ, Θ0, which sometimes is a single point Θ0, the question to be answered is
whether the true value of the parameter θ belongs to Θ0, i.e
We want to test:
H0 : θ ∈ Θ0 against H1 : θ ∈ Θ1 , where Θ0 ∪Θ1 = Θ and Θ0

⋂
Θ1 = ∅.

By de�nition, Bayesian decisions are those which minimize the posterior
loss l(π, δ|x).

We have two possible decisions:
d0 : we do not reject H0

d1 :we reject H0

In practice, we accept the hypothesis H0 or H1 as soon as its posterior
probability α0 = P (H0|x) or α1 = P (H1|x).
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1.3.6 The bayes factor

The bayes factor is ratio of the posterior probabilities of the null and alter-
native hypotheses α0

α0
(posterior odds ratio) to the prior probabilities of these

same hypotheses π0
π1

(prior odds ratio):

B =
posterior odds ratio

priori odds ratio
=

α0

α1

π0
π1

=
α0π1

α1π0

This ratio evaluates the modi�cation of the likelihood under the set Θ0 com-
pared to that under the set Θ1 , due to observation.

Particular case

If Θ0 = θ0 and Θ1 = θ1, the bayes factor is only the classical likelihood ratio
which is de�ned by:

B =
f(x|θ0)

f(x|θ1)
=

∫
Θ0
f(x|θ0)π0dθ∫

Θ1
f(x|θ0)π1dθ

Conclusion

Without context, the most critical point of Bayesian analysis is the choice
of the prior distribution, it is therefore most often necessary to make a (par-
tially) arbitrary choice of the a priori distribution. which can have a consid-
erable impact on the resulting inference.

Most often we do not have enough prior information about the parameter
unknown θ to construct the prior distribution. In practice, we have recourse
to usual distributions (gaussian distributions, gamma distribution,...,etc.) or
to conjugate distribution.

In the absence of prior information, we will introduce the notion of non-
informative a priori distribution which makes it possible to remain in a
Bayesian framework, their choices are motivated by prior which give pos-
terior corresponding to frequentist estimates, prior which have an attractive
interpretation or prior allowing an analytical form for posterior and among
the most popular techniques in the construction of its distribution one can
quote: Laplace's distribution, Je�rey's distribution, ... etc.
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Chapter 2

The logistic regression

introduction

The term "regression" has a curious origin, it goes back to the study of the
physiologist and anthropologist Francis Galton (towards the end of the 19th
century) on the relationship between the size of the parents and that of the
children. The results obtained led him to his theory known as "regression
towards mediocrity".

Regression models have become an integral component of any statistical anal-
ysis aimed at writing the relationship between a variable to be explained and
one or more explanatory variables, and are widely used in many disciplines
and applications. Several models can be distinguished, such as linear, gener-
alized linear, logistic and many others.

In this chapter we will introduce the logistic model which has become an
integral component in data analysis, a modelling technique which, in its
most popular version, aims to predict and explain the values of a qualifying
variable Y which is more often binary from a collection of variables X.

2.1 Binary logistic regression

De�nition 2.1.1 Let Y be a variable with values in {0, 1} and X = (x1, · · · , xp)
designate p explanatory variables. The logistic model proposes a modelling
of the distribution of Y |X = x by a Bernoulli distribution of parameter
pβ(x) = Pβ(Y = 1|X = x) such that :
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pβ(x) =
exp(β0 + x1β1 + x2β2 + ...+ xpβp)

1 + exp(β0 + x1β1 + x2β2 + ...+ xpβp)
(2.1)

=
exp(X tβ)

1 + exp(X tβ)
(2.2)

This probability is also called a logistic function.

(2,1) can also be written by

log
pβ(x)

1− pβ(x)
= β0 + x1β1 + x2β2 + · · ·+ xpβp (2.3)

or even
logitpβ(x) = β0 + x1β1 + x2β2 + · · ·+ xpβp (2.4)

where β0, β0, · · · , βp are the unknown real parameters to be estimated. logit
denoting (2,3)and (2,4) the bijective and derivable function in ]0, 1[ to R :

pβ(x) 7→ pβ(x)

1− pβ(x)
.
The ratio between the probability of success pβ(x) and the probability of
failure (1− pβ(x)) is called odds "odds ratio" .

Remark 2.1.1

The logistic function is bounded between 0 and 1.It is called the link function
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2.2 Interpretation of β coe�cients

Figure 2.1: Representation of the logit function for a di�erent values of β
coe�cients

We notice that:

� If β is small, we have a wide range of values of x for which πβ(x) is
around 0.5.

� πβ(x) = 0.5 in the extreme case β = 0.

� As β increases, the area where πβ(x) is close to 0.5 decreases. πβ(x)
becomes close to 0 or 1 for a large number of values of x. This can be
interpreted as follows :the larger β is, the better we discriminate.

This interpretation depends on the values of x . This is why the interpreta-
tion of β coe�cients is e�ected in terms of odds ratios.
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2.3 Estimation of the parameters β

Now the model is adequately speci�ed, we seek to estimate the e�ect of the β
coe�cients. To do this, we seek the maximum likelihood. Since maximizing
likelihood becomes maximizing log-likelihood, we have for j = {1, 2, ....p}

β̂p = arg max `(β|Y,X) = arg max
βp

n∑
i=1

ln[f(Yi|Xi, β)]

` represents the log-likelihood andf(Yi|Xi, β) = π(X) the density function
associated with Yi. We have

f(Yi|Xi, β) =

(
exp(X tβ)

1 + exp(X tβ)

)yi (
1− exp(X tβ)

1 + exp(XTβ)

)1−yi
=

exp(X tβyi)

1 + exp(X tβyi)

for i = {1, 2, ....n}Thus, the log-likelihood is written as

`(β|Y,X) =
n∑
i=1

ln

[
exp(X tβyi)

1 + exp(X tβyi)

]
=

n∑
i=1

[
X t
iβyi − ln

(
1 + eX

T
i βyi)

)]
Let us now derive the log-likelihood from the coe�cients β. We have

∂`

∂βj
=

n∑
i=1

Xi

[
yi −

exp(X tβyi)

1 + exp(X tβyi)

]
It then requires the use of numerical optimization methods (iterative) in

particular the algorithm of Newton-Raphson and Mak (1993) which allow to
solve this type of problem.

2.3.1 Asymptotic properties of the estimator β̂

To present the asymptotic properties of the maximum likelihood estimator
β̂ of the parameter β in the logistic regression model, we assume that the
following assumptions are veri�ed cite:

1 H1: The exogenous variables are uniformly bounded, i.e. ∃M < ∞ :
|X| ≤M

2 H2: Let λ1n and λpn be the minimum and maximum eigenvalues of the
matrix X tWX , respectively. Then there exists a constant K < ∞,
such that λpn

λ1n
6 K
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Theorem 2.3.1 (Existence and consistency) Under hypotheses H1 and H2

the maximum likelihood estimator noted β̂ of β almost surely exists when n
tends to +∞, and β̂ almost surly converges when n tends to +∞ to the true
value β∗ if and only if n tends to +∞ , λ1n → +∞.

proof see [11]

Theorem 2.3.2 (Asymptotic normality) Under the hypotheses H1 and H2

and if the estimator of likelihood β̂ converges asymptotically to β∗then√
n(β̂n−β∗) −→ N (0, φ(β∗)) when n −→ +∞ where φ(β∗) = −E(52`(β∗, y))

is is the Fisher information matrix.

proof see [11]

2.3.2 The variance-covariance matrix

In this section we will use the asymptotic properties for the approximation
of the estimates.To facilitate the calculations, we assume that β = (β0, β1)
(logistic regression with two modalities).

The variance of β̂0 and β̂1 is obtained by considering the second derivatives
of the log-likelihood function, thus forming the Fisher information matrix.

I =

 ∑n
i=1{p(xi)(1− p(x1))}

∑n
i=1{xip(xi)(yi − p(xi)}∑n

i=1{p(xi)(1− p(xi)}
∑n

i=1{x2
i (yi − p(xi)}


The variance-covariance matrix V (β̂) is estimated by the inverse matrix

of Fisher information.

2.3.3 Statistical tests

Likelihood ratio test

We de �ne the likelihood ratio test as :{
H0 : β0 = β1 = · · · = βp = 0

H1 : ∃j = 1, · · ·P βj 6= 0

This test is based on the following decision statistics:

ML = −2 log

(
L0(β0)

L(β̂)

)
∼ X 2

P
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With: L0(β0, y) corresponds to the likelihood without the explanatory vari-
ables of the model.

L(β̂, y) corresponds to the likelihood with the explanatory variables of
the model.

Decision rule

We compare the calculated value ML to the quantile of order (1− α) of the
law of X 2 at p degrees of freedom, denoted by X 2

(1−α,p)

� If ML > X2
(1−α,p) then we reject H0 and say that the model is globally

good. Hence there is at least one signi�cant explanatory variable of y.

� If ML < X2
(1−α,P ) then we accept H0 and we will say that the model is

bad. Hence there is no signi�cant explanatory variable of y.

Individual Wald test

We are interested here in the contribution of each variable individually. By
carrying out the tests de�ned by:{

H0 : βj = 0

H1 : βj 6= 0
(∀j = 1, · · · p)

Due to the asymptotic normality of the maximum likelihood estima-

tor,this test is based on the statistic
β̂j
σβ̂j

which approximately follows a

reduced central normal distribution such that:

W =
β̂j
σβ̂j
∼ N (0, 1) , j = 1, · · · , p

Decision rule

We compare the calculated value W to the quantile of order (1 − α
2
) of the

reduced central normal distribution denoted by Z1−α
2
.

� W > Z1−α
2
then we reject H0, so the variable Xj is signi�cant of y.
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� W < Z1−α
2
then we accept H0, so the variable Xj isn't signi�cant of y.

2.3.4 Con�dence interval

An important complement to the logistic model signi�cance tests is the com-
putation and interpretation of con�dence intervals for the parameters βj,
j = 0, · · · , p at the signi�cance level α , ( or at the level of con�dence (1−α),
we consider the statistic:

W =
β̂j − βj
σ̂β̂j

∼ N (0, 1)

From the symmetry of the normal distribution, we consider a symmetri-
cal interval such that:

P

[
−Z1−α

2
<
β̂j − βj
σ̂β̂j

< Z1−α
2

]
= 1− α

⇒ P
[
β̂j − Z1−α

2
σ̂β̂j < βj < β̂j + Z1−α

2
σ̂β̂j

]
= 1− α

We obtain the con�dence interval of βj, j = 0, · · · , p at the sizeα, given by:

ICBj =
[
β̂j − Z1−α

2
σ̂β̂j , β̂j + Z1−α

2
σ̂β̂j

]
where Z1−α

2
is the quantile of order 1− α

2
of the reduced central normal dis-

tribution.

Remark 2.3.1 1- Logistic regression requires large sample sizes to be able
to achieve a good level of stability.

2- The categories to which the independent variables belong must be mu-
tualy exclusive, because it is a dichotomous variable.

3- Chek the correlations between the predictors before proceeding to the de-
velopment of the model. When certain predictors are strongly correlated
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with each other, it is preferable to eliminate them a few since they are
redundant variables.

4- Logistic regression has the limitation of assuming only unrelated re-
sponses.

2.4 Polytomous logistic regression

In the previous section we introduced the logistic regression model in the uni-
variate context.As in the case of linear regression,the strenght of modeling is
techniques lies in its ability to model many variables,somes of wich may be
on di�erent measurement scales.This be refered to as polytomous case" [12].

� The modalities of Y are ordered: there is a natural hierarchy between
them. For example in biostatistics, it can be a diagonasis of the state of
health (very good, good, average, poor health), on the stage of develop-
ment of a disease, or on the size or nature a tumor (absent, benign, or
malignant tumor). We speak in this case of model ordered polytomous.

� There is no order relation on the modalities of Y , the variable to be
explained is purely nominal: agreement for a loan (yes, no, examina-
tion of the �le). We speak in this case of model nominal polytomous
or multinomial polytomous model.
As in the binary case, here we are trying to model the law of Y |X = x.

2.4.1 Multinomial logistic regression

Multinomial logistic regression is used to model nominal outcome variables,
in which the log odds of the outcomes are modeled as a linear combination
of the predictor variables.

Multinomial logistic regression is a generalization of binary logistic regres-
sion. Here the dependent variable Y admits more than 2(unordered) modal-
ities. We want to explain a response variable Y to k modalities y1, · · · yk as
a function of p explanatory variables X1, X2, · · · , Xp.
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2.4.2 modelization

We will model K − 1 probability ratios ie. Take a modality as a reference
(ex the last one), and express K − 1 logit with compared to this reference
(ex the �non-patients� to oppose to various categories of diseases).
The last probability, belonging to the Kth category, is deduced from the oth-
ers:

pk(xi) = 1−
K−1∑
k=1

pk(xi)

We write K − 1 logit equations:

logit(pk(xi)) = log

(
pk(xi)

pK(xi)

)
= β0k + β1kxi1 + · · ·+ βpkxip

i = 1, n k = 1, · · · , K − 1

and we deduce the K − 1 probabilities of assignment:

pk(xi) =
elogit(pk(xi))

1 +
∑K−1

k=1 pk(xi)
k = 1, · · · , K − 1

and the last one pK(xi) = 1−
∑K−1

k=1 pk(xi) and we have
∑K

k=1 pk(xi) = 1
The assignment rule is:

Y = yk ⇔ argmax pk(xi)

2.4.3 Parameter estimation

The parameter estimation method is that of maximum likelihood.The likeli-
hood function is de�ned by:

L =
n∏
i=1

pk(xi)
y1 × · · · × pk(xi)

yk

Hence the log-likelihood is given by:

` =
n∑
i=1

y1 ln pk(xi) + · · ·+ yk ln pk(xi)
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There are (K − 1)(p+ 1) parameters to be estimated. We can again rely
on the NewtonRaphson method:

With G =

 G
...

GK−1

 is the gradient vector of dimension (K−1)(p+1)×1

Gk is of dimension (p+ 1)× 1, for each case we have:

gk,j =
∑
j=1

xi(yk − pk(xi))

The Hessian matrix, of dimension (K − 1)(p+ 1)× (K − 1)(p+ 1), which
will be given by:

H =

 H1,1 · · · H1,K−1
...

. . .
...

HK−1,1 · · · HK−1,K−1



Hi,j is of dimension (p+ 1)× (p+ 1), de�ned by:

Hi,j =
∑

pi(xi)[δij − pj(xi)]XX
t

With X = (1, X1, ...Xp(xi)) and

δij =

{
1 : i = j

0 : i 6= j

2.5 Ordinal logistic regression

Ordinal logistic regression is used to model the relationship between a de-
pendent variable Y which takes more than 2 ordered modalities and the
independent variables.
Consider the response variable Y with k modalities and x = (x1, ..., xP )t the
vector of explanatory variables (covariates).
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2.5.1 Case of adjacent logits

Its principle is to calculate the logit of the passage from one category to
another. Same idea as the multinomial model, except that the reference cat-
egory changes at each step. We evaluate the passage from the modality (k)
to (k − 1).

The (k − 1) logit equations are de �ned by:


logit1(p(x)) = ln(p1(x)

p2(x)
) = β01 + β11x1 + · · ·+ βp,1xp

· · ·
logitk−1(p(x)) = ln(p1−K(x)

pk(x)
) = β0,K−1 + β1,K−1x1 + · · ·+ βp,K−1xp

This writing can be seen as a reinterpretation of the multinomial model.


ln(p2(x)

p1(x)
) = −logit1(x)

ln(p3(x)
p1(x)

) = −logit2(x)− logit1(x)

· · ·
ln(p1−K(x)

pk(x)
) = logitk−1(x)− · · · − logit2(x)− logit1(x)

Remark 2.5.1 We can use the results of the multinomial model to estimate
the parameters. Signi�cance assessments and tests are the same

2.5.2 Case of cumulative odds-ratio

Let us see in this case what it is for the interpretation of the coe�cients, for
that we will model as follows:
The cumulative probability is de � ned as follows:

P(Y < k|X) = p1 + · · ·+ pk

The cumulative logits are given by:
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logitk = ln
P(Y � k|X)

P(Y � k|X)
= ln

P(Y � k|X)

1− P(Y � k|X)
= ln(

p1 + · · ·+ pk
pk+1 + · · ·+ pK

)

The (K − 1) logit equations are de�ned (�rst) as follows:
logit1 = β0,1 + β1,1x1 + · · ·+ βp,1xp

· · ·
logitK−1 = β0,K−1 + β1,K−1x1 + · · ·+ βp,K−1xp

Let us re-introduce the hypothesis: the role of a variable does not depend on
the level of Y.

logitk = β0,k + β1,kx1 + · · ·+ βp,pxp

2.6 Bayesian logistic regression

In this section,we will apply the Bayesian approach to regression models.The
di�erence between the two approachs is that the classical approach assumes
that the parameters are unknow values to be estimated and the Bayesian
approach assumes that the coe�cients are no longer correctives but rather
random variables following a certain know probabiliy distribution called a
priori density distributionsπ(β).

In the case of logistic regression, the introduction of this distribution rise
to Bayesian logistic regression. Its principle is to update the information
given by the observations and by introducing other information prior. The
distrubtion resulting from this update is the posterior law π(β|y).
In summary, Bayesian inference for logistic models follows the following steps:

� Write the likelihood function of the data.

� Introduce an prior distribution for the unknown parameters of the
model.
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� Find the posterior distribution of the parameters.

In this part, we will develop the Bayesian approach to deal with regres-
sion.

2.7 Bayesian logistic model (the binary case)

The methodology describes Bayesian inference with an emphasis on three key
components: the prior distribution, the likelihood function and the posterior
distribution.

2.7.1 Presentation of the model

We have n observations X = (X1, X2, · · · , X2)t is an explanatory variable
and Y a variable with value in 0, 1 or Yi|Xi = xi ∼ beta(p(xi)) with Yi
is an endogenous random variable, β = (β0, · · · βp)t are unknown regression
parameters. The binary logistic model, which de�ned by:

logit(pβ(xi)) = log

(
pβ(xi)

1− pβ(xi)

)
= xtβ (2.5)

(2,5) It refers to the logistic probability model for a`success',that is,a certain
event happening. where x is some given value of some predictor, Then the
probability of a success is :

pβ(xi) = Pβ(Y = 1|X = x) =
exp (logit(pβ(xi)))

1 + (logit(pβ(xi)))
(2.6)

The posterior density is given by:

π(β|y) ∝ f(y|β)π(β) (2.7)

Recall that the likelihood function is de�ned by:

f(y|x, β) =
n∏
i=1

f(yi|xi, β) =
n∏
i=1

eX
t
iβyi

1 + eX
t
iβ

suppose that β follows an prior density of multivariate normal distribution
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such that

π(β) =
1

2πΣ
1
2

e−
1
2
βtΣ−1

(2.8)

where Σ is the covariance matrix with σ2 on its diagonal. We suppose that
the coe�cients β are independent. Thus, the covariances of the coe�cients
β will be zero and Σ = σ2I with I being the identity matrix.
Hence, formula(2,9) can also be written by :

π(β) =
n∏
i=1

(
1

(2πσ2)
1
2

e
− 1

2σ2β2
i

)
(2.9)

Excluding all terms that do not depend on β, the formula (2,7) will be :

π(β|y) ∝
n∏
i=1

(
ex

t
iβyi

1 + ex
t
iβ

)
e−

1
2σ2

βtβ (2.10)

The expression (2,10) does not have an explicit form because it is a complex
function of the parameters. In this situation, simulation methods are often
necessary to estimate the posterior distribution for each of the parameters of
the model, such as the MCMC methods that will be described in the next
section.

2.7.2 MCMC methods

Markov Chain Monte Carlo methods appeared in 1950 for statistical physics
and have almost unlimited applications. Although their performance varies
widely depending on the complexity of the problem, their principle is to
generate an ergodic Markov chain that converges to its stationary distribution
which is exactly the posterior distribution.

Basics notions of MCMC methods

1 Markov chain

Markov chains were introduced by Andreï iAndreïevitch Markov (1856-
1922) who was a student of Chebyshev. While reading the novel Eu-
gene Onegin by the Russian Alexander Pushkin, he examined the �rst
20, 000 letters of the text and considered them as 20, 000 random ex-
periments whose result is a consonant or a vowel.He then showed that
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the occurrence of a vowel immediately after a consonant is a Markov
process. In other words, if we draw a letter at random, it is a vowel
or a consonant according to the probabilities given by the statistics ,
but the status of a letter depends on the status of the previous one
(non-independent events).

De�nition 2.7.1 Consider a stochastic process (Xt)t with discrete time
T and discrete state space E.
Markov chain (Xt)t is said to be cha^�ne de Markov if

P (Xn+1 = j|X0 = i0, · · · , Xn−1 = in−1, Xn−1 = in)

= P (Xn+1 = j|Xn = i) = Pij(n)

i0, · · · , in−1, i, j ∈ E, n ∈ T

This means that the future evolution of the process depends only on
its most recent past, i.e., that the present contains all the past infor-
mation of the process. In other words, the process tends to forget its
past; this is called a memoryless process.Pij(n) is the probability that
the emarrant system from the initial state i0 reaches the state j after
n+ 1 transitions.

The following de�nitions describe the properties necessary for the con-
vergence of Markov chains produced by MCMC algorithms.

1.1 Irreducibility

De�nition 2.7.2 A Markov chain is said to be irrecoverable if it has
only one equivalence class, i.e. all its states communicate with each
other

1.2 Recurrence

De�nition 2.7.3 A state i is said to be recurrent if starting from i
one almost surely returns to it in in �nite time:
P (T < +∞|X0 = i) = 1, where T = inf{n ≥ 1, Xn = i} is the return
time to i [7].

1.3 transitivity
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De�nition 2.7.4 A state is said to be transient i if it is with a positive
probability that one leaves it never to return to it i.e
P (Ti = +∞|X0 = i) = 1

A state is said to be recurrent positive when the average time of return
to i is �nite:
µi = E(Ti|X0 = i) < +∞ In the case whereµi = E(Ti|X0 = i) = +∞,
i is said to be recurrent zero.

1.4 Periodicity

De�nition 2.7.5 A state i is said to be aperiodic if d(i) = 1 with
d(i) = PGCDn > 1, P (n)ii > 0 representing the period of state i. A
Markov chain is said to be aperiodic if all its states are aperiodic.

1.5 Ergodicity An irrecoverable, positively recurrent and aperiodic Markov
chain is said to be ergodic.[7]

2.Convergence diagnostics

We conclude our presentation on MCMC methods with a discussion of their
convergence. The veri�cation of this convergence is an essential step in all
MCMC simulations : it is important to verify the convergence for all the
parameters of the model and not only for a subset of parameters. We also
present three types of convergence for which an evaluation is necessary.

� 2.1 Convergence to the stationary distribution

Convergence to the stationary distribution Convergence to the station-
ary distribution is necessary because we are trying to approximate the
posterior density , so we must ensure that our chain reaches its sta-
tionary distribution. The main tool for evaluating convergence to the
stationary distribution is to run several chains in parallel to compare
their performance. Obviously, this means that the slowest chain in
the group determines the convergence diagnosis and that the choice
of the initial distribution is extremely important to ensure that the
di�'erentes chains are well spread out .

� Convergence of means

Once we have approximately solved the problem of convergence to the
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stationary distribution we are again in the classical Monte Carlo frame-
work namely the convergence of the empirical mean 1

k

∑k
k=1 h(βk) to

E[h(β)] for some functionh such that E[h(β)] < ∞ we need to ensure
that the chain has explored the whole support of the a posteriori den-
sity in order to infer adequately on it.

� Convergence to an iid sample

Convergence to an i.i.d sample is another form of convergence. The
general idea is to produce a quasi-independent sample by subsampling
to reduce the correlation between the iterations of the Markov chain.
Several diagnostics have been proposed in the literature to verify the
convergence of MCMC methods, the diagnostics of Gelman and Rubin
(1992) and Raftery and Lewis (1992) are currently the most popular in
the statistical community at least in part because the computer pro-
grams for their implementation are available from their creators.

2.7.3 Algorithms and approximation methods

1. Metropolis-Hastings with the random walk

The Metropolis-Hastings algorithm is an MCMC method whose purpose is to
obtain a random sample of a probability distribution when direct sampling
is di�cult. In particular, it is not necessary to calculate the π partition func-
tion, which is often a di�cult task. For this reason, this method is widely
used in statistical physics [1].

In our case we will focus on a very particular case, the Metropolis-Hastings
with the random walk algorithm which is a very simple approach that can be
used when π is very poorly known , its principle is to generate a random walk
with a correction in order to cover all the possibilities, hence the e�ciency.
In addition, the probability of acceptance does not depend on g anymore.
The cha�ne depends on it via the propositions [16].
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Algorithm generate
yn v g(y − x(t))

take

xt+1 =

{
yt , with ρ(xt, yt)

xtt , with 1− ρ(xt, yt)

where

ρ(xt, yt) = {1, π(yt)

π(xt)
}

2.Laplace's approximation

Laplace's approximation is an analytic�although asymptotic�alternative
to Monte Carlo simulations. This method was introduced by Laplace and is
thus called Laplace approximation. It consists to approximate the posterior
distribution

π(β|y) =
f(y|β)π(β)∫
f(y|β)π(β)dβ

by a multivariate π(β|y) v N (µ,Σ)

with µ is the vector of expectations and Σ is the matrix of variance-
covariance .

Using a condensed notation, we will have

π(β|y) =
eln f(y|β)π(β)∫
eln f(y|β)π(β)dβ

We approach ln(π(β|y)) at the numerator and denominator. Suppose that :

ln(π(β|y)) = g(β) (2.11)

Approximate g(β) using the 2-order Taylor expansion.

g(β) ≈ g(z) + (β − z)t5 g(z) +
1

2
(β − z)t52 g(z)(β − z) (2.12)

where z is an arbitrarily chosen point in the domain of g, choose z = βMAP

(see Annex) , with βMAP is the estimator of β obtained by maximizing the
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posterior distribution. From (2,12), the Laplace approximation is:

π(β|y) =
eg(β)∫
eβdβ

(2.13)

≈ eg(z)+(β−z)t5g(z)+ 1
2

(β−z)t52g(z)(β−z)∫
eg(z)+(β−z)t5g(z)+ 1

2
(β−z)t52g(z)(β−zdβ

(2.14)

This can be simpli�ed in two steps:

1 The term eg(βMAP ) in the numerator and the denominator can be con-
sidered as a constant because it does not vary in β. It is therefore
simpli�ed.

2 By de�nition of βMAP , the vector 5 ln π(β|y) = 0, approximation is
then:

π(β|y) =
e

1
2

(β−βMAP )t−52g(z)(β−βMAP )∫
e

1
2

(β−βMAP )t−52g(z)(β−βMAP dβ
(2.15)

So the Laplace approximation of π(β|y) is a Gaussian and is given by:

where µ = argmaxβ(ln(π(β|y))) = β̂MAP = β̂MMSE

and Σ = [−2 ln5π(β|y)]− 1. (see Annex)

3.Case of a non-informative prior Je�reys' distribution

Je�reys' prior distribution is perhaps the most widely used non-informative
prior distribution in Bayesian analysis. For the logistic model, Je�reys' prior
distribution is attractive because it does not cease any elicitation of hyperpa-
rameters, there has been an enormous literature on this law and its properties
for a wide variety of applications.

This literature is too vast to be listed in its entirety here but we can cite
some works such as Firth (1993) suggested the use of Je�reys' distribution as
a solution to problem of bias in maximum likelihood estimators [5], Chen et
al (2008) have studied the properties and implementation of Je�reys' prior
law for logistics models [3].
Although the literature on Je�reys' prior distribution is extensive but there
is very little discussion on the theoretical properties on this law for logistic
regression models.
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presentation of the model

The posterior density is given by:

π(β|y) ∝ f(y|β)π(β)

As β is a vector β = (β1, · · · , βp) in this case the a priori distribution of
Je�reys will be given by:

f(y|β) =
n∏
i=1

(
exiβyi

1 + exiβ

)
where I(β) is the information matrix of �sher whose elements are given

by:
π(β) =

√
det(I(β))

We have :

I(β) = E

[
− ∂2

∂βr∂βk
f(y|β) log

]
We will therefore have:

− ∂2

∂βr∂βk
f(y|β) log = −

n∑
i=1

[
xirxik

(
exiβ

(1 + exiβ)2

)]
Hence Je�erys' prior distribution is:

π(β) =
√
det[(I(β))rk]

The posterior law will be given as follows:

π(β|y) =
n∏
i=1

(
exiβyi

1 + exiβ

)√
det[(I(β))rk]

This expression is complex, so it cannot be calculated manually therefore it
requires simulation methods.
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Chapter 3

Application of logistic regression

with R

In this chapter we will present an application in the medical �eld using soft-
war R.

The objective is to predicte the value taken by the binary random vari-
able Y taking two modalities {0, 1}.

We have a sample ε of size n. The value taken by Y for an individual ω
is denoted by Y (ω).

The �le has p descriptors {X1, X2, · · · , Xp} . the vector of values for in-
dividu ω is written X1(ω), X2(ω), · · · , Xp(ω).
For a given individual, his prior probability of being positive is written by
P (y(ω) = 1) = P (ω) we will denote it P .

When the sample is drawn from a random selection from the population,
without distinction membership classes, if n+ is the number of positive ob-
servations in ε, p can be estimated by

P̂ =
n+

n

The posterior probability of an individual to be positive i.e. knowing the
values taken by the descriptors are noted P (Y (ω) = +|X(ω)) = π(ω)

This is the probability that we are trying to model in supervised study.
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3.1 Data

Consider the �ctitious dataset comprising 20 observations and 3 predictor
variables to illustrate binary logistic regression The goal is to predict the
presence or absence of a heart problem y: heart, with "presence" = ” + ”
and "absence" = ”− ” from

� X1:age is quantative r.v.

� X2: maxrate is quantitative r.v (blood pressure ).

� X3: angina is binary r.v .

3.2 The logit model

The Logit of an individual ω is written:
X = (x1, · · · , xp) and β = (β0, · · · , βp) are the parameters that we want to
estimate from the data.

C(x) = log
π(ω)

1− π(ω)
= β0 + β1x1(ω) + · · · , βpxp(ω) = X tβ

with X(ω) = (1, X1(ω), · · · ) and β = (β0, · · · , βp) is the vector of the param-
eters.

The quantity π
1−π = P (y=+|x)

P (y=−|x)
expresses an odds .

Let C(X) = β0 + β1X1 + · · · + βpXp , we can �nd π by means of the
function logistics

π =
exp(C(X))

1 + exp(C(X))
=

1

1 + e−C(X)

Assignment rule

The assignment rule can be based on π in di�erent ways:

� If π
1−1π

> 1 then Y = +.

� If π > 0.5 then Y = + .

� If C(X) > 0then Y = + .
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3.3 Interpretation of coe�cients β

Relative risk

De�nition 3.3.1 We called the relative risk the increased chance of being
positive in the exposed group compared to the control group.

RR =
P (+|1)

P (+|0)

According to the data table we have the following matrix :

we obtain the following contingency table:

Y |X 1 0 full
1 a=2 b=12 a+b=14
0 c=3 d=3 c+d =5
full a+c=5 b+d=15 n=20

Table 3.1: contingency table
So we have:

RR =
P (+|1)

P (+|0)
=

a
a+c
b
b+d

= 3

� People who have angina are 3 times more likely than those who do not
have angina to develop heart disease.

� RR characterises a relationship between heart disease and the occur-
rence of angina.

� When RR = 1, it means that angina has no impact on the disease.

De�nition 3.3.2 The odds ratio is de�ned as a ratio of probabilities in a
group.

Remark 3.3.1 The odds for an individual x to obtain the answer Y = 1
can be written:odds(x) = π(x)

1−π(x)
, where π(x) = P (Y = 1|X = x).

47



CHAPTER 3. APPLICATION OF LOGISTIC REGRESSION WITH R

� If odds > 1 then Y = 1.

� If odds < 1 then Y = 0.

Exemple 3.3.1 According to contingency table , the odds (in the exposed

group) are written : odds(1) = P (+|1)
P (−|1)

=
a

(a+c)
c

(a+c)
= 1.5

Interpretation

In the group of people with angina pectoris, one has : 1.5 times more likely
to have heart disease than not.

De�nition 3.3.3 The odds ratio between two individuals x and x′ is:

OR(x, x′) =
odds(x)

odds(x′)
=

π(x)
1−π(x)

π(x′)
1−π(x′)

This is the ratio between the odds of the exposed group and the odds of the
control group.

OR = OR(1, 0) = odds(1)
odds(0)

= ad
bc

= 6

The OR indicates same thing as the relative risk, i.e. in the exposed group
you are 6 times more likely to have the disease than in the control group.

� OR = 1, the disease is independent of the symptom. no impact on Y .

� OR > 1, the disease is more frequent for individuals who have the
symptom Odds increase (odds(x) > odds(x′)).

� OR < 1, disease is more common for individuals who do not have the
symptom Odds decrease (odds(x) < odds(x′)).

3.4 Parameter estimation

Y ∈ {+,−} (or {1.0}). For an individual ω, we model the probability using
the law binomial ,B(1, π), with

p(Y (ω)|X(ω)) = π(ω)Y (ω) × [1− π(ω)]

� If Y (ω) = 1⇒ p(Y (ω) = 1|X(ω)) = π.

� If Y (ω) = 0⇒ p(Y (ω) = 1|X(ω)) = 1− π.
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3.4.1 Likelihood

The likelihood of a sample ε is written as

L =
∏
ω

p(Y (ω)|X(ω)) = π(ω)y(ω) × [1− π(ω)]1−y(ω)

It corresponds to the probability of obtaining the sample E from a selection
from the population.
The maximum likelihood method consists in determining the vector of the
parameters ,β = (β0, · · · , βp) which maximize the probability of observing
this sample.

3.4.2 Log-likelihood

Log-likelihood of a sample ε is written as

LL =
∑
ω

(Y (ω)× lnπ(ω) + (1− Y (ω))× ln(1− π(ω)))

3.4.3 Deviance

Deviance is a measure of the gap between the data and the model. It is
based on the likelihood function L.

De�nition 3.4.1 The quantity:

DM = −2LL

is called deviance (or residual deviance). Opposite to the log-likelihood, it is
positive.

We can compare it to the sum of the squares of the residuals of the multiple
linear regression, but the latter always re�ects the di�erence between the
data and the model.

� It makes it possible to quantify the goodness of �t of the model, and
the comparison of nested models which make it possible to evaluate
the contribution of one or more predictors in relation to a basic model.
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� The null deviance D0 calculated on the model only composed of the
�nding would then correspond to the sum of the total squares.

In some works, we de�ne deviance D more generically:

D = 2 ln

[
L Saturated model

L Studied model

]
= 2 lnLL (Saturated model)− 2LL (Studiedmodel)

= DM − 2LL(Studied model)

= −2
∑
ω

[
y ln

(
π̂

y

)
+ (1− y) ln

(
1− π̂
1− y

)]

3.5 Evaluation of the logistic regression

A saturated model for individual data is a model that perfectly reconstructs
the values of the dependent variable, i.e.π̂(ω) = y(ω).

� Its likelihood is equal to 1.

� Its loglikelihood is equal to 0. In this context, D = DM .

The objective is to minimize this deviance .
Application to the �le Heart = f(age,maxrate, angina) . We will use R
software to determine:

1 The deviance value DM

2 The coe�cient of the parameters β̂ = (β̂0, β̂1, β̂2)

3 Determine an estimate of the function C(X).
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Figure 3.1: Processing of the heart �le

1 The deviance DM = 16.618

2 The values of the parameters which made it possible to obtain it are:
β̂ = (14493.7,−0.1256,−0.0636, 1.7790)

3 The estimated Logit predicting the occurrence of heart disease from
age, max rate and angina, is written:
C(X) = (14.4937− 0.1256X1 − 0.0636X2 + 1.7790X3)

3.5.1 The �t measures

The pseudo R2's in the logistic model do not measure the proportion of
variance explained but rather an improvement in the full model (containing
all predictors) over the null model (containing only the model constant).
` and L represent the likelihood function and log likelihood for the model
containing all predictors respectively.
`0 and L0 represent the likelihood function and log likelihood for the model
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containing only the constant respectively.

In addition, several forms of R2 have been proposed in the literature, we
distinguish some of them, presented as follows:

McFadden's R2

This is one of the simplest and most suitable early indicators found in the
literature, which is de�ned by :

R2
MF = 1− `(β, y)

`0(β, y)

Where minR2
MF = 0 if `(β, y) = `0(β, y) and maxR2

MF = 1 if L(β, y) = 1 i.e
`(β, y) = 0

Cox and Snell's R2

This popular measure, can be computed from any model estimated by the
maximum likelihood method, which will be de�ne by :

R2
CS = 1−

(
L(β, y)

L0(β, y)

) 2
n

minR2
CS = 0 if L(β, y) = 1 with maxR2

CS = 1− L(β, y)

Nagelkerke's R2
N

This pseudo is an adjusted version of Cox and Snell's R2
N , given by :

R2
N =

R2
CS

maxR2
CS

With minR2
N = 0 and maxR2

N = 1 .
This is a simple normalization of the Cox and Snell R2.
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When these coe�cients are close to 1 it means that the model is globally
signi�cant, however these R2 are often small and di�cult to interpret, they
are generally considered correct if R2

N > 0.2.
The R2 of Cox and Snell , Nagelkerke and McFadden are given by the fol-
lowing command:

Figure 3.2: The di�rents pseudo R2

As its pseudo R2's are often small and di�cult to interpret, the model is
said to be globally valid as soon as its R2's exceed the value 0.2. This is the
case in this example.

3.5.2 The confusion matrix

The confusion matrix is another procedure for evaluating logistic regression.
It compares (evaluates) the observed values of the dependent variable Y
with those that are predicted and then counts the good and bad predictions.

De�nition 3.5.1 The confusion matrix is de�ned by:

CM =

(
Number of 0 predicted; 0 in reality Number of 1 predicted; 0 in reality
Number of 0 predicted; 1 in reality Number of 1predicted; 1 in reality

)
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Generic form of the Confusion Matrix

Y |ŷ 1 0 full
1 a=2 b=12 a+b
0 c=3 d=3 c+d
full a+c=5 b+d n

Table 3.2: contingency table of confusion matrix

� a are true positives: observations that have been classi�ed as positive
and are actually positive.

� c are false positives: individuals classi�ed as positive who are in fact
negatives.

� b are false negatives.

� d are true negatives.

Several indicators can be derived to account for the agreement between
observed and predicted values.

Error rate, Success rate, Sensitivity

� The error rate is given by:

ER =
b+ c

n
= 1− a+ d

n

It estimates the probability of misclassi�cation of the model.

� The success rate corresponds to the probability of the model being
correctly classi�ed

SR =
a+ d

n

� The sensitivity (or true positive rate (TPR)) indicates the ability of
the model to �nd the positives

Se = Sensitivity = TPR =
a

a+ b
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� The precision indicates the proportion of true positives among the
individuals who have been classi�ed as positive

precision =
a

a+ c

It estimates the probability of an individual being truly positive when
the model classi�es him as such (it is also called the positive predictive
value (PPV)).

� The speci�city, in contrast to the sensitivity, indicates the proportion
of negatives detected.

Sp = Specificity =
d

c+ d

Figure 3.3: confusion matrix

The confusion matrix is formed by comparing the Heart and Prediction
columns. The main indicators for evaluating the classi�ers:

� Error rate ER = 1+3
20

= 0.20

� Success rate SR = Sp3+13
20

= 0.80

� Sensitivity TPR = 3
6

= 0.50

� Accuracy = 3
4

= 0.75

� Speci�city Sp = 13
14

= 0.93
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3.5.3 The Roc curve

The ROC curve is a graphical representation of the relationship between the
sensitivity and the speci�city for all possible threshold values. The ordinate
represents the sensitivity and the abscissa corresponds to the speci�city.
It is possible to digitally characterise the ROC curve by calculating the area
under the curve AUC.
This is the AUC criterion which expresses the probability of placing a
positive individual in front of a negative one. AUC is a measure of the
performance of the model in prediction, a perfect model will have an AUC
measure of 1. Thus, the more accurate the model, the closer the ROC curve
is to the left hand corner of the graph and the AUC measure is close to 1.

Figure 3.4: The ROC curve

From the �gure below we can see that the ROC curve is close to the left
corner upwards and the value of the air under the curve AUC = 0.905 which
is close to 1, so the model is accurate
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3.6 Statistical Evaluation of Regression

We have two strategies for implementing these tests:

1 The likelihood ratio principle:

� This approach detects the alternative hypothesis better when it is true.

� The disadvantage is that it is more demanding in terms of machine re-
sources: each hypothesis to be evaluated gives rise to a new estimation
of the parameters, thus to an optimisation process.

2 The Wald test:

� The main advantage is that the information that one wishes to exploit
is all available at the end of the estimation of the complete model.

� The disadvantage is that the Wald test tends to favour the null hy-
pothesis.

3.6.1 Likelihood ratio test

Figure 3.5: Results of the likelihood ratio test
Or ML = 24.435− 16.618 = 7.817, and X 2

0.95,3 = 7.8147.

Since ML > 7.8147, then the model is globally good. Hence, there is at
least one signi�cant explanatory variable of y.
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3.6.2 Wald test

Figure 3.6: Wald test results

We have W1 = β̂1

σ̂
β̂1

= −0.12563
0.09380

= −1.3393.

Where z1−α
2

is the quantile of order 1 − α
2
of the reduced central normal

distribution which is equal to 1.96.
Since we have W1 < 1.96, therefore the variable 'age' is not signi�cative of y.

W2 =
β̂2

σ̂β̂2

=
−0.06356

0.04045
= −1.5713

.

We have W2 < 1.96, therefore the variable 'maxrate' is not signi�cative of y.

W3 =
β̂3

σ̂β̂3

=
1.77901

1.50444
=

.
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We have W3 < 1.96, therefore the variable 'angina' is not signi�cative of y.
Regarding the Wald test: Less powerful, more conservative. It favours the
null hypothesis H0. For the �chier "Heart" data H0 was never rejected
regardless of the test implemented.

When the value of the coe�cient is high, the estimate of the standard devi-
ation is exaggerated. Again H0 is favoured in individual tests, this leads us
to wrongly remove important variables from the model.

3.7 Con�dence intervals

Relying on the Wald test ,we can construct the con�dence interval at
con�dence level 1− α for any individual coe�cient.

Figure 3.7: Con�dence intervals for di�erent coe�cient

3.8 prediction

To obtain a "logit" prediction for a new individual ω′ to be classi�ed, we
need to apply the estimated coe�cients from logistic regression

π̂(x) = C(x(ω′)) = β̂0 + β̂1x1(ω′) + · · ·+ β̂pxp(ω
′)

Where β̂ = (β̂0, · · · , β̂p) the vector of estimated parameters.

From the Logit, we can derive an estimate of the posterior probability of
the individual being positive, i.e. π̂(ω′) = 1

1+eĈ
and applying the standard

a�ectation rule, we obtain ŷ If π̂ > 0.5 then y = + else y = −
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Figure 3.8: Prediction results

3.9 Bayesian estimation

In this section we will analyze the previous data processed by the classic
binary model using the Bayesian approach, and this via R software .

3.9.1 Metropolis Hasting with the random walk

We use the MCMCpack package, which has the MCMClogit function
for estimating Bayesian logistic models. The algorithms in MCMCpack
employ a random walk version of the Metropolis-Hastings algorithm when
estimating a logistic model [13]

For our example ,we shall employ by default multivariate normal priors on
all of the parameters. It is used because we have more than one parameter.
The priors are noninformative, and therefore do not appreciatively in�uence
the model. That is, the data, or rather likelihood, is the prime in�uence on
the parameter estimates, not the priors.
The output is given as usual:
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Figure 3.9: Estimation result using MCMC
Although interpretations di�er, the posterior mean values are larger then the
maximum likelihood coe�cients.

3.9.2 Convergence diagnostics of the posterior distribu-

tion

For the convergence,we want to know if this sample is close enough to the
posterior law to be used for the analysis, for this there are several diagnoses
which will be presented as follows:
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Figure 3.10: R trace and density plots of model with noninformative prior

From �gure (3.10) we deduce that the Markov chain is relatively stationary
this implies that the chain has reached or is close to its stationary distri-
bution, we can therefore reasonably assume that our simulations are taken
from the distribution a desired posteriori π(β|y) .
The quality of the graphs in �gure (3.10) is satisfactory. Because the
densities of the laws has posteriori are close to the Gaussian density.
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Conclusion

The study of logistic regression is important to understand that the goal
of analysis using the model is the same as that of any model-building
thechnique used in statistic.
In this work we have studied the logistic model for the Bayesian approach
enhanced by MCMC approximation techniques.
The quality of the estimate is analyzed by quantities such as R2 in the case
of logistic models, the matrix confusion and ROC diagrams in order to
evaluate the quality of the logistic model.

An example and an application are presented to illustrate binary logistic
modeling by using R software which allows to implement the Metropolis-
Hasting , from this we can see that the performance of computers has made
feasible e�cient simulation procedures and the availability of computer
programs to make easy the posterior probability calculation which was until
now of discouraging complexity, and we obtained the same conclusion by
the two estimation methods.

We have presented an application whose data from [22]. We have established
ourse of the estimates presented made it possible to accept the same variable
but the value of the coe�cient of this variable is larger in the Bayesian
estimate, which allowed us to have in the forecast results, less chance of
failing than the result obtained with the estimate classic.
Let us conclude with this observation that regression methods are very
powerful methods but which must be used with great discernment and
caution. Obviously the polytomous logistic regression remain very rich mod-
els to develop and that we have not been able to do as part of this brief work.
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Annex

∗ Some others estimators:

� Minimum Mean Square Error estimator (MMSE)

The MMSE estimator of θ, noted θ̂MMSE , associated with the
quadratic loss function, relatively to the prior distribution π, is the
posterior mean of θ, that is to say:

θ̂MMSE(x) = E(θ|x), x ∈ R

� The posterior median

The Bayesian estimator associated with the prior distribution π
and with the absolute loss function is the fractile of order 1

2
of the

posterior distribution. It is then the posterior median which is given by:

P (θ|δ) = P (θ < δ|x) =
1

2

� Maximum Posterior estimator (MAP)

The MAP estimator of θ is obtained by maximizing the posterior
distribution:

θ̂MAP (x) = argθ max(π(θ|x))

Remark 3.9.1 The MAP estimator is not a Bayesian estimator because it
does not verify the de�nition (1.3.7).
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