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INTRODUCTION

STatistics equips us with essential tools to analyze data, make informed
decisions and predict future outcomes. The quality of the procedures used
in statistical analysis depends strongly on the assumed probability model or
distribution. For this purpose, considerable efforts have been made in the
development of large classes of probability distributions as well as relevant sta-
tistical methodologies. Different probability distributions such as exponential,
Weibull, Gamma among others have been used to model life time and survival
data. However, these distributions seem to be insufficient to capture variability

observed in empirical data.

The Gamma and Weibull models have major disadvantage. For the Gamma
model, it is known that the cumulative distribution function (or the survival
function) does not have an explicit form when the shape parameter is not a pos-
itive integer. Since it is in terms of an incomplete gamma function, Therefore,
numerical methods (integral calculations) are necessary to approximate the cu-
mulative distribution function, the survival function, or the hazard function.
This makes gamma distribution little bit unpopular compared to the Weibull
distribution, which has a nice distribution function, survival function and haz-
ard function. In the case of the Weibull model, the major disadvantage is that
the convergence in distribution of the maximum likelihood estimators to the
normal law is very slow (see the references therein Gupta and Kundu [11] ). As
a result, confidence interval estimators are generally poor. For these reasons,
other survival models have been proposed recently such as generalized expo-
nential model proposed by Gupta and Kundu [11], Lindley distribution, his
extensions and generalizations which include Ghitany et al. [9], Asgharzadeha
et al. [3], Bakouch et al. [4], Chesneau et al. [8], Hamed and Alzaghal [12],
Shanker et al. [26], Nedjar and Zeghdoudi [20] , Ramos and Louzada [22]....

In this work, we are interested in the Lindley distribution introduced by

a British statistician Dennis Victor Lindley in 1958 and studied by Ghitany
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et al. [9]. Which has been widely applied across different fields such as finance,
engineering, etc. The first objective of this work is the theoretical study and
parameter estimation of the Lindley distribution, as well as the investigation
of some extensions of this distribution, including the two-parameter Lindley
distribution and the two-parameter weighted Lindley distribution. The second
objective is to apply this distributions to real and simulated data. This thesis is

structured into four main parts.

The first chapter is devoted to a detailed review of certain definitions and cer-
tain result that is going to be used from now onwards that include the notion
of probability, random variables, generalities on some probability distributions,
survival, hazard and quantile function, moments, the moment generating func-

tion and the characteristic function.

In the second chapter we focus on the one-parameter Lindley distribution.
We explore its properties such as its probability density function together
with its cumulative distribution function, survival, hazard rate and residual
life function, moment and its related measures, the characteristic function, the
moment generating function, its Lorenz curve, estimation of the parameter by
method of moments, maximum likelihood and Bayesian approach and finally

simulation.

In the third chapter we examines Lindley with two parameters Lindley
distributions i.e the two-parameter Lindley distribution and the two-parameter
weighted Lindley distribution. Properties and estimations of parameters of

these distributions are also studied.

Finally, the fourth chapter focuses on the applications of Lindley distribu-
tions where in the first part we discuss the discrimination procedure between
random variables, followed by application to real data and simulated data. We

finish this thesis with a conclusion.



1.1

1.2

1.2.1

(GENERALITIES AND SOME PROBABILITY

DISTRIBUTIONS

INTRODUCTION

The purpose of this chapter is to recall the fundamental concepts and tools
required in this work, based on the classical literature Balakrishnan et al.[5],
Casella and Berger [7], Jacod and Protter [13], Lehmann and Casella [17] and
Ross [23].

(GENERALITIES

Basic Definitions

Definition 1.1 (r—field ) A family A of subsets of a nonempty set (3 is a c—field (
o—algebra) of Q) if it satisfies the following three axioms:

i) QcA
ii) IfAe Athen A€ A

iii) For any sequence (Ay)nen of elements of A, , we have | | A, € A.
nelN

Definition 1.2 (Probability)  Given (Q), A), a measurable space, where () is the set of
all possible outcomes of the experiment and A is a o— field of subsets of (). We call a
probability an application

P:A—101]

such that;

e P(O)=1

o P (U Al-) = Y P(A)), for any sequence of mutually exclusive events
i=1 i=1
A1, Az, ... (that is, events for which A; N Aj = @ when i # j).

The triplet (Q), A, P) is called a probability space.
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Proposition 1.1 (Properties of a probability) Let (Q), A, P) be a probability space,
the probability P satisfies the following properties.

i) VAe A, 0<P(A) <1.
ii) P(@) = 0.
iii) For any finite sequence (A;)1<i<n of pairwise disjoint elements of A, we have
b ([] Ai> _ Y P4,
i=1 i=1
iv) For each event A € A, P(A) =1— P(A).
v) VA,Be A, if AC Bthen P(A) < P(B) and P(B\ A) = P(B) — P(A).
vi) VA,Be A, P(AUB)=P(A)+ P(B)—P(ANB).

Definition 1.3 ( Conditional Probability) Given (Q, A, P) a probability space and
A and B two events of A. The conditional probability of event B give that event A is

realised is given by;

P(BN A)

P(BIA) = =4

, defined for P(A) # 0.

From the conditional probability formula, we deduct that

P(ANB) = P(A)P(B|A) = P(B)P(A|B).

Theorem 1.1 (Bayes Rule ) Let (Hy), be a disjoint sequence of events such that

P(Hp) >0, n=1,2,..,and | J H, = Q. Let B € A with P(B) > 0 then

n=1

P(H;)P(B|H;)

Y P(H;)P(B|H;)

i=1

P(Hj|B) = ,i=1,2,..

Proof. From the conditional probability formula,

P(H; N B)

P(H)|B) = =55,

= P(H; N B) = P(B)P(H;|B)
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Also

P(BNH;)

P(B|H,) = hH)

= P(H;N B) = P(H;)P(B|H;)

= P(B)P(H]-]B) = P(Hj)P(B\Hj)
P(H;)P(B|H;)
P(B)

— P(H,|B) =

where P(B) = Y _ P(H;)P(B|H;) is the total probability
=1
Thus Z
P(H;)P(B|H;)
) P(H;)P(B|H;)

i=1

P(H;|B) = ,i=1,2,..

Random variables

Definition 1.4 Given (E, ) as a measurable space, a random variable (r.v.) defined
on the probability space (O, A, P), with values in (E,E) is any measurable function
X: 00— Eie,

VBe&, X 1(B)={w:X(w)€eB}c A

A random variable X is real-valued if X is a measurable function from (Q, A) to
(R, BR) , where By is Borel sets.

Remark 1.1 The set Dx = X(Q) = {X(w), w € O} is called a range of Omega or
support of X.

If the support of the random variable X is a discrete set, then X is called a discrete
random variable, but if it is a continuous set, then X is called a continuous random
variable.

In the remainder of this work, we will only discuss real-valued random vari-
ables.

Definition 1.5 ( Probability distribution) Let X be a real random variable defined on
the probability space (Q), A, P). The distribution of X is the positive measure denoted
Px with total mass 1, defined on (R, Br), by

VB € Br, Px(B)= P[X € B
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Cumulative distribution function

Definition 1.6  Let X be a random variable defined on the sample space Q). The cu-
mulative distribution function(c.d.f), or simply the distribution function of X is the

real-valued function
F:R —[0,1]

defined by

F(x)=P(X<x)=Px(]—00,x]) =P(w e OQ: X(w) <x).

Proposition 1.2 (Properties of a cumulative distribution function)
Let X be a random variable, and let F be its cumulative distribution function.
i) If x <y, then F(x) < F(y), so that F is an increasing function;
ii) We have
lim F(x)=0, lim F(x)=1;

X——00 X—+0o0

iii) Let (x,),~ be a decreasing sequence of real numbers such that ILm Xy = X.
- n—oo

Then we have
nlgr.}oF (xn) = F(x).
We mention that Property (iii) of Proposition 1.2 means that the function F is a
right-continuous function.

Proposition 1.3 Let a and b be two real numbers such that a < b. Then we have

P(a < X < b) = E(b) — F(a).

Definition 1.7 (Mass function ) A random variable X is discrete if it takes count-
ably many values {x1,xy,...}. We define the probability function or probability mass
function for X by p(x) = P(X = x).

Definition 1.8 (Density function) A random variable X is continuous if there exists

a function f such that f(x) > 0 for all x,/ f(x)dx =1 and for every a < b,

P(a <X <b) = /bf(x)dx.
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The function f is called the probability density function (P.D.F). We have that

F(x) = /_xoof(t)dt

and f(x) = F'(x) at all points x at which F is differentiable.

Convolution product and distribution of sum of random vari-
ables

Convolution is one of the basic operations performed in image and signal pro-
cessing. From a purely mathematical standpoint, convolution is an integral.
Imagine two functions f and g. The purpose of the operation is to shift g over

f. The resulting overlap that occurs when g is shifted over f is the convolution
of f and g.

Definition 1.9 (Convolution product) Given two real functions f and g, the convo-

lution product of these two functions is given by

feat)= [ floglt - v (1)

Remark 1.2 For functions f,g supported on only [0,00[ (i.e , zero for negative arqu-
ments), the integrated limits can be truncated, resulting in

fxg(t) = /Otf(r)g(t —1)dt  for f,g:[0,00[= R.

Some properties of a convolution product

i) Commutativity: f x g = g* f.

ii) Distributivity: f« (¢+h) = fxg+ f*xh.

iii) Associativity: [f(t) * g¢(£)] xh(t) = f(t) = [g(f) * h(t)].

The convolution product is applicable where knowing the distribution of the
sum of random variables is needed. Let X and Y are two independent random
variables. The distribution of the sum Z = X + Y of two independent integer-

valued (and hence discrete) random variables is defined by

P(Z=1z)= f P(X = k)P(Y =z —k)

k=—0o0
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For independent, continuous random variables with probability density func-
tions (P.D.F) f, ¢ and cumulative distribution functions F , G respectively, we

have that the cumulative distribution function of the sum is defined by

.HZSZ):/+sz—ﬂﬂﬂm:i/wGUV@—%Mt:F*G&)

—0 —0

Survival, hazard and quantile function
1. Survival function
This gives the probability that a patient , or other object will survive past a

certain time. It is also known as the survivor function or reliability function.

Definition 1.10  Let X be a non negative random variable with cumulative distribu-
tion function F and t be the time to the event of interest ( survival times, failure rate
etc ). The survival function of X is the real-valued function noted S given by

S(t)=P(X >t)=1—F(t) (1.2)

If t is the time to death, then S(t) is the probability that a subject can survive
beyond time t.

2. Hazard function

It is also known as failure rate function. It is defined as the conditional proba-
bility that the phenomenon stops after a duration X given that we have attained
this duration. It is always given by;

=S (1.3)

Remark 1.3 Let H be the Cumulative hazard function , i.e,

1“”:[;MW”:[;§%w

since

Thus
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So,
S(x) =e " and f(x) = h(x)e "™
3. Quantile function

Definition 1.11  Let X be a random variable with cumulative distribution function F.
The quantile function of X is the function

Qx:[0,1] = R

defined by
Qx(u) =inf{x: F(x) > u}

If F is strictly increasing and continuous then Qx(u) = F~'(u), where F~! is the
inverse function of F.

The u'" quantile of X is values x,, of X such that F(x,) = u, i.e, x, = Qx(u).
Proposition 1.4 (Properties of a quantile function) Suppose X : Q) — R is a random
variable with cumulative density function F and quantile function Qx then

a) Qx is a non-decreasing function.

b) Qx(F(x)) <x,Vx € R.
o) F(Qx(u)) >u,Vu € (0,1)

d) Ox(u) < xifand only if F(x) > u.

Proof. a) Let A(u) := {y: F(y) > u} and let uy,u € (0,1) such that u; < uy,
then since F is a non-decreasing function, we have A(u1) 2O A(uy) and
hence Qx(u1) < Qx(u2).

b) We have Qx(F(x)) = inf A(F(x)), but clearly x € A(F(x)) thus

Qx(F(x)) <x, VxeR.

The proof of the properties c) and d) is evident. O
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Moments of a random Variable

The moments of random variable are mathematical quantities that caracterize
the distribution of that variable. In the following, let ((}, A, P) be a probability

space and X a random variable.

1. Mathematical expectation of a random variable

Definition 1.12  The mathematical expectation (or mean) of the random variable X is
denoted by IE(X) (or p ) and is defined as

E(X)= ) xP(X=x), if X is discrete

x€Dy

and
E(X) :/ xf(x)dx, if X is continuous,
R

where f(x) being the p.d.f of X and Dy is its range.
Proposition 1.5 (Balakrishnan et al. [5]) Let X be a discrete random variable with

probability function p and range Dx. Let ¢ : R +— IR be a real function. Then the
expectation of the random variable Y = g(X) is given by

E[g(X)] = ) g(x)p(x).

x€Dy

Proposition 1.6 ( Balakrishnan et al.[5]) Let X be a continuous random variable
with density function f and ¢ : R — R be a real function. Then the expectation of the
random variable Y = ¢(X) is given by

Proposition 1.7 ( Balakrishnan et al.[5]) Let X be a random variable and a and b be
two real numbers. Then,
E(aX +b) = aE(X) + b.

2. Moments of any order
Definition 1.13  The r th moment of a random variable X is defined by
E(X")= ) x'P(X=u), if X is discrete

x;€Dx

10
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—+o00
E(X") :/ x"f(x)dx, if X is continuous,

—o0

Remark 1.4  The first-order moment is the expectation of the random variable X.

3. Variance of a random variable

The mean of a random variable doesn’t give the information about disper-
sion of the values of the variable around its mean. We therefore define two
parameters of dispersion i.e variance and standard deviation which measure
the dispersion of the values of X around the mean E(X).

Definition 1.14 Let X be a random variable for which the expectation IE(X) exists.
The variance of the random variable X is the quantity noted by Var(X) (or 0?) defined
as

Var(X) = 0® = E [(X . E(X))Z}
Remark 1.5 Variance can also be found by the following expression;

Var(X) = 0® = E(X?) — (E(X))?

Indeed,

Proposition 1.8 (Properties of the variance)
Let X be a random variable for which the expectation IE(X) exists. Let a and b be two
real numbers.

i) Var(aX+0b) = a2Var(X);
ii) Var(aX) = a®Var(X) .

iii) Var(X) > 0.

11
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Remark 1.6 If Var(X) = 0, it means that the random variable X is a constant equal
to its mean.

Definition 1.15 (Standard deviation) The standard deviation denoted o is the square

o =4/ Var(X)

4. The central moment of order

root of variance. i.e

Definition 1.16 ~ The central moment of order r of a random variable X noted by y, is
defined as

wr=E(X-E(X))) = )} (x—E(X))P(X=x),

if X is discrete and if the sum exists.

pr = E((X ~E(X))) = [ (x=E(X))f(x)dx,

if X is continue, where f is the probability density function of the random variable X.

Remark 1.7  The second-order central moment is the variance of the random variable
X.

5. The coefficient of variation

The Coefficient of variation noted -y is used to compare the variability of two
or more sets of data even if they are on different scales or have different units
of measurement and is often in statistics to compare the dispersion of data sets

with different units or scales of measurements.

The coefficient of variation vy is calculated by

B standard deviation o

mean E(X)

6. Skewness

The skewness noted /B tells us the direction of dispersion about the center
of the distribution. Skewness refers to the lack of symmetry in distribution.
Symmetry signifies that the value of variables are equidistant from the average
on both sides. In other words, a balanced pattern of a distribution is called
symmetrical distribution; whereas unbalanced pattern of distribution is called

asymmetrical distribution. A distribution is said to be positive and negative
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skewed respectively when the mean > median > mode and mean < median

< mode. For symmetrical distribution, mean = median = mode.

The Skewness is calculated by

E[(X-E(X))°] _ps

\/E: —

o3 o3

7. Kurtosis

The kurtosis B, is basically used to measure the extent how the distribution
is more peaked or less peaked than the normal distribution curve. The degree
of kurtosis of a distribution is measured relative to that of a normal curve.
curves with greater peakedness than the normal curve are called Leptokurtic .
Those which are more flat than the normal curve are called Platykurtic and the
normal curve is called Mesokurtic.

Kurtosis is calculated by

U4
182 = 5/
“3

where ju4 is the fourth order central moment of the distribution and 5 is the

second order central moment of the distribution of a random variable X.
Remark 1.8
* If B> = 3, the curve is said to be mesokurtic.

o If Bo < 3, the curve is said to be platykurtic.

* If B > 3, the curve is said to be leptokurtic.

The moment generating function
Given X a random variable. The moment generating function of X is given
by
Mx(t) = E(e")
Remark 1.9 If X is a continuous random variable then

Mx(t) = E(eX) = /IR e F(x)dx,

with f being the probability density function of the random variable X.

13
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When the moments of all orders exist and their exponential generating series
has a non zero radius of convergence R, then for all t €] — R, R, we have:

Mx(t) =E (efx) = ki E (k)'(k) k.
=0 :

We prove this property if X is a continuous random variable with density func-
tion f; the case where X is discrete is proved similarly.
(tx)°

P+WH?Z_$+ ..... me

Mx(t) = /

R

= | f(x)dx+t xf(x)dx+t—2| xzf(x)dx+....
R X R 2! JrR
_ Z%/kaf(x)dx
k

k>0

= YR

k>0

With this function, we can be able to find any moment of any order by finding
its derivative at a point t = 0 .i.e

The moment generating function for the exponential and standard normal dis-

2
tributions are Mx(t) = T and Mx(t) = ez respectively.

Characteristic functions

Definition 1.17 A characteristic function of a real random variable X denoted ¢x is
the function ¢x : R — C defined by

ox(t) = E(e"™)

In other words ,

¢x(t) = E(costX +isintX) = E(cos tX) + i[E(sintX)

14
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Properties of the characteristic functions

Let ¢x be a characteristic function of a random variable X.
i) ¢x(0)=1.

i) [px(t)| < 1.

iii) @x(—t) = @x(t) = E(e "*) = E(costX —isintX).

iv) ¢x is uniformly continuous. That is for all € > 0, there exists § > 0 such
that |¢(t) — ¢(s)| < e whenever |t —s| < 6.

V) Qaxip = Paxe’’ = ox(at)e™, a,b € R,

vi) Let X and Y are two independent random variables with characteristic
functions ¢x and @y, then the characteristic function of X + Y is defined
by

¢x+v(t) = ¢x(t) oy (t),

vii) The characteristic function of —X is the complex conjugate @x(t) i.e,

p-x(t) = px(—t) = ox(t).
viii) If a random variable X has moments up to k-th order, then the character-
istic function @x is k times continuously differentiable on the entire real

line. In this case
E[ X = il (0).

Central limit theorem

Theorem 1.2 (CLT) Let Xj, X, ....., Xy, be a sequence of independent random vari-
ables having mean 0 and variance o* and the common distribution F and moment

n
generating function M defined in the neighbourhood of zero. Let S;, = Z X; then
i=1

: Sn
1 P < = ,—00 < x < 00,
im ((Tﬁ < x) P(x), —00 < x < 00

n—00

where ¢ is the cumulative distribution function of the standard normal distribution.

Proof. Let Z,, = Uf;_. We will show that the moment generating function of Z,,
n

tends to the moment generating function of the standard normal distribution.

Since S, is the sum of independent random variables, Mg, (t) = [M(t)]" and

TR
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Using Taylor series expansion about Zero:

M(s) = M(0) +sM (0) + 1sZM”(o) + e

2
! " t
Since E(X) =0, M (0) =0and M (0) = ¢*. As n — oo, (0 n) — 0, and
t 1 t\?
M ):1—|——(72< ) +€ep
o\/n 2 o\/n
12 !
Mz, () = (1+ 5, +e )
It can be shown that if a,, — a, then
. an\" _ 4
Jim (1453) =
2 2

t
From this result, it follows that Mz (t) — eZ as n — oo where e is the
moment generating function of the standard normal distribution, as was to be

shown. ]

SOME PROBABILITY DISTRIBUTIONS

Probability distributions are mathematical models that describe the likelihood
of different outcomes in a random experiment.They are divided into two cat-
egories i.e discrete distributions and continuous distributions. Some of these

distributions include;

Poisson distribution.

This distribution allows modelling of observation of the phenomenon that pro-
duces events at a known rate. We suppose that only one event occurs at a time.
Considering X a random variable that gives the number of events observed in a
time. We have then a Poisson phenomenon and the random variable that gives

the number of events in a time has Poisson distribution noted as;

X~ P(A),

16
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where A is the average rate of occurrence.

Its probability law is written as;

k
P(sz):e_A%,)\>0, ke N

Its expectation and variance are the same equal to the parameter A.

Its characteristic function is

Exponential distribution

Given A > 0. A random variable X has exponential distribution of parameter A

if its probability density function f is given by;

—Ax i
f(x):{)w fx>0

0 otherwise

We note X ~ exp(A)
Its cumulative distribution function is given by;

1—e ™ ifx>0
E(x) = { e if x > .
0 otherwise

This distribution is often used to model the inter-arrival times between succes-
sive arrivals of customers in a queueing system. Its expectation and variance

are given by: E(X) = % and Var(X) = %

Its characteristic function is given by

A

The two-parameter Weibull distribution

The two-parameter Weibull distribution is a widely used probability distribu-
tion in reliability engineering and failure analysis. It is characterized by its

flexibility in modeling various types of data, particularly for the life data of

17
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products and materials. Although it was first identified by Fréchet in 1927, it is
named after Waloddi Weibull and is a cousin to both the Fréchet and Gumbel
distributions. Waloddi Weibull was the first to promote the usefulness of this

distribution by modeling data sets from various disciplines.

Definition 1.18 A random variable X is said to have a two-parameter Weibull dis-
tribution with parameters (x, ), « > 0, B > 0, if its density function f is given
by
x\P
ﬁxﬁ_le*(ﬁ) x>0
fx) =1 oP
0 x <0
In this density function, our a represents the scale parameter, and our B represents the

shape parameter.

When B = 1, the Weibull distribution simplifies to the exponential distribu-

tion.

The distribution function of a two-parameter Weibull distribution can also

be derived and is defined as:

F(x) =

1—e WP w50
0 x<0

Generalized exponential distribution

The generalized exponential distribution is an extension of the standard expo-
nential distribution has been proposed and studied by Gupta and Kundu[11]
(see also Kundu and Gupta [15]). It includes an additional shape parameter
that allows it to model a wide range of data compared to simple exponential
distribution.

For a random variable X following a generalized exponential distribution, its

probability density function is given by

f(x)=aA(l—e )L x>0 (1.4)

where « and A are shape and scale parameters.

The cumulative distribution function of the generalized exponential distribu-
tion is
F(x)=(1—e™)* x>0, >0, A>0 (1.5)

The density function of the generalized exponential distribution can take differ-

18
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ent shapes. For « < 1, it is a decreasing function and for A > 1, it is unimodal,
skewed, right tailed similar to that of Weibull.

Uniform distribution

With this probability distribution, all outcomes are equally likely. Within a
given range, each value has the same probability of occurring. The probability
distribution function (p.d.f) of uniform distribution (u([a, b])) is given by

1 )
flx)={ h—q FxElal]
0 otherwise

where a and b are the lower and upper bounds of the distribution. Its cumula-
tive distribution function is given by;

0 ifx<a
F(x) = ;:Z ifa<x<b
1 ifx>b

Its expectation and variance are given by

_a+b
2

(b—a)?
12

E(X) and Var(X) =

Its characteristic function is given by

This distribution is commonly used in various fields including statistics,
physics, particularly in scenarios where each outcome is equally likely within
a specified range.

Normal distribution

It is also known as Gaussian distribution. It is characterised by a bell- shape
curve symmetrically centred around its mean. The mean, mode and median of
a normal distribution are equal that’s why it isn’t skewed. The normal distri-
bution is described by two parameters i.e the mean (y) and standard deviation

(0) which determine its location and spread, respectively.we note it as N(p, o)
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Definition 1.19 A random variable X ~ N(u,0) if its probability density function

is given by
1 (x=p)?

xX) = e 22 ,x€eR
f(x) —

The analytic expression for the cumulative distribution function of N(y,0)

doesn’t exist. This calls for the need to standardise this distribution.

Standard normal distribution: The standard normal distribution is a partic-
ular case of the normal distribution when y = 0 and ¢ = 1 noted by N(0,1),
its probability density function is given by

Its characteristic function is given by

400 1

ox(t) = / pitx

—00 27

1.2 142
e 2V dx = ¢ 2!

The cumulative distribution function of N(y,¢) distribution does not exist and
this calls a need to standardise this distribution since only N(0, 1) is tabulated.

X —
For a random variable X ~ N(u,0), by using change of variable Z = = K ,

we have

oo =r (o< tgE) =r (2 55) = ()

where ¢ is the cumulative distribution function of N (0, 1).

For more details on the uni-dimensional and multidimensional normal dis-

tribution see Ladjimi[16].

Gamma distribution

The Gamma distribution is a continuous probability distribution that is widely
used in statistics to model positive-valued variables that are skewed to the

right. It is often used to model waiting times and survival times.

Definition 1.20 (Gamma function) The Gamma function at a point a is defined as;

['(a) :/ x"le™*dx
0
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Properties 1.1

T
I'(a+1) =al(a), foralla >0,

I'(n)=(m-1)!, neN.

Definition 1.21 A random variable X is said to have gamma distribution with pa-
rameters t > 0, A > 0, denoted T'(t, A)), if its probability density function is given

by;
ifx>0

0 otherwise

where t is the shape parameter that controls the shape of the distribution.
Higher values result in distributions with heavier tails and A is the rate pa-
rameter that controls the rate at which the distribution decays. The exponential
probability distribution is the particular case of the gamma distribution we re-

place t by 1. Its expectation and variance are given by

E(X) = % and Var(X) = %

Beta distribution

Beta distribution is a probability distribution defined on the interval [0, 1]. The
shape of the distribution is controlled by two parameters usually denoted as
a and b. These parameters determine the shape of the distribution curve, with
higher values of a leading to a distribution skewed towards the left, and higher

values of b leading to a distribution skewed towards the right.

Definition 1.22 (Beta function)  Beta function at a point a, b > 0 is defined as;
! b
B(a, b) :/ X711 — x)" tdx
0

Properties 1.2

e Rt
a
Pl b) = Favn)

Definition 1.23 A random variable X has beta distribution with a and b parameters
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(X ~ B(a, b)) with a, b > 0 if its probability density function is written as;

X l1-x)b1 if 0<x <

otherwise
Its expectation and variance are given by;
a ab
E(X) = d Var(X) =
(X) = o35 and VarX) = o o 1)

Remark 1.10 Ifa = b = 1, Beta distribution becomes uniform distribution.

ESsTIMATION OF PARAMETERS

All random phenomena are governed by laws of probability, which involve
one or more parameters. The goal is always to estimate these parameters from
a random sample of the population considered.

Let X1, X, ....., X;; be a sample of random variable X with size n drawn from a
population with unknown parameter 6. An estimator 8 of 6 is a function of the

given sample
0 = 1(X1, X2, ey Xi1) (1.6)

which is a random variable. Replacing Xj, X, ....., X;; by their realisations in the

equation ( 1.6 ) we obtain an estimate of 6.

Quality of estimators

Definition 1.24 ( Bias) The bias of an estimator is Bias() = E(0) — 6. An estimator
0 is said to be unbiased if Bias() = 0 and if Bias(#) > 0, the estimator is said to be
positively biased.

Definition 1.25 ( Convergence of the estimator) An estimator 0 for 0 is said to be

convergent if it converges in probability to 6. i.e

05 0e ve>o0 lim P(|6—6] > ¢€) =0
n—oo

The quality of the estimator f is measured with the help of mean square error.
It is calculated by
MSE = E[(8 — 6)]
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Definition 1.26 ( Efficiency of the estimator) Given two estimators 0, and 6, of 0.
One estimator is said to be more efficient than the other if its MSE is less than that of

the other. Measure of efficiency is equal to M
MSE(6,)

Definition 1.27 An estimator is said to be asymptotically unbiased if lim E(f) = 6

n—oo

Theorem 1.3 (Casella and Berger[7]) Any unbiased estimator whose variance tends
to 0 is convergent. (E(f) = 6 and Var(8) — 0) < 0 Lo

Definition 1.28  Given  an estimator of the parameter 6 of a distribution of a random
variable X. Assume that there exist two sequences of strictly positive real functions,
a = ay(0) and b = b, (0) such that

We say that 0 is asymptotically normal.

Methods of Estimation
1. Method of Moments

This is a very simple but useful approach of finding an estimators. This
approach bases on equating sample moments with theoretical moments of
the distribution. Let Xj, X, ...., X;; be a random variable from a probability
distribution with unknown parameters 61, 65, ..., . The Estimators 6,65, ...,§k

of these parameters are obtained by solving the following system of equations

2. Method of Maximum likelihood

This method involves finding the value of 0 that maximizes the likelihood func-

tion. Given a random sample X1, X», ...., Xj;. The likelihood function of this ran-
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dom sample noted L, (6) is given by;
n
La(0) = L(0]X1, X2, ..., Xu) = [ JL(6]X;) Hp X;; 0).
i=1

where p(X;;0) is the mass function or the density . In many cases, instead of
using the likelihood function, we often work with the log-likelihood function
noted 4, (0).

ly(0) =InL,(0) = élnp(Xi;Q)

Example 1.1 Let x1, X, ...., X, be observations of random variable X which has expo-
nential distribution of parameter A > 0, its likelihood function is given by

n
A)=]TAre M
i=1

n
its log likelihood function ,(A) = nlogA — A Y _ x;

,(A) n &
o A sl
n 1
A — ; s
= I Xi= %
Also its clear that
dA? 62 '
Thus )
}\\ = =-
X
By using the method of moments we get the some estimator of A.
Since, E(X / Axe ™ = — and by using the equality E(X Z x; it follows
that ,
}\ - -
X

We can easily show that A is an unbiased estimator with variance V(1) = nA2.

Example 1.2 Given a random sample X1, X3, ..., Xy, that has two- parameter Weibull
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distribution. Its probability density function is given by;
flx) = &x_ﬁxﬁ_le_(%)ﬁ, x>0,a>0 >0 (1.7)

where w is the scale parameter and [ is the shape parameter that defines the form of the
distribution. Its Likelihood and log-likelihood functions respectively are

Lu(a, B) = ﬁ_e RCL g(%)ﬁll (1.8)
and ;
lu(a, B) = nlogB — nloga + (B — 1) ; log —Y % (1.9)

i=1
MLE for the Weibull distribution can be obtained by solving the equations resulting
from setting the two partial derivatives of the log-likelihood function and when the
shape parameter B is known.

5 1 1¢Z i ﬁlnxl n P\ B
,BisthesolutionofEJrEZlnxi_lln—lﬁ:OSO/&: i=1%; and
i=1 Y1 X

)

In order to solve above equation, one can apply a suitable iterative procedure such as

-1

the Newton Raphson method see Almazah and Ismail [2].

3. Bayesian estimation

There are many situations where maximum likelihood estimator doesn’t
converge especially with higher dimension models. In such cases, the use
of Bayesian methods is sought. Bayesian estimation is a statistical approach
that combines information collected from experimental data with the knowl-
edge one has prior to performing the experiment. The cornerstone of Bayesian
methodology is the Bayes theorem which helps to update our beliefs inform
of the probability statements about the parameters after the sample has been
taken.

The conditional distribution of the parameters after observing the data is the
posterior distribution that integrates the prior and the sample information.
Suppose we have two discrete random variables, X and Y. The Bayes rule for
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the conditional probability is

plol) - PEY) _ PEPAY) PGPy 10

Py (x) Px (x) Yy P(x[y) Py (y)dy

The denominator in this expression is a fixed normalising factor that ensures

that ) " P(y[x) = 1.
Y
If Y is continuous, the Bayes theorem can be stated as

P(x,y) _ P(xly)Py(y) _  P(x|y)Py(y)
Px(x) Px (x) J, P(xly) Py (y)dy

P(y|x) = (1.11)

In Bayesian terminology, Py(y) represents the probability statement of prior
beliefs, P(x|y) is the probability of data x given prior beliefs which is the like-
lihood and the updated probability P(y|x) is the posterior. We can express the

posterior distribution as proportional to the product of likelihood and prior
distribution (P(y|x) o P(x|y)P(y))

Definition 1.29  The probability of 6 given data Xy, Xy, ..., X, is the posterior distri-

bution which is given by
_ L(0)7(6)

n(olx) =

(1.12)

where g(x) is the marginal distribution of X which can be calculated as

Y La(0)7(0),  in the discrete case
(©)

8(x) =
/ L,(0)7t(6)d6, in the continuous case
®

where O is a set of the unknown parameters of the distribution.

Definition 1.30 (Loss function) We call loss function, all function

L : OxA — R
0,6) +— L(6,0)

where A is the space for the actions (decisions) and J is a decision taken.
In summery, loss function measures the loss that happens when a decision is
taken. L(6,0) is negative means gain. A decision is said to be the best deci-
sion if it brings us zero loss. There exist different loss functions such as loss
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function absolute ( LAF ), squared error loss function(SELF), the Linex (linear-
exponential) loss function (LLF), the loss function 0 — 1 (LF), the weighted
squared error Loss function ( WSELF), the precautionary loss function (PLF),
the modified (quadratic) squared error Loss function (M/QSELF) and many
others. However, the most used ones are squared error loss function(SELF) and

the Linux (linear-exponential) loss function (LLF).

Definition 1.31 (Loss a posterior) Loss a posterior noted p(7t,0) is the mean of the
loss function with respect to the a posterior distribution. i.e

p(r,8) = E[L(6,0)] (1.13)
It is also called the risk a posterior.

Bayes estimator

Bayes estimators are evaluated using loss functions.

Proposition 1.9 ( Lehmann and Casella[17])  Bayes estimator 6™, associated with the
prior distribution 77(0) and the squared error loss function(SELF) is the a posterior

mean of 6.
Proof. By definition, Bayes estimator ¢’ minimizes the loss posterior function.
o(m,8) = E[(6 — 6)%] = E[#? + 6% — 264]

= E(6°) + 6% — 20IE(9)

Finding the derivative with respect to 6 and equating it to zero we get

dp([;"s) =26 — 2E(6) = 0 = 6™ = E(8)
d*o(7,d)
Tz’ =2 > 0 = ¢" is Bayes estimator. Bayes estimators under the remain-

ing loss functions are given in the table below
O
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Table 1.1 — Bayes estimators under different loss functions

Loss function Bayes estimator
LLF=L(9,0) = exp(a(d —0)) —a(d —0) — 1 | — L InE[exp(—ab)]
0—0 if0 >0 )
LAF=|0—-¢|= 5_0 if8<3s Median(0|X)
[0 if|e—-d|<e
LF—{ 1 if|6-5|>e Mode (0] X)
0—5)? _ _
WSELF:% (E(6~1|X))~!
PLF={=2" E(62]X)
M/QSELF=(1 — §)? E(0~1|X)

Example 1.3 It is believed that cross-fertilized plants produce taller offsprings than
self-fertilized plants. To obtain an estimate of the proportion 0 of cross fertilized plants
that are taller, an experimenter observes a random sample of 15 pairs of plants that are
exactly the same age. Each pair is grown under the same conditions, with some cross
fertilized. Based on previous experiment, the experimenter believes that the following
are possible values of 0 and that the prior probability for each value of 0 is 7t(0)

Table 1.2 — Binomial prior distribution

0 |0.80|0.82]|0.84| 086|088 ] 0.90
() | 0.13 | 0.15 | 0.22 | 0.25 | 0.15 | 0.10

From the experiment, it is observed that in 13 of 15 pairs, the cross-fertilized plant
is taller. The Likelihood of obtaining 13 taller cross-fertilized plants in 15 pairs com-

pared with the different prior values of 7 is given using the binomial distribution i.e
1

m(0) = 12 0'3(1 — 0)2. The summary of prior and posterior probabilities is given

in the table below.

Table 1.3 — Summary of posterior distribution using binomial prior

Prior value of 0 | 7t(6) | Ln(0) | 7t(6) x L, (6) (6] X)

0.80 0.13 | 0.2309 | 3.0017 x 102 0.11029
0.82 0.15 | 0.2578 | 3.867 x 10772 0.14208
0.84 0.22 | 0.2787 | 6.1314 x 1072 0.22528
0.86 0.25 | 0.2897 | 7.2425 x 102 0.2661

0.88 0.15 | 0.2870 | 4.305 x 10~? 0.15817
0.90 0.10 | 0.2669 | 2.669 x 1072 0.098064

Total 0.27217 0.999984 =~ 1.0

Bayesian estimate of 6 under squared error loss function is

0 = 0.84879 ~ (.85.
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The priors used in this case are informative priors, because they favoured certain
values of 0. For example if 6 = 0.86, the prior value of 0 is 7t(6) = 0.25 which is
higher than all the rest of the values. If there were no information or no strong prior
opinions, then we could select a non-informative prior, which would have assigned
equal prior probability of 1/6 to each of the possible values of 6.

Table 1.4 — Summary of prior and posterior probabilities using non informative prior.

Prior value of 6 | 77(0) | L,(6) | 7(6) x L,(0) | (8|X)
0.80 1/6 | 0.2309 | 3.8483 x 1072 | 0.14333
0.82 1/6 | 0.2578 | 42967 x 1072 | 0.16003
0.84 1/6 | 0.2787 0.04645 0.173
0.86 1/6 | 0.2897 | 4.8283 x 1072 | 0.17982
0.88 1/6 | 0.2870 | 4.7833 x 1072 | 0.17815
0.90 1/6 | 0.2669 | 4.4483 x 1072 | 0.16567

Total 0.2685 1.0

The Bayesian estimate for the non-informative prior § = 0.85173

Example 1.4 Suppose that a random sample X1, X1, ..., Xy, has a distribution with
probability density function(p.d.f)

flx) = { 6x?~1 ifx € [0,1]

0 otherwise
‘BIX
Suppose that the prior distribution 1t(0) = W@"‘_le_ﬁg, 8 > 0. Bayes estimator is
found as follows
n
Likelihood function L,(0) = 0" [ ]«97"
i=1
w(0]%) = )
o Lu(0)7(0)do
Qnﬁx.ﬂfl :B 60(7167/39
i=1 l F(Dé)
o[ [0t 0"t P
/0 E IoT(a)

First,

400 n IBIX ﬁ“ +oo n
/ O [0 L ov e P = Lo im1 / grtale(P-Lilinx)?gq
0 i=1 ! F(DC) r([X) 0

n
Let oy =n+wand By = p— ) Inx;
i=1
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It means that

feo M pE By e Dlar) [T By g
T [x0 1 -t—0* e Pldg = L ¢ Zillnxl—/ L1 _gm—l,=Pifg0
/0 El I'(a) T'(a) 1 Jo T(a)

B T F(OC1)

I'(a) 1

oo gM
because / 1 _gm—1lp=hOgp — 1.
o I(ag)

Thus
%e—z;‘:llnx,-gal—le—ﬁle
o
m(0]X) = B* T(ar) ,—y" Inx
T g ¢ =
So, N
1
7(01X) = a8 e P

n
which is a T (aq, B1) density, where xqy = n+w and p1 = p — Z In x;.
i=1

Using the squared error loss function, Bayes estimator

X n—+uw

O = T e
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2.1

A ONE-PARAMETER LINDLEY
DISTRIBUTION

The one-parameter Lindley distribution was introduced by a British statis-
tician Dennis Victor Lindley in the context of Bayesian inference as a counter
example of fiducial statistics (see Lindley[18]). This distribution is a mixture of

exp(f) and gamma(2, 6).

In the recent years, researchers have given Lindley a special attention for its
importance in modelling complex real life time and survival data. The detailed
study about its mathematical properties, estimation of parameter and applica-
tion showing the superiority of Lindley distribution over exponential distribu-
tion for the waiting times before service of the bank customers has been done
by Ghitany et al. [9]. Other researchers have introduced more flexible general-
ization of Lindley by compounding with other well-known distributions( see
for example Karuppusamy et al. [14], Hamed and Alzaghal [12] and the ref-
erences therein.) In this chapter we study the properties and characteristics of

the one-parameter Lindley distribution.

DEFINITIONS AND PROPERTIES

In this section, we give the definitions and properties of one-parameter Lindley
distribution.

Definition 2.1 (Density function) Let 0 > 0, the Lindley distribution with parameter
6, denoted Lindley (0), is defined by the density function (p.d.f):

2
f(x)zei_l(l—kx)eex x>0,0>0 (2.1)

A random variable which has a Lindley distribution is noted by

X ~ Lindley(0).
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Chapter 2. A One-Parameter Lindley Distribution

Proposition 2.1 The cumulative distribution function (c.d.f) of a random variable X

that has Lindley distribution is given by ;

0+1+4+0x _4
F(x)=1— L~ T 77,0,

(x) i1 ¢ ;x>0,60>0
Proof. Let X ~ Lindley(6)

F(x)—/x foae = 2 (1+t)e9fdt—i/x(1+t)eefdt
e o Jo 6+1 T 0+1Jo

By applying integration by parts, we have

/x(l + t)e 9dt = —1(1 +t)e ¥~ /x Ly
0 0 0 Jo 6

1 _ 1 1,
:—5(1+X)€ Gx—i—é—@(e Gx—l)

Thus

92
T o+1
0+1+0x

=1- e ™ 0
] e, x>0,0>0

F(x) [9 +1—0(14x)e % — e_g"}

1.0

1.2
1
0.5

1.0

0.0

0.8
Il

density
density

0.6

— theta=2
- —— theta=0,
— theta=1

-1.0

0.4
Il

0.2
Il
15

0.0
|

-2.0

(a) Density function (b) Cumulative distribution function

Figure 2.1 — Probability density and cumulative density function of one parameter Lindley
distribution for different values of 6
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Survival, hazard rate and mean residual life function

1. Survival function

We recall that the survival function of a random variable X is given by;

S(x) =P(X>x)=1-F(x)

Proposition 2.2 Given that X ~ Lindley(0). Its survival function is

S(x) = (w

—0x
01 )e ,0>0

Proof.
S(x) = P(X > x) =1— F(x)
(- () )

. 9+1+9x e_ex
N 0+1

25 3.0 35
Il Il 1

2.0

density

15

1.0

0.5
Il

0.0
|

Figure 2.2 — Graphical representation of survival function of a one-parameter
Lindley distribution for different values of 0
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2. Hazard rate function

The hazard rate function of a one-parameter Lindley distribution is the function
h defined by

62(1 + x)
hx) = 0+ 6x+1
62 . d 62(1 + x) ,
Remark 2.1 h(0) = f(0) = o1 aznd since a(h(x)) = i1t oy h(x) is an
increasing function in x and 6 and < h(x)<¥6

0+1

3. Mean residual life

For a continuous distribution with p.d.f f(x) and cumulative distribution func-

tion F(x), the mean residual life function is defined as

m(x) = E(X — x|X > x) = /xwu _F())dt.

The mean residual life function of a one parameter Lindley distribution is given

by

m(x (0+1+6t)e %dt

(x) = (9+1+9x —f’x/
{29+9x—l—1 e 0%

(9—|—1—|—9x —0x
_ Ox+20+1
00+ 1+6x)

e 1
Remark 2.2 For the exponential distribution of parameter 6, m(x) = ] and so the
m(x) of Lindley distribution shows its flexibility in fitting a wide range of data patterns

over the exponential distribution.

Mode

The mode of a one parameter Lindley distribution is given by;
1—

0 .
Mode(X) = 5 ifo<o<1
0 otherwise
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Indeed, let X ~ Lindley(6) with the probability density function f given by

(2.1) that is,
2

flx) = Qil(l+x)e_9x, x>0,6>0

The first derivative of f is defined

d 92 —0x
% (X):me (1—9—6.7():0
=1-1-060-0x=0
oy 18
0

3
f() 0 —— e ¥(1-0—-0x+1) <0
ﬂ 0+1

This is because the exponential function is always positive and 1 — 6 — 6x + 1

_ 2
TQ =1 > 0 and 6 > 0 which means that dd—xzf(x) < 0.

1-0 .
Mode(X) = - if0<6<1
0 otherwise

at a point where x =
Thus

2.1.3 Moment and its related measures

The r th moment of a one-parameter Lindley distribution.

Proposition 2.3 (Ghitany et al. [9])  The r th moment about the origin of the Lindley
distribution is given by the expression below.

rt@+r+1)

u,=FE(X") = TCEE r=12,... (2.2)
. 6 _ox e
Proof. For X ~ Lindley(9), f(x) = 9+1(1 + x)e " from the definition of

mathematical expectation, we have

—/Jroox’ 0 (1+x)e ®dx, 6>0, x>0
— 0 9+1 7 7 .
92

—+o00
= 71 /0 X" (14 x)e dx

02 oo —0x r—|—1 —0x
CH+1 Uo ax+ / } *
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Firstly, we have

+oor—9x 1 +oor—
/0 x'e dx:9T+1/() ye Ydy

I'(r+1)
91’—1—1
_rI(r)
- gr+1

so,

+oo 7!
/ x'e P dx =
0 6"+

Secondly,

+o0 B 1 +o0 B
/0 xr+1e Gxdx — 974‘2/0 yr+le ydy
I'(r+2)
9r+2
 (r+ DI +1)
- Qr+2

SO,

+o0 + |
r+1 _ —0x (1” 1)'
/0 X' e M dx = 912

0 [t (r41)!
C0+1 _9r+1+ gr+2

0 [T 0 (e 1)1
C0+1 i gr+1gr+2

B 0310+ 7 +1)

(9 + 1)9r+1 (6r+2)

(0 +r+1)
o er(6+1)

Then,

r(0+r+1)
* r
vre N, B(X) = e
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Chapter 2. A One-Parameter Lindley Distribution

With this expression, we can be able to find all the moments of different orders

of a one parameter Lindley distribution. Particularly, we have

r 0+2 .
Mi=%0+1) — "
, 2(0+3)

M2 = 291y
. 6(0+4)

M3 = p3ig 1)
/240 +5)

=T ete
Ha = a9 1) &°

The central moments of a one-parameter Lindley distribution are;
k £ kY k
= B(X =) = 1 (D)ot
r=0

In particular, we have

02 +40 2
H2 = g 112
2(6° + 60% + 2)

B3 = 30+ 1)3
_3(3604 +246% + 446 + 320 4 8)
Ha = 040+ 1)*

The coefficient of variation, Skewness and Kurtosis are :

V02 146 +2
)
VB = 2(6% + 667 + 60 + 2)
Pr= (62 + 46 + 2)3/2
| 3(360% +246° + 4462 4 326 + 8)
Pz = (62 + 46 +2)2

2.1.4 The characteristic function.

The characteristic function ¢x(t) of the one parameter Lindley distribution is

given in the following result.

Proposition 2.4 (Ghitany et al.[9])  Let a random variable X ~ Lindley(0). Its char-
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acteristic function is given by;

0RO —it+1)
ox() = @i ne—ap

where i is the imaginary number.
Proof. We recall that for any t € R and X ~ Lindley(6),
Px(t) = E(e")
- /O+oo eitx%(l + x)e " dx

92 e itx —0x
gbx(t)ze+1 5 e (1+x)e "dx (2.3)

Let u(x) = 1+ x and v (x) = (=9, By applying integration by parts we have

oo ' 1 1
1 (it—0)x _ _
/o (1+x)e it—6  (it—0)y

Thus,

02 —(it—0)+1
¢X(t)_9+1( (it — )2 >
02(6 — it +1)

(0 +1)(0—it)?

The moment generating function

Proposition 2.5 (Ghitany et al.[9]) The moment generating function of a random
variable X ~ Lindley(6) is given by

0 t
Mx() = 5= {1+ (0+1)(6—1)
Proof.
400 2
Mx(t) = /0 efxgi_ 1(1 + x)e " dx
92 400
_ (t—0)x
i1 /0 (1+x)e dx

38
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Using integration by parts with u = 1 4 x and v = e(t*9)x,

+o00 1 +o0 1
(t=0)x 7, _ (t—0)x74o00 (t—0)x
/o (1+x)e dx t_6(1+x)e I /0 —a¢ dx
1 L 1
S 0—t  (t—0)%

forallt <6
Thus,

02 1 1
Mx() = 557 {9_t+ (t—())z}
B [ 0%(0—t)+6
0—t _(9—!—1)(0—1‘)]
0 [ 62—-0t+96
t (6+1)(6—t)]

0 t
o1 1+(e+1)(e—t)]

(s

o)

2.1.6 Lorenz curve

A Lorenz curve is one of the measures of the variability of a statistical series.
It is a cumulative percentage curve that was first introduced by Max Lorenz.
These curves are generally used to measure the variability of the distribution
of income and wealth. Hence Lorenz curve is the measure of the deviation of
the actual distribution of a statistical series from the line of equal distribution.

Remark 2.3  If the distance between the Lorenz curve from the line of equal distri-
bution is more, it means that there is more inequality or variability in the series and

vice-versa.

Definition 2.2 The Lorenz curve of a positive random variable say X is defined as the

graph of the ratio E(X|X < 5)F(x)
x)F(x
LFO) = =g
For X ~ Lindley(0),
246 —0x /2
E(X|X <x)F(x) = 0(911) - 96+1 (5+1+2x—|—9x+9x2).
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Thus from the above definition,

24060 0(6+1) 00+1) _p (2
L(F(x))—6(0+1) ) —(6+2)(9+1)69 <§+1-|-2x-|—6x+0x2>

_ 0 —0x 2 2
=1 9+Ze <§+1+2x+6x+9x)

Stochastic ordering

Stochastic orders have been used in different areas of probability and statis-
tics.The simplest way of comparing two distribution functions is by comparing
their the associated means. However, such a comparison is based on only two
single numbers(the means), and therefore it is often not very informative. The
most important and common stochastic orders that compare the magnitude of
random variables are the stochastic order, hazard rate order, the mean residual

life order and the likelihood ratio order.

We recall some basic definitions.

Let X and Y be two random variables. A random variable X is said to be

smaller than a random variable Y in the
e stochastic order (X <4 Y) if Fx(x) > Fy(x) for all x.
e Hazard rate order (X <, Y) if hx(x) > hy(x) for all x.
e Mean residual life order (X <,,;; Y) if mx(x) > my(x) for all x.
e Likelihood ratio order (X <;, Y) if (fx(x))/(fy(x)) decreases in x.
The following implications are well known.
(X<pY)=> (X< Y)= (X< Y)

\
(X Sst Y)

Theorem 2.1 (Ghitany et al.[9]) Let X ~ Lindley(6,) and Y ~ Lindley(6,) . If
01 > 0, then X <;, Y and hence X <, Y, X <,y Y and X <4 Y.

Proof. Note that

x)= 1= "“p x>0
9%(91 + 1)

fx(x) _ fX( ) = 9%(92+1) (62—61)
fr(x)  fy
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Finding the derivative of this ratio we get

!/

fx _ 07(02+1) (9,0,
(f_y) (x) = (62 —91)(9%((91—+1)€(6 %)

—a o Sfx()
= (92 Gl)fy(x) .

/

Since 6, > 60;, (%) (x) <0 then (J%) is decreasing in x. That is likelihood
Y Y

ratio order (X <;, Y). The remaining statements follow from the implication
given in the above theorem.
This result also holds for the exponential distribution. O

Sums, products and ratios

For the distribution of sum, product and ratio of two independent random
variables X and Y having Lindley distribution with parameters 0; and 6, re-
spectively see Ghitany et al.[9]

The quantile function

Let X be a random variable which has Lindley distribution with (c.d.f) F. Its
known that F is strictly increasing so the quantile function Qx = F~! which
expression depends on the Lambert W function.

Lambert W function

The Lambert W function has attracted a great deal of attention beginning
with Lambert in 1758 and Euler in 1779. It is a multi-valued function complex

function defined as the solution of the equation:
W(z)exp(W(z)) =z,

where z is a complex number.

If z is a real number such that z > _71 then W(z) becomes a real function
and there are two possible real branches. The real branch taking on values in
] — o0, —1] is the negative branch denoted by W_; and the real branch taking
on values in [—1, 0] is the principal branch denoted by Wjy. This equation has

1
two possible solutions if z € [_E’ 0] and a unique solution if z > 0.
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1
The negative branch has the following elementary properties: W_1(— E) = -1,
W_1(z) is decreasing as z increases to 0 and W_q(z) — o0 as z — 0.

Proposition 2.6 (Ghitany et al.[g]) Let X be a one parameter Lindley random variable

with cumulative distribution function F. The quantile function of X can be written as

Qx(u) =F '(u) = -1— g a1 {(9 Jjgiﬁl)_ 1)} ,

where 0 < u < 1 and W_y is the negative branch of Lambert W function.

Proof. We have

_0+1+9x€_9x_
0+1 N

= —(0+1+0x)e ™ =wu—-1)(0+1)
= —(0+1+40x)e e OF) — o= (+1)(;; _1)(941)
= —(0+1+0x)e 01 ==+ _1)(9+1)

Fx(x) =u=1

By use of the equation W(z)exp(W(z)) = z, we conclude that — (0 + 1 + 0x) is
the value of W at (1 —1)(6 + 1)~ then

6+1)(u—1)
e(0+1)

FX(x):u:—(G—I—l—I—Ox):W{( ],O<u<1

since VO > 0, Vx >0, 0 +6x+1 > 1then —(0+1+06x) < —1 this implies
—(0+1+6x) €] — oo, —1] and so,

0+1)(u—1
Fx(x) =u= —(0+1+60x)=W_4 {( e(gil) )}
which implies that, 0x = -0 —1—-W_4 {(9 +61(9)i?)_ 1)} then
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Exponential family of distributions

An exponential family is a concept in statistics and probability theory. It is

defined by probability density functions that can be expressed in the form:

f(x,8) = D(x) exp [5(). T(x) — B(6)]

Here the 77 and B are real-valued functions of the parameters and T is a real-
valued statistics (see Lehmann and Casella[17]).

It can be easily seen that the one parameter Lindley distribution belongs to
the exponential family by rewriting its probability density function as

02

flo) =150 +x)e” ™ = D(x) exp [51(8). T(x) — B(6)]

where n7(6) = -0, T(x) =x, D(x) =1+xand B(f) =In (1;29) :

The exponential family is so essential in different fields such as statistics and
can used in Bayesian estimation while choosing the prior distribution.

ESTIMATION OF THE PARAMETER

In this section, we shall consider the estimation of the parameter 6 of the
one-parameter Lindley distribution by using method of moments, maximum

likelihood and Bayesian approach.

Method of moments

Given a random sample X1, X», .., X;, of size n from the one parameter Lindley
distribution, the estimator of the parameter 6 by the method of moments is

given by;
6 —(X—1)+\/§X—1)2+8X’ %0
2X
Since
X = _0r2 which means that 6(0 +1)X = 6 + 2. Thus
6(60+1)

X*+(X-1)0-2=0
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Thus

—(X—-1)++/(X-1)2+8X
X > 0. The following theorem shows that the estimator of 6 is biased.

Theorem 2.2 (Ghitany etal.[g])  The estimator 0 of the parameter 8 is positively biased,
ieE(8) —0 >0

—(t=1)++/(t—1)2+8t

Proof. Let = g(X) where g(t) = T

, £>0.

Since

" 1 317 +15t* + 9t + 1
8 (t) = t_3 1 3
[(t—1)2+8t]2
g(#) is strictly convex. Thus by Jensen’s inequality which states that for a convex
function, the function’s value of the expectation of a random variable X is
less or equal to the expectation of the function’s values at points specified by

the random variable (f(E(X)) < E(f(X))). That means we have E(g¢(X)) >
¢(E(X). Finally, since g(E(X)) = g() where ji = —o 12

0(0+1)
S(ER) =8 (garery) =
thus we obtain E(8) > 6). O

Method of Maximum Likelihood

Given X; ~ Lindley(6), for i = 1,2,..,n random samples of size n, the log-
likelihood function is given by;
n —_
ly(0) =2nIn6 —nin(6+1) + Y In(x;1q1) — n6X.
i=1
The maximum likelihood estimator of the parameter 6 is the solution of the

equation given below

al,(0) 2n
=X = .
90 0 0+1) 0 (24)
By solving this equation we obtain
A — — X — 2 _—
g XD+ VIXZ1PHEX o
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20,(0) —2n & x?
ith = — E L )
wit 502 o2 L (9xi 0)2 <0

Remark 2.4  The method of moments and method of maximum likelihood estimators
of the parameter 0 are the same.

Theorem 2.3 (Ghitany et al.[g])  The estimator 0 of the parameter 6 is consistent and
asymptotically normal.

V(@ —0) gN(O,%).

The large sample 100(1 — )% confidence interval for 6 is given by

é:l:Za/z.

1
Vno?
where z, 5 is the 1 — (a/2) percentile of the standard normal distribution.

For the proof see Ghitany et al. [9]

Bayesian Estimation of Lindley distribution

In this section, we use Bayesian procedures to construct the estimators of the
unknown parameters of Lindley distribution see ( Ali et al. [1] and Metiri et al.
[19]). We use Linex loss function to find the Bayes estimator which is defined
as

A A

L(6,0) =exp(a(d—0)) —a(d—0)—1,a#0 (2.5)
Under this function, Bayes estimator

A

OLin = —%ln[]E[exp(—aG)]] (2.6)

when the expectation [E[exp(—af)] exists and is finite.

The posterior expectation of the Linex loss function p is got as follows

p = E[L(6,0)] (2.7)
— E[e"00) —g(§ —0) —1] (2.8)
= ¢E[e=) — a[d — E(0)] - 1 (2.9)
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Posterior distribution using extension of Jeffrey’s prior

This prior is assumed as non-informative prior for the parameter 6. It is given
by

nC
m(0) = kﬁ’ 6, c>0 (2.10)

The posterior distribution for the parameter 6 is

02— oy " x;

L,(0)7(8 o) ¢
7(0]X) = —— 0)®) +o§ ;(3_C) e (2.11)
Jo T LiO)n(O)d0 [ B O e

Using the Linex loss function, the corresponding Bayes estimator of the param-
eter 0 is

A

OLin = —% In[E[e]]

and

—+00
E[e] — / e~ 77(0]X)d6
0

00 g2(n—¢) _g(a4y  x;
— fo (9+1)ne | - l)deB
f+oo g2(n—c) 679 Z?:O X;

0 (41"

Posterior distribution using gamma prior

Assuming that the prior information is gamma with parameters &, 3,

m(0) = %6“‘16_59

The posterior distribution using gamma prior is given by

2n+a—1 n . &
e PG T (14 )

“+o0 g2n+a—1 _ n . &
o Sarre (mzlzl’“)e%ﬂ?ﬂ(lﬂi)

m(6|X) = (2.12)

The corresponding Bayes estimator of the parameter 6 under Linex loss func-

tion is given by
A 1 _
Brin = — - In[E[e™"]

where

f+oo 92n+a—1e_(a+,3+):?:1 xi)G% H?:l(]‘ —|—xi)d9

_ too 0 (6+1)"
Bl = [ e n(eix)an = P O T
0 N %e—wmzm)e% L (1+x;)d6
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Posterior distribution using inverted gamma prior

The inverted gamma prior represents the reciprocal of a variable distributed

according to gamma distribution. It is observed that if X has an inverted

1
gamma («, ) distribution then X has a gamma («,8) distribution. The in-

verted gamma distribution is given by

afP 1

WWE_(?;), a >0, ‘B >0, 6 >0 (2.13)

(6) =

The posterior distribution of the parameter 6 using the inverted gamma prior

is given by;
g2n Pl 40y x;
—e ] i=1"*1

(64+1)"
m(8]X) = —
oo g2n—p-1 _7_9
0 (@rnr¢ L1 vidg

Bayes estimator of the parameter 6 under Linex loss function is

frin =~ In[E(e™™)

where o gt
00 gsn—p— —&_9 + 7,17 i
B N = Ve
IE[(,’ ]: ~+o00 92n p—1 _7_92 xd@
Jo e =

It is observed that of all these prior distributions assumed, there is no simplest
form of all these integrals in order to find Bayes estimator. However, there
are various methods suggested to approximate the ratio of integrals of which

among these methods Lindley(1980) is the simplest.

Lindley approximation

Lindley approximation approaches the ratio of the integrals as a whole and

produces a single numerical result.

If n is sufficiently large, according to Lindley (1980), any ratio of the integral of

the form
e wpaz>+gwﬂw
Joexpltn(0) + g(0)]d0

where 11(6) is a function of 0 only, ¢,(6) is log of likelihood function of Lindley

(2.14)

distribution and g(6) is log of prior of 6
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I(x) = p(0) + 0.5[(figp + 2fi0 Po) 0ve) + 0.5((1100%0) ({no00000)]

where
0 is the maximum likelihood estimator of the parameter 0. we have

0= o , X >0,
. ou(d) 2u(f) og (0 020,(0) 1
flo = Z;(é), floo = ;l@(z ), Po = ga(é)’ lngo = —agz ), Oop = T and
R 030(0) : . o
Coppp = Y For the Bayes estimates of Lindley distribution,

Jo % explla(8) + g(6)]d0

Estimation of the Parameter
Case of the Extension of Jeffrey’s prior: Using the extension of Jeffreys
prior and following the steps explained above we have u(f) = e %,

n n
0y(0) =2nIn6 —nIn(1+6)—0) x;+ Y In(1+x;), g(0)=cln(n)—2cIno,
i1 =1

R A 2c N —2n n
L —ab N 2 —ab o _ _
flg = —ae a , Hog = —ave a ; Po = _?/ EnGG - 62 + (1+9)2’
62(1+0)? . 4 2
(7'?99 = ( + ) and gnggg = _1’1 — " Thus

2n(1+ 60)2 — n6?’ 3 (1+06)3

_ab 4c 02 (1+0 2
ae a—+ — 72

Elexp(—af)|X] = e~ + 05 ;

~ ~ 2
—0.5|ae (4_11 L ) 62(1+6)°
' 03  (1+0)3) \2n(148)2 —no?

Thus Bayes estimator under Linex function and using extension of Jeffreys prior

is

. 1 4 s 4¢ 02(1+6)2
0, =—-In|le ™ +05 |ae ™ (a+ = _ .
b g ( b >2n(1 +0)2 — né2

B b (4n  2n 02(1+6)2 2
0.5 [ae (93 T é)3> <2n(1 e n92> ] ] (2.15)

Case of the gamma prior : Using the same steps mentioned above, for the
gamma prior we find
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n n
u(@) = e, ,(0) = 2nlnf — nin(1 + 6) — szi + Zln(l + x;),
i=1 i=1

¢(0) = alnp —InT(a) + (x — 1)In@ — B0, fig = —ae 0, fgg = —a2e
a—1 - —2n n 62(1 + 6)2
A — _ _ , /g — — + —~ , U'A = — 7S ~ and
& g Pt = T T g 162 — 2n(1 + )2
I 4n  2n
0 = T

2naf2e=0 (1 + 0)4(—2(1 + 0)3 + 65)
n263(1+ 0)3 (6% — 262(1 + 0)2 + 4(1 + 64))

—ab N2 (4203 13 (5 — 3 )2 N
e (1 4 0)2(a20 +2a99(zx 1)) +63p(1+6) (@ — 201+ 8)?)
n

Elexp(—af)|x] = e~ + 0.5

+05 (2.16)

Substituting this equation in equation (2.6 ), we can be able to find Bayes
estimator using gamma prior.
Case of the Extension of inverted gamma prior: The same way, Bayes estimator

using inverse gamma prior

A A A 1 A21 )2
B —— Lin|e=® 405 a(a_2)€a6<i_,3+ ) P10
a 02 0 2n(1 + )2 — n62

02(146)2 2
1 ( ) n@z) (2.17)

- [”e_a%% e iné)?’) Garap -

Simulation

In this section, we embark on a journey to explore the simulation of a one pa-
rameter Lindley distribution. By simulating data from this distribution, we aim
to gain insights that can enhance its practical ability and inform decision- mak-
ing processes. Throughout this exploration, we will use simulation techniques
to generate data sets that follow the one parameter Lindley distribution. There
exist different methods for generating random data from different probabil-
ity distributions such as the inversion method, rejection method, Monte Carlo
Markov chain method (mcmc) such as metropolis-Hastings and Gibbs sam-
pling among others ( see Ross [24] or Ortgiese et al.[21] ). Since F(x) = u, where
u is an observation from the uniform distribution (0, 1), can not be solved ex-
plicitly in x, the inversion method for generating random data from the one
parameter Lindley distribution fails. However, we can use the fact that the
Lindley distribution is a special mixture of Exponential (f) and gamma (2,6)

distributions:
f(x) =pfi(x) + (1 -p)fa(x), x>0, >0,
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where p = %, fi(x) = 8% and fo(x) = 6%xe %%,

To generate random data X;,i = 1, ..., n from the one parameter Lindley distri-
bution with parameter 8 we have the following algorithm:

1. Generate u; ~ uniform(0,1), i =1,...,n.

2. Generate v; ~ exponential(0),i =1, ..., n.

3. Generate w; = gamma(2,60),i =1, ..,n.

4. ifu; <p= %, thenset X; =w;,i =1,...,n.
For the program of this simulation see the annex.
We can also be able to generate random data from the one parameter Lind-
ley distribution using metropolis-Hastings while using exp(6) as the proposal

distribution.

Simulated Lindley distribution Simulated Lindley distribution

1.0

I
=

0.8

Density f(x)
1 1
Density f(x)
0.4 0.6
1

0.2
I

0.0 0.2 0.4 0.6 0.8 1.0 12 14

L
0.0

0.5 1.0 15 20 25 3.0 0 1 2 3 4

o
5}

(a) (b)

Simulated Lindley distribution

1.0

0.8

Density f(x)
0.6
1

0.4

0.2
I

0.0

(©
Figure 2.3 — Histograms of simulated values of one parameter Lindley distribution for different
values of n using the fact that Lindley is a mixture of Exponential and gamma distributions for
0 = 2.0: (a) n=100, (b) n=1000 and (c) n=10000
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Simulated Lindley distribution

0.8

Density

0.4
1

0.2

0.0
L

Density

0
=

—

Density

Simulated Lindley distribution

[

Simulated Lindley distribution

(©)

Figure 2.4 — Histograms of simulated values of one parameter Lindley distribution for different
values of n using Metropolis-Hastings algorithm for 6 = 2.0 : (a) n=100, (b) n=1000 and (c)
n=10000

To test the performance of this simulation method, we generate datasets of

sizes 40, 100, and 500 of Lindley distribution with the parameter 6 = 2, we will

tit these data to the Lindley distribution using maximum likelihood estimation

(MLE) to estimate the parameter. To verify the quality of this fit, we will use

the Kolmogorov-Smirnov (K-S) test. The p-value from the K.S test will also be

calculated to assess the statistical significance of the fit. The results are reported
in the table bellow.

n | Estimate of Parameter 6 | K—S | p-value
40 2.0438 0.087195 | 0.8954
100 1.98846 0.071565 | 0.685
500 1.990628 0.03106 | 0.7202
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Across all sample sizes, the estimated 0 values are very close to the true
parameter value 2, indicating that the maximum likelihood estimation (MLE)
method accurately captures the parameter of the Lindley distribution. The K-S
test statistics are consistently low, and the p-values are all well above the typical
significance level (e.g., 0.05), suggesting that we consider the null hypothesis
that the data follow the Lindley distribution.

These results collectively demonstrate that the Lindley distribution provides
an excellent fit to the simulated data across various sample sizes. The high p-
values indicate that the observed differences between the empirical distribution
and the fitted Lindley distribution are not statistically significant, affirming the
robustness and reliability of the MLE method for estimating the parameter of
the Lindley distribution.
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3.1

THE TwO-PARAMETER LINDLEY

DISTRIBUTIONS

A TWO-PARAMETER LINDLEY DISTRIBUTION

The one-parameter Lindley distribution does not provide enough flexibil-
ity for analyzing different types of lifetime data because of having only one
parameter. To increase the flexibility for modelling purposes it will be use-
ful to consider further alternatives of this distribution. In this section, we are
interested in a two-parameter Lindley distribution studied in Shanker et al.
[27], of which the Lindley distribution (2.1) is a particular case. For other two-
parameter Lindley distribution see Shanker et al. [26].

A two-parameter Lindley distribution with parameters a and 6 is defined by

its probability density function(p.d.f)

2

0
f) = 5o (A ax)e™, x>0,0>0 a> -0 (3.1)

At « = 1, the two-parameter distribution reduces to one parameter distribu-
tion and at & = 0, it reduces to an exponential distribution with parameter 6.
This probability density function of two-parameter Lindley distribution can be

shown as a mixture of exp (0) and gamma (2, 0) distributions as follows:

f(x)=pfi(x) + (1 —p)fa(x) (3.2)
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62 _ _
where p = Tra fix) =0e % and fo(x) = 92x629x.
The first derivative of p.d.f is obtained as f (x) = 5 3_ . (v — 6 —aBx)e % and so

/

f (x) =0 gives x = lxlx—_ee. From this it follows that for 0 < «, xg = £ is the

unique critical point at which f(x) is maximum. Also for 6 > «, f /(x; a,0) <0
i.e f(x) is decreasing in x. Therefore, the mode of the distribution is given by

o —0

Mode(X) = «f
0 otherwise

iff <«

0.25
I
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I
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— theta=0.3, alpha=0.9
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1
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Figure 3.1 — Probability density function of a two-parameter Lindley distribution for different
values of 6 and «

The cumulative distribution function (c.d.f) of the two-parameter Lindley dis-

tribution is given by

0 +a+ zx@xe,@x

F(x)=1 0t a

, x>0,0>0 a>—0 (3.3)

Survival, failure rate and mean residual life functions

The survival function of the distribution can be expressed as

0+t a@xe_Gx

S(x) = bt a , x>0,06>0, a>—0 (3-4)
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The corresponding failure rate (hazard) function i(x) and the mean residual

life function m(x) are given by

2 ox
h(x) = 6-(1 4 ax)

_m,x>0,9>0,06>—9 (3'5)

m(x) = 0+ 20 + Bax
~0(0+ a+ Oax)

(3-6)

It is obvious that /(x) is an increasing function of x,« and 6, whereas m(x) is a
decreasing function of x, &« and increasing function of 6. The failure rate func-
tion and mean residual life function of the two parameter Lindley distribution

show its flexibility over one parameter Lindley distribution.

Statistical properties
1. Moments
The r th moment ],t; of a two parameter Lindley distribution can be obtained as

i =E(x) = U +91r)((99jf)+ &)

=1,2,... (3.7)

Indeed, Taking r = 1,2,3, and 4 in (please write here the number of the equa-
tion of the expression of mean given above), the first four moments are obtained

as

/ 0 + 2« o 2(04+30) 0 6(0+4a) o+ 24(0+5w)

1:—

00 +a) 2T 201 BT B0 ra) T Wt (3.8)

We verify easily that for « = 1, the moments about the origin of the two param-
eter Lindley distribution reduces to the moments of the one parameter Lindley

distribution. The central moments of this distribution are

02+ 400 + 202 2(6° + 60%a + 60a% + 2a3)

M2 = "gg )z 2 17 3(0 + a)3 /
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and
 3(30* 4 2463 + 240%x + 200%a* — 880a> + 1200a> + 8at)
Ha = 04(0 + o)
It can be easily verified that for « = 1, the central moments of the two-

parameter Lindley distribution reduces to the central moments of the one-
parameter Lindley distribution. Thus the coefficient of variation , skewness
and kurtosis noted as 7y, /81 and B3 respectively of the two-parameter Lindley

distribution are given by

V0?2 + 40 + 242
- 0+ 2« (3.9)
_2(6° + 602 + 600> 4 20%)
VL= T G2 d0n 1 202)372 (3-10)
3(360% + 246%x + 240%a + 200%a® — 880a° + 12004 + 8at)
B2 = (3.11)

(02 4 460 + 2a2)

The two-parameter Lindley distribution is positively skewed since its mean is

greater than its mode.

2. Stochastic ordering

Theorem 3.1 (Shanker etal.[27]) Let X ~ Lindley(a1,01) and Y ~ Lindley(ay, 67).
If 01 = ap and 61 > 6 (or if 61 = 6 and a1 > ay), then X <;, Y and hence

X<p Y, X<yn Y and X <g Y.

Proof.

fx(x) — (9_1)2 (02+“2) <1+tx1x) e~ (O1=0)x. S
fy(y) 0, 01 + aq 1+ aox ’

fx(x) al n b2+ 2 n —In — (0 —
lnfy(y)—21n<02>+1 (01+“1>+1 (1+a1x) —In(1 4+ apx) — (01 — 62)x

Thus

ilnfx(x) . 1 1

ox " A(y)  1tm(x) Lrax | (62 — 61)
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d fx(x) _ (ap—aq)x N
xRy T OFmn)d+agn 270

Case(i): If a1 = ap and 61 > 6;, then

ax  fr(y)
which means that X <;, Y and hence X <, YV, X <,y Y and X < Y.

case(ii): If 01 = 6, and a1 > ay, then

9 fx()

ox  fr(y) <0

which means that X <;, Y and hence X <, Y, X <,y Yand X < Y.

3.1.3 Order Statistics

Let X1, X, ..., X;; be a random sample of size n from two-parameter Lindley
distribution 3.1. Let X(1) < X() < ... < X(;) denote the corresponding order
statistics. The p.d.f. and the c.d.f. of the k th order statistic, say Y = Xy, are

given by

" Fr(y) = ];k (5)Fwa-Fuy
LR () () e
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respectively, for k = 1,2,3,...,n. Thus, the p.d.f. and the c.d.f of the k th order

statistics of the distribution of density (3.1) are obtained as

192 —6x  n—k ;s _ k-1
n!6=(1+ ax)e 5 (n k)(—l)z " [1 B oc+9+tx9xegx]

hﬁ”:(a+9ﬂk—mwn—ﬂlbo I x+6

and

Fy(y) = ing—f (n> <n l_]> (—1)! {1 _ %e_ex}jﬂ

Estimation

1. Maximum likelihood estimates

Let xq,x2,....,x, be observations from a random sample X of size n from a

two-parameter Lindley distribution. Its likelihood function is given by

92 n P
Ly(a,0) = (9—|—(x) e "X TT(1 + ax;)
i=1

Taking natural logarithm of likelihood function we get

n
Cn(a,0) = nIn6* —nln(0 +a) —n6X + Y In(1 + ax;)
i=1

Finding the derivative of the log likelihood function with respect to 8 and then

with respect to & we get these two equations

(e, 0) _2n m

90 o ora "7V

and
dln(a,0) n k xXi
on __9+oc+21+ocxi_

i=1

From the derivative of log likelihood function with respect to 6, it is clear that

0+ 2«

X:9w+a)
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which is the mean of the two-parameter Lindley distribution.These two equa-
tions do not seem to be solved directly thus opting for fisher’s scoring method
that iteratively updates the parameter estimates based on the first and second

derivatives of the log-likelihood function until convergence is reached.

We have,
Pla(w,0) 21 L
202 62 (9tar’
0%0y(a,0)  *p(a,0)  m lo(a,0)  n x2
000x  owdd  (0+a)?’ o2 (0+a)? = (1+ax;)?

The following equations for # and & can be solved.

%ln(a,0) 9*0u(w,0) 5o 9l (a,6)
862 a@atx — Yo _ a—e
020, (a,8) 0%0,(w,0) - i — ag 9l (a,0) ) (3.12)
89806 a(xz U o =0p
&= &o &= 1 %)

where 6y and ag are the initial values of 6 and a respectively. These equations

can be solved iteratively till close estimates of § and & are obtained.

2. Estimates from moments

Using the first two moments about the origin of the two parameter Lindley

distribution, we have

Hy _ k(say) = 2(60430)(0 +a)
u (6 + 2a)?

taking 0 = ba, we get

y_’z_z(b+3)(b+1)_zb2+8b+6_k
W (b+2)?2 b2 4b+4

This gives
(2—k)b*+4(2—-k)b+2(3-2k) =0
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which is the quadratic equation in b. Replacing the first and second moments
by their respective sample moments,an estimate of k can be obtained. Again,
substituting 6 = ba in the expression for mean of the two parameter Lindley

distribution,we get
b+2

A= ab(a+b)’

thus an estimate of « is given by

and finally, an estimate of 6 is obtained as
§_ b+2\ 1
- \b+1/ X

Simulation of two-parameter Lindley distribution

In this section, we simulate the two-parameter Lindley distribution for N =
10000 using Metropolis-Hasting Algorithm and the fact that the density of this

distribution is a mixture of exp () and gamma (2, 6) for =2

Simulated two—parameter Lindley distribution simulated two—-parameter Lindley distribution

15

05

05

0.0

0.0

[ 1 2 3 4 [ 1 2 3 4

(a) Metropolis Hastings method (b) Using the sum method

Figure 3.2 — Histograms showing two-parameter Lindley distribution: (a)N = 10000, 6 = 2
and (b) N = 10000, 6 =2,0 =2
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A TWO-PARAMETER WEIGHTED LINDLEY DISTRIBUTION

The one parameter Lindley distribution has been generalized by several au-
thors to increase its flexibility in the survival analysis data . One of these gener-
alizations is the two-parameter weighted Lindley distribution which was pro-
posed by Ghitany et al. [10] by considering a normalising constant and a suit-

able weighted function.

When an investigator records an observation by nature according to certain
stochastic model, the recorded observation will not have the original distri-
bution unless every observation is given an equal chance of being recorded.
For example, suppose that the original observation xp comes from a distri-
bution with probability density function(p.d.f) fo(xo;61), where 6; is the pa-
rameter vector, and that observation is re-weighted by a weighted function
w(x; 6) > 0,0, is a new parameter vector, then x comes from a distribution
with (p.d.f)
f(x) = Aw(x; 02) fo(x; 01)

where A is a normalizing constant. Distributions of this type are called
Weighted distributions. The study of weighted distributions is useful as it pro-
vides methods of extending distributions for added flexibility in fitting data.

In this section we are interested in the origin two-parameter weighted Lindley

studied by Ghitany et al. [10], for other models, see Asgharzadeha et al. [3].

We consider a two-parameter Lindley distribution with p.d.f

f(x) =Bx*1fy(x; 8),x >0, a>0,0>0

x—1
where B = (Gftxw(f) + 1) is a normalizing constant and
92
fo(x:0) =5 - -1 +x)e %, x>0,60>0.
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Thus the probability density function of a two-parameter weighted Lindley

distribution is given by

9a+1

flx) = Wx“—l(l +x)e %™, x>0,4>0,60>0, (3.13)

where T'(x) = / y*le7Vdy, « > 0, is the gamma function. The p.d.f (3.13)
0

can be expressed as a two component mixture.

F(x) = pfilx) + (1 = ) fa(x), where p = 57— and

9a+j—1 ,
fi(x) = 1"(1x—|——j—1)x“+]72€79x’ x>0, «a>0, 06>0, j=1,2

is the probability density function of gamma distribution with shape parameter

a4 j — 1 and scale parameter 6, denoted by I'(a +j —1,60), j = 1,2.

Structural properties

In this section, we present the structural shape properties of the density, mo-
ments, hazard, survival and mean residual life function of a two-parameter

weighted Lindley distribution.

1. Probability density function

At x = 0 and x = oo, the behaviours of the probability density function of the

weighted Lindley distribution f(x) respectively are given by

00 if o <1,
0={ % (20) =0
= 1 — o) =
f i1 ifa=1, f
0 if « >1,
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Theorem 3.2 ( Ghitany et al. [10] )  The probability density function of the weighted

Lindley distribution is
(i) decreasing if {8 < a <1:(0+a)>—40 <0}or{a <1,0 > a}
(ii) Unimodal if {a = 1,0 < 1} or {a > 1,6 > 0}.

iii) Decreasing-increasing-decreasing if {0 < o < 1: (0 + )2 — 46 > 0}.
g g g

20
|

15

—— theta=0.5, alpha=0.1
—— theta=1.0, alpha=0.5
— theta=2.0, alpha=1.0

— theta=0.5, alpha=1.0
—— theta=0.5, alpha=2.0
—— theta=2.0, alpha=2.0

density
1.0
density

0.5

00 05 1.0 15 20 25 3.0 35

(a) (b)

Figure 3.3 — Probability density function of two-parameter weighted Lindley distribution :(a)
0=05a=10=05a0a=20=2a=2 (h00=05,0a=01,0=1,a=05
0=2,a=1

The r th moment of the weighted Lindley distribution is given by

u, =E(X") = p/ooo x" fi(x)dx+ (1—p) /OOO X' fo(x)dx = (6 ;?9173(1;1{?9—; r),r =1,2,..

Therefore, the mean and variance of the weighted Lindley distribution, respec-

tively are
ra(@+a+1) o, (a+1)(0+a)?— 062

H= g0+ 127 02(0 + )2
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2. Survival function

The fact that the probability density function of the two-parameter Lindley

distribution is a two component mixture, the survival function S is given by

S(x) = P(X>2) =p [ AW+ 1 -p) [ )y

0+ a)T(a,0 fx)%e— 0%
_( M)((:;g;of)xw x>0,0>0,0>0

where T'(a,0x) = . y* e Vdy, « > 0, 6x > 0, is the upper incomplete

gamma function.

f(x)
5(x)

Now, the hazard function which is defined as h(x) = of the weighted

Lindley distribution is given by

9a+1xo¢—1(1 +x)e—9x
(0 + a)T(a,0x) + (0x)xe—0x’

h(x) =

x>0 >0 606>0

At x = 0 and x = oo, the behaviours of the hazard function of the weighted

Lindley distribution /(x) respectively are given by

%) ifa <1,
92
h(0) = f(0) = g7 ifa=1, h(co) =6
0 ifa >1,

It is difficult to study the shape of h(x) because it includes the upper incomplete

gamma function.Fortunately, following lemma is used to determine its shape.

Lemma 3.1 ( Ghitany et al. [10] ) Let X be a non-negative continuous random

variable with twice differentiable p.d.f f(x) and hazard rate function h(x). Let n(x) =
dln f(x)

dx

(i) If n(x) is increasing (decreasing) in x, then h(x) is increasing (decreasing) in x.
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(ii) If n(x) has a bathtub (upside-down bathtub) shape, h(x) has also a bathtub
(upside-down bathtub) shape.

Using this lemma to determine the shape of hazard rate function we have

1) = -0 _]; ((;c))

a+1 a+1 —Ox _ —0x
[_(G—Ea;r_l"(zx) (a = 1)x* (14 x)e 7 + '(efa;r_(a)xafl(e o)
ga+1

W(l + x)e_ex

_ooa—1 1 ny
- X 1+ x

it follows that 5 (x) = ucx—z ! + 1 jx)

7(x) has a global minimum at x* = (—(1 —a) + V1 —a)/a. 5(x) is bathtub

5. For 0 <a <1, 17/(x) = 0 implies that

shaped. Therefore, h(x) is also bathtub shaped. For « > 1, 7 (x) > 0, i.e. 5(x)
is increasing thus /(x) is also increasing. We can conclude that the hazard rate
function of a weighted Lindley distribution is bathtub shaped (increasing) if

O<a<Il(e>1)foralld >0

3. Mean residual life function

Using the fact that the density of the weighted Lindley distribution can be
expressed as a two-component mixture, its mean residual life function m(x) =
E(X — x|X > x) is given by

[w(0+a+1) — (6+a)0x]T(a,0x) + (6 +a + 1) (6x)%e 0%
0[(6 + a)T'(a, Ox) 4 (6x)*e~6%]

Atx =0and x = oo,
a0 +a+1)
m0) =@+ w0

and
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Estimation

Let x = (x1,...,x,) be a realization of the random sample X = (X3, ..., Xy),
where Xj, ..., X;; are independent and identically distributed (i.i.d) random vari-
ables with parameter vector p = (6, «), 6 >0, a > 0. From the density given

by equation (3.13) the Likelihood function can be written as:

9064-1

L) = (o) T

1

where T'(«) is the complete gamma function. The log-likelihood function for 6

and « is

9a+1 n Cesr x " .
tu(B) =1In (W) +In(e""=1%) +In <Exi L+ xl-))
=n[(a+1)In(0) —In(60 +a) —InT(a)] — 6X1 ;x;

+ (a —1)ZF qlog(x;) + X 1 In(1 + x;)

Differentiating with respect to 6 and a we have the vector ug = (ug, 1) with

components
Ug = n {a_gl — G—T—zx} — X
and
Uy =1 [ln(@) — 3 i o 1[1(0&)] + 2, In(x;)
where () = Tn InT(a) = 11:/ ((oi()) which represent digamma function. To

determine 6 and &, we solve simultaneous equations ug = 0 and u, = 0. The

equation ug = 0 can be solved algebraically for 6 giving

6a) — a(l—X)+ \/0;2_(1 + X)? + 4aX
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which is the maximum likelihood estimate of € when a is assumed to be known,
n
where X = — Z x;. The maximum Likelihood estimate for a can be obtained
i=1
solving u, = 0 by setting 8 = 8(«).
In this situation we use the asymptotic normality results to obtain the asymp-

totic confidence interval. We can state the results as
Vi@ —a), (6 —0)] = N> (O,I_l(a,A)>

where I(«, 0) is the Fisher Information matrix. The elements of Fisher informa-

tion matrix I = [[;],7,j = 1,2 about (a, 0) from a single observation are given

by
_ %, (B)] _ 1 B *,(B)]  a+1 1
i =~E lT} =¥ ("‘)_m’ = —E { 202 ] T2 (0ta)?
and
220, (B) 11
he = b = —F [W] = {wm}
(&) — (1 + 1
I— 4 (04 )2 0 (60+a)?
| /1 n 1 a+1 1
6 (0+a)? 62 (60 +a)?
/ 2
where ¢ (¢) = 12 InT(a) is trigamma function. The inverse of I evaluated at

0 and & provides the asymptotic variance-covariance matrix of the maximum
Likelihood estimates. It has been shown in Ghitany et al. [10] that the MLEs {f
and 0 are positively correlated. The asymptotic 100(1 — &)% confidence interval

of & and 6, respectively, are given by

— —_—

& &z, 0\ Var(&), 6=+ z,,\/ Var(d),

where Var(&)( Var(f)) is the MLE of Var(&)(Var(8)) and z, , is the upper a/2

quantile of the standard normal distribution.
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3.2.3 Simulation of the two-parameter weighted Lindley distribution

Here are the histograms of simulated weighted Lindley distributions for differ-
ent values of N using the fact that this distribution is a mixture of exp(6) and

gamma (2,0)
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Figure 3.4 — Histograms showing simulated two-parameter weighted Lindley distribution
using the fact that it is a mixture of two distributions for « = 0.1, 6 = 2 : (a) N =
100, (b) N =1000, (c) N = 10000 .
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4.1

4.2

4.2.1

APPLICATIONS OF LINDLEY

DISTRIBUTION

INTRODUCTION

This section focuses on the applications of Lindley distribution where in the
tirst part we discuss the discrimination procedure of random variables, fol-

lowed by application to real data and simulated data.

DISCRIMINATION OF RANDOM VARIABLES

From a statistical modelling perspective, It is an important problem in statis-
tics to test which probability model some given observations follow. Suppose
that an experimenter has observed n data points say x1, x4, ..., X, and he wants
to use either exponential model with parameter A or one parameter Lindley
model with parameter 6, which one will he prefer?

Discrimination criterion methods

There exist several methods for discriminating random variables such as sta-
tistical tests, visualisation techniques, maximum Likelihood Ratio (RML) and
methods based on log likelihood function such as

e Akaike Information criterion (AIC). This statistical measure was introduced
by Hirotugu Akaike in 1973. It helps in model selection by balancing the
goodness of fit and the complexity of the model.

¢ Hannan-Quinn Information Criterion (HQIC). It offers a compromise be-
tween AIC and BIC in terms of model complexity. Th penalty term
2kIn(In(n)) lies between the lighter penalty of AIC and the heavier
penalty of BIC.

e Bayesian Information Criterion (BIC). It is closely related to Akaike informa-
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tion criterion. When fitting models, it is possible to increase the likelihood
by adding parameters, but by doing so may result in overfitting. The BIC
resolves this problem by introducing a penalty term for the number of

parameters in the model.

e Corrected Akaike Information Criterion (AICC). It is a modification of AIC.
While AIC tends to perform well with larger datasets, it can lead to over-
titting when the sample size is small. AICC introduces a correction for

finite sample sizes, making it more reliable in such cases.

e K-s statistics ( Kolmogorov-Smirnov statistics).Its the greatest distance be-

tween the cumulative distribution function of each sample.

e Consistent Akaike Information Criterion (CAIC ). It is also used particularly

when dealing with large datasets where overfitting is a concern.

These criteria are computed as follows:
2k(k+1)
(n—k—1)
BIC = —2InL, +klnn, HQIC = —2InL, + 2kIn(In(n)),
CAIC = —2InL, +k(In(n) +1), D = sup |Fs(x) — Fo(x)|
X

AIC = -2InL, +2k, AICC = AIC+

where k is the number of parameters, 1 is the sample size and F; is the empirical

distribution function.

The best model is the one that provides the minimum values of these criteria.

Discrimination between exponential and Lindley distributions

In this subsection, we study the discrimination procedure based on max-
imum Likelihood Ratio (RML) to discriminate between exponential and one
parameter Lindley distributions (see for instance Vaidyanathan and Varghese
[28]). For the discrimination between Lindley and Xgamma distributions ( see
Sen et al. [25] ).

We shall use the following notations throughout the section:
The probability density function (p d f) of a Lindley distribution with parame-
ter 6 is denoted by

fip(x) = 40 (14+x)e %, x>0,0>0
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We shall denote it by X ~ LD(6). The density function of exponential with
parameter A is denoted by

foxp(x) = Ae™™*, x>0, A > 0.

We shall denote it by X ~ exp(A).

Ratio of maximum likelihoods

Let x1,x2,....,x, be realisations of independent and identically distributed
(i.i.d) random variables X3, Xj, ..., X, from an exponential distribution or from
a one parameter Lindley distribution. The likelihood functions of exponential
and one parameter Lindley distributions respectively are given by

Ly(A) = e MEia i (4-1)

92 n . n
Lu(0) = (m) e LT (14 x) (4.2)

i=1
The ratio of maximum likelihood (RML) is defined as

Ln(A)
(0)

where A and 0 are estimators of A and 6, respectively, based on {X1, X3, ..., X, }.

>

RML =

(4-3)

D>

n

Taking natural logarithm of the RML, we have the log-likelihood ratio denoted
by T as

n n n

T=nln(A) =AY xi—2nIn6— ) In(1+x)+0) xi+nln(1+0), (4.4
i=1 i=1 i=1
A A 1 _ %
where A and 0 are given by 3 and i \2/}% respectively.

_ 1 &
where X = = in.

The proposed procedure is as follows. Select exponential distribution if T > 0,
otherwise select Lindley distribution. T > 0 implies that the numerator of RML
is larger than the denominator. This means that the sample observations are
more likely to have been generated from the exponential distribution than from
Lindley distribution and hence we choose exp(A) to model the given data. If
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T < 0, the denominator of RML will be larger than the numerator, which
implies that LD(0) is a better fit to the given data.

Asymptotic properties of RML

We denote the almost sure convergence by a.s, E;p[h(Y)] as mean of h(Y)
under the assumption that Y ~ LD(#) and Eexp[h(Y)] as mean of h(Y) under
the assumption that Y ~ exp(A).

Case 1: The null hypothesis is that given data is from LD(6) and the alternative
hypothesis is that given data is from exp(A). The following lemma is needed
to find the asymptotic distribution of T.

Lemma 4.1 (Vaidyanathan and Varghese [28] ) Under the assumption that data is
from Lindley distribution, as n — oo
a) 0 —0as

b) A — A* a.s where A* is the value of A that maximizes Epp [In fexp(x)] .

¢ Let T =1In (LL” (29))) then (T —Ep(T))//n is asymptotically equivalent to
n

-k | .

Proof. a) It is clear that § — 0 a.s by using the convergence property of Maxi-

mum Likelihood estimators.

b) In this case, it is observed that Ais a pseudo MLE of A. Hence A - A
However A — A* a.s, where A* is the value of A that minimizes Kullback-

Leibler information criteria. A* is obtained by minimizing

)

Minimizing equation (4.5) is the same as maximizing E;p [In fex,(x)] A*

is got as follows

) 2
E1p(In foxp (x /0 In(Ae—) 9+1(1—|—x) 0% dx

[ 02
(InA — Ax) 14+ x)e %dx
/0 " o711+
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00 92 B oo 92 ox
I&DﬂnﬁWC@)—ﬂnA){o e +:/ L d%
00 92 ) 92 —6’x
_/\[0 gr1°° +/ o+1” dx} (4-6)

By applying integration by parts we get

0 1
IELD(lnfeXp(x)) =InA [9+1 + 9+J

let g(A) :==InA — A (%)

tinding the derivative of ¢ with respect to A we get

! 9 "
fW =5~ (g ™ &0 =5

A{911+9wi1ﬂ

/ B _0(6+1)
gA)=0= A= 012
_0(6+1) vy o, 0(0+1) (6+2)?
At A = ) ,wehave ¢ (A) =g ( 6—|—2) (6(9+1))2<O
thus
/\*_9(9+1)
042

]

Theorem 4.1 (Vaidyanathan and Varghese [28] ) Under the assumption that data
is from Lindley distribution, T is asymptotically distributed as normal with mean
E;p(T) and variance Vip(T).

e Suppose that the given data is from exponential distribution

Lemma 4.2 Under the assumption that data is from exp(A), as n — oo
a. A —Aas
b. 0 — 0* a.s where 0* is the value of 6 that maximizes Eexp(In fip(x)).

c. Let T* =1In(Ly(A)/Ly(6")) then (T — Eexp(T)) / /1 is asymptotically equivalent
to (T* — Eexp(T*))//n.
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The proof to this lemma is similar to that of lemma( put the number of that

lemma of case 1 above) with

. A—1+V1+6A+A2
0" = 5

Theorem 4.2 (Vaidyanathan and Varghese [28])  Under the assumption that the data
is from an Exponential distribution, T is asymptotically distributed as normal with
mean By, () and variance Vexp(T).

Application

The following table representing the lifetime’s data relating to relief times (in
minutes) of 20 patients receiving an analgesic and reported by Shanker et al.
[26].

11 14 13 1.7 19 18 16 22 17 27
41 18 15 1.2 14 3 1.7 23 1.6 2

Estimate of parameters for the two models together with different criteria are
computed

Table 4.1 — MLEs, —2InL,, AIC, AICC, BIC, HQIC, D and CAIC of the fitted distributions
of the above data set

model MLEs —2InL, | AIC | AICC | BIC | HQIC D CAIC
Exponential | 0.5263158 65.7 67.7 | 679 | 68.7 | 67.696 | 0.3895 | 69.69
Lindley 0.816118 60.50 | 62.50 | 62.72 | 63.49 | 62.62 | 0.3411 | 64.496

From the table of values, we find that the log-likelihood ratio T = —2.587526
implying that the given data has been picked from Lindley distribution thus
choosing Lindley distribution as a better fit to the given data.

It is also clear that Lindley distribution is better for modelling this data since it
corresponds to lower —2InL,, AIC, AICC, BIC, HQIC, D and CAIC.

APPLICATION TO REAL DATA

Application to life time data

In this section, we use a real data set to show that two-parameter Lindley

distribution can be a better model than one based on one parameter Lindley,
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exponential and the two-parameter Weibull distributions. Let’s recall that the

density of Weibull of parameter « and f is

f(x) = apx* Lexp [—(Bx)*], x>0,a >0andp > 0.

The following table represents waiting times (in minutes) before service of 100

bank customers reported by Ghitany et al. [9].

Table 4.2 — Waiting times (in minutes) of 100 bank customers.

1.3
3.2
4.4
5.5
7.1
8.6
10.7
12.5
15.4

08 0.8
29 31
43 43
50 53
6.7 69
82 8.6
9.7 98
119 124
141 154
199 206 213

1.5 18 19 19 21
33 35 36 40 41
44 46 47 47 48
57 57 61 62 62
71 71 71 74 76
86 88 88 89 89
109 11.0 11.0 11.1 11.2
129 13.0 131 133 13.6
173 173 181 182 184
214 219 23.0 27.0 31.6

2.6
4.2
4.9
6.2
7.7
9.5
11.2
13.7
18.9
33.1

2.7
4.2
49
6.3
8.0
9.6
11.5
13.9
19.0
38.5

Estimation of the parameters are carried out using method of moments and

are recorded in the table below.

Table 4.3 — Summary fit for the life time data

Model Estimate of parameters
Lindley (0) 6 =0.187
Lindley («, 6) | & =2.96669, 6 = 0.196209
Exponential (1) A =0.10125

Weibull («,

B)

a=3.194, p=1.170
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Figure 4.1 — P-P plots for (a) exponential, (b) one parameter Lindley, (c) Weibull and (d) Two-
Lindley

Observing the p-p plots above, points closely follow the diagonal line in the

two-parameter Lindley distribution model compared to Weibull, exponential

and one parameter Lindley distributions. This shows that two-parameter Lind-

ley distribution fits data well that the rest. Thus we use two-parameter Lindley

distribution to analyse some of characteristics of waiting time data such as

e Expected waiting time data is u = 1.663.

e Probability of waiting less than 5 minutes is 0.979.

e Probability of waiting more than 5 minutes is 0.021.
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By characterising the distribution of waiting times, organisations can gain in-
sights into the efficiency of their service processes, potential bottlenecks, and
optimise resource allocation to minimise wait times and improve customer sat-

isfaction.

Application to survival data

Lindley distribution has found significant applications in survival analysis
due to its versatility and ability to fit a variety of data patterns. In survival
analysis, the primary objective is to model and analyse time-to-event data,
which makes the choice of an appropriate statistical distribution crucial. How-
ever much we have seen that two-parameter Lindley model gives better fit, in
this section we will show that the two-parameter weighted Lindley distribution
tits data well compared to one-parameter Lindley, exponential, Weibull models

and generalized exponential.

We present an application used in Ghitany et al. [10] to the data set repre-
senting the survival times (in days) of 72 guinea pigs infected with virulent
tubercle bacilli, observed and reported by Bjerkedal et al.[6]. Its values are

100
115
146
196
253
555

72
108
124
168
222
342

74
108
130
171
230
347

77
108
134
172
231
361

92
109
136
176
240
402

93
112
139
183
245
432

96
113
144
195
251
458

10
100
116
153
197
254

33
102
120
159
202
254

44
105
121
160
213
278

56
107
122
163
215
293

59
107
122
163
216
327

In this application we use the MLE method for estimating the parameters of
the considered models. For the models weighted Lindley and generalized- ex-
ponential we use the function optim of R software. The results obtained are

given in the table below

Table 4.4 — Summary fit for the survival data

Model MLEs —2InL, AIC AICC BIC
Lindley (0) 0 =0.011 865.636 | 867.636 | 867.693 | 866.174
Exponential (1) A = 0.006 888.191 890.191 890.248 | 888.729
Weibull («, 8) & =199.602, 5 =1.825 | 4581.514 | 4585.514 | 4585.688 | 4582.590
Weighted Lindley («, 6) & = 2.105, # = 0.018 851.546 | 855.546 | 855.720 | 852.623
Generalized exponential (c,A) | ¢ =3.6748, A =0.011 | 851.6212 | 855.6212 | 855.7951 | 860.1745
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A close examination of the table 4.4 with estimators and some of the com-

parison methods reveals that the two-parameter weighted Lindley model is the

best choice among the competing models, since it has the lowest —2InL,,, AIC,
AICC, and BIC. This is also supported by the probability-probability (P-p) plots

in figures below.
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Figure 4.3 — Graph of fitted PDFs and CDFs (Survival data set).

The use of weighted Lindley model enhances the accuracy of survival analysis,
offering improved parameter estimation and better fit to empirical data. This
approach is valuable where understanding the distribution of survival times is

crucial for decision-making and policy development.

APPLICATION TO SIMULATED DATA

In this section, we present the main results obtained from simulations. This
part allows us to test the effectiveness of the maximum likelihood method and
the Bayesian approach in estimating the one parameter Lindley model on sim-
ulated data following this model. It also allows for the comparison of the per-
formance of both approaches. The results were achieved using R software ( see
program 3 in the Annex). For this, we proceed as follow

We generate 10000 samples of the Lindley distribution, of size n = 20,
50, 100, 200 and 500 to represent small, moderate and large sample sizes
from Lindley distribution with two value of 6(6 = 0.1, § = 3. Maximum
likelihood and Bayesian estimators are noted in the tables below together with
their corresponding MSEs. Bayesian estimators of parameters are evaluated
under Linex loss function and using two priors i.e extension of Jeffreys with
¢ =1, ¢ = 2 and the inverted gamma prior; («,B) € {(1,1.5),(1.5,2)} with the

two values of a(a =1, a = —1).
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The following measures were computed:

|
I

N,

The results are summarized and tabulated in the following tables.

1 Nsim n
) 0

im =1

Table 4.5 — MLE and Bayes Estimates under linex loss function (x =1, b =15, a = -1,
c=1)
n Method 0 MSE Bias
n = 30 MLE 0.1264968 | 0.002415809 | 0.02649681
Extension of Jeffrey prior | 0.1235499 | 0.00219517 | 0.02354986
Inverted Gamma prior | 0.1550891 | 0.004534634 | 0.05508908
n =50 MLE 0.1110698 | 0.0008069258 | 0.01106976
Extension of Jeffrey prior | 0.1100233 | 0.0007727713 | 0.01002332
Inverted Gamma prior | 0.1230098 | 0.001178395 | 0.02300978
n =100 MLE 0.1057439 | 0.0003718375 | 0.005743872
Extension of Jeffrey prior | 0.1052437 | 0.0003633185 | 0.00524372
Inverted Gamma prior | 0.1118018 | 0.000469239 | 0.0118018
n =200 MLE 0.1030814 | 0.0001843936 | 0.003081359
Extension of Jeffrey prior | 0.1028371 | 0.0001821637 | 0.00283708
Inverted Gamma prior | 0.1061325 | 0.0002101968 | 0.006132471
n = 500 MLE 0.1012363 | 7.608762e-05 | 0.001236293
Extension of Jeffrey prior | 0.1011402 | 7.572517€-05 | 0.001140197
Inverted Gamma prior | 0.1024627 | 8.02289e-05 | 0.002462732
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Table 4.6 — MLE and Bayes Estimates under linex loss function (a« = 1.5, b =2, a =
c=25)
n Method 0 MSE Bias
n = 30 MLE 2.944352 | 0.4906837 | -0.05564769
Extension of Jeffrey prior | 2.630747 | 0.5012555 | -0.3692529
Inverted Gamma prior | 2.934057 | 0.4819162 | -0.06594262
n =50 MLE 2.97337 | 0.3105848 | -0.0266298
Extension of Jeffrey prior | 2.770938 | 0.3080475 | -0.2290617
Inverted Gamma prior | 2.967071 | 0.3071386 | -0.03292906
n =100 MLE 2.988489 | 0.154836 -0.1183531
Extension of Jeffrey prior | 2.881647 | 0.154836 -0.1183531
Inverted Gamma prior | 2.985319 | 0.1554709 | -0.0146812
n =200 MLE 2.994183 | 0.08023076 | -0.005817243
Extension of Jeffrey prior | 2.939311 | 0.0796838 | -0.06068891
Inverted Gamma prior | 2.992596 | 0.0800064 | -0.00740391
n = 500 MLE 2.997204 | 0.03103324 | -0.002795955
Extension of Jeffrey prior | 2.974904 | 0.03098408 | -0.02509574
Inverted Gamma prior | 2.996569 | 0.03099939 | -0.003430606

From the tables above, we observe that all the estimates show the property of

consistency i.e the MSEs and the biases decrease as the sample size increases.

Also the MSEs of Bayesian estimators using extension of Jeffrey prior are less
compared to the rest of the estimators for n = 20, 50 , 100, 200, 500.
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CONCLUSION AND PERSPECTIVES

This work aims to study the theoretical and practical aspects of the one pa-
rameter and two parameters Lindley models . The first part of this work is
dedicated to a review of the Lindley model. We presented the form of the cu-
mulative distribution function, the probability density function, the survival
function, and the hazard function. The method for simulating the random vari-
able X with distribution was also presented.

In the second part, our objective was to present in detail the methods for
estimating the parameters of the models. Firstly, we reviewed the principle of
the maximum likelihood method for estimating this model. The obtim function
in R was used to estimate the parameters for the Lindley models with two
parameters because the problem does not have an exact solution. Secondly, we

presented the Bayesian approach for the one parameter Lindley distribution.

Next, we focused on applications to simulated and real data. The aim of this
part is to apply the Lindley models by estimating his parameters using both
the maximum likelihood method and the Bayesian approach. A comparison in
terms of the mean squared error between the two methods (maximum likeli-
hood and Bayesian) was conducted.
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ANNEX

Source Code with R

The computer programs were implemented in R using the fitdistr-
plus and MASS packages. First, we present the programs developed
for the calculation of the cumulative distribution functions and den-
sity functions. Next, we introduce the method to simulate a random
variable X with the Lindley(f) distribution. Finally, we provide the R
programs that simulate X by Metropolis-Hasting and return the maxi-

mum likelihood estimators and Bayesian estimators for the parameters 6.

plindley <— function(x, theta) {

1 - (((1 +theta+ theta » x)* exp(-theta » x))/(theta+l))

}

DLindley = function (x, theta)

{return ((theta "2 / (l+theta)) * exp(-theta * x) *» (1 +x))}

Program 2: Simulation of one-parameter Lindley distribution using the method
of the fact that it is a mixture of exp(f) and gamma(2, 6)

n <- 10000

theta <- 2

p <- (theta )/ (theta + 1)

Ui <= runif (n, min=0, max=1)

Vi <- rexp(n, rate = theta)

Wi <- rgamma (n, shape = 2, rate = theta)

Xi <- ifelse (Ui <= p, Vi, Wi)



Annex : Programs

Program 3: Simulation and estimation of 6§ by MLE and Bayesian method

estimer—-theta <- function (mean) {

((1 - mean) + sgrt((mean — 1)\~ \ 2 + 8 %*x mean)) / (2 * mean)
}

estimer—-theta-1lin <- function(theta-hat, a = -1, ¢ =1, n)

{terml <- exp(-a *» theta-hat) +

0.5 x (a » exp(—a * theta-hat)

*(a + (4 x c/theta-hat))* (theta-hat”"2

* (1 +theta-hat)”2 / (2*n (1 +theta-hat)”"2-n *theta-hat"2)))
term2 <- 0.5% (a*exp (—a*theta-hat)*((4*n / theta-hat”3)

-(2 xn / (1 + theta-hat)” 3))

* ((theta-hat ~ 2 * (1 + theta-hat) "2) /

(2  n » (1 + theta-hat) ~ 2 - n » theta-hat ©~ 2)) "2)
theta-1lin <- —-(1 / a ) * log(terml - term2)

return (theta-1in)

}

estimer-theta-lingam <- function(theta-hat, a = -1, alpha = 1,
beta = 1.5, n)

{term3 <- exp(-a * theta-hat)

term4 <- 0.5 * a * (a — 2) x exp(—-a * theta-hat) =«

((alpha / theta-hat”2)-((beta + 1) / theta-hat))

* (theta-hat ~ 2 * (1 + theta-hat) *2) /

(2 # n = (1 + theta-hat)”® 2 - n * theta-hat *2)

term5 <- 0.5 * a * exp(-a » theta-hat) * ((4  n / theta-hat”3)
-(2 * n / (1 + theta-hat)"3))*((theta-hat”2 » (1 + theta-hat)"2)
/(2 » n x (1 + theta-hat) "2 - n % theta-hat ~ 2))"2
theta-lingam <- —-(1/a)*(log( term3 + term4 —-termb5))

return (theta-lingam)

}

lambda <- 0.1

theta <- 0.1

f <- function(x) {

(theta ~ 2 / (1 + theta)) * exp(-theta * x) * (1 + x)

}

N _{sim} <- 10000
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sample—-size <- 500
theta—-estimations <- numeric (N_{sim})
theta-estimations-1in <- numeric (N_{sim})
theta-estimations—-lingam <- numeric (N_{sim})
generate-sample—-and-estimate-theta <-
function (sample-size, lambda, f)
{ x <= numeric(sample-size)
x[1] <=1
for (1 \ in 2:sample-size) {
y <— rexp(l, rate = lambda)
w <— lambda x exp(-lambda * x[i - 1])
v <— lambda * exp(—-lambda =* y)
rho <- min(1, (f(y) > w) / (f(x[i - 11) * v))
u <— runif (1)
if (u < rho) {
x[1i] <- vy

} else {
x[1] <- x[1 - 1]

}

}
mean—-empirique <- mean (x)
theta-hat <- estimer-theta (mean-empirique)
theta-1lin <- estimer-theta-lin (theta-hat, n = sample-size)
theta-lingam <- estimer-theta-lingam (theta-hat, n=sample-size)
return (c (theta-hat, theta-1lin, theta-lingam))

}
for (i in 1:N_{sim}) {
thetas <- generate-sample-and-estimate-theta
(sample-size, lambda, f)
theta-estimations[i] <- thetas[1]
theta—-estimations—-1in[i] <- thetas[2]
theta-estimations-lingam[i] <- thetas[3]

}
mse <- mean (((theta-estimations) - theta )"*2 )
mse—-1lin <- mean((theta—-estimations—-1in) —-theta) "2)
mse—lingam<- mean ((theta-estimations)-lingam-theta) "2))
bias-mle<- mean((theta-estimations )-theta)
bias—-jef<- mean (theta-estimations-1in -theta)

bias—-ingam <- mean((theta-estimations-lingam - theta))
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print (mse)

print (bias-mle)

print (mse-1in)

print (bias—-jef)

print (mse-1lingam)

print (bias—-ingam)

mean-theta-estimations <- mean(theta-estimations)
mean-theta-estimations—1in <- mean (theta-estimations—1in)
mean-theta-estimations—-lingam <- mean(theta-estimations-lingam)
print (mean-theta-estimations)

print (mean-theta-estimations—-1in)

print (mean-theta-estimations—-lingam)
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Abstract

Probability distributions are commonly applied to describe real phenomena
and are often used in several fields such as economics, biology and medicine.
There are several probability distributions. In this thesis we study the Lindley
distribution with one parameter, Lindley distribution with two parameters as
well as the two-parameter weighted Lindley distribution. We also explore the
fundamental properties of the Lindley distribution, including its probability
density function, cumulative distribution function, survival and hazard rate
function, moments, characteristic function, moment generating function, etc
and explores parameter estimation methods, including method of moments,
maximum likelihood and Bayesian approaches as well. Finally applications of

Lindley distribution to different real data sets and simulated data.

Keywords: Random variable, probability distribution, survival function,
Lindley distribution, maximum likelihood estimation, Bayesian estimation,

simulation.
Résumé

Les distributions de probabilité sont couramment appliquées pour décrire
des phénomenes réels et sont souvent utilisées dans plusieurs domaines tels
que l’économie, biologie et la médecine. Il existe plusieurs distributions de
probabilité. Dans ce mémoire, nous étudions la distribution de Lindley a un
parametre et la distribution de Lindley a deux parameétres, ainsi que la distri-
bution de Lindley pondérée a deux parametres. Nous explorons également les
propriétés fondamentales de la distribution de Lindley, y compris sa fonction
de densité de probabilité, sa fonction de répartition, sa fonction de taux de
survie et de risque, moments, fonction caractéristique, fonction génératrice des
moments, etc. Et voyons ensuite les méthodes d’estimation des parametres,
notamment la méthode des moments, maximum de vraisemblance et les ap-
proches Bayésiennes. Enfin, des applications de la distribution de Lindley a

différents ensembles de données réels et simulés.

Mots-Clefs: Variable aléatoire, distribution de probabilité, fonction de survie,
distribution de Lindley , estimation du maximum de vraisemblance, estimation

Bayésienne, simulation.



	Table of Contents
	List of Figures
	List of Tables
	Introduction
	Generalities and some probability distributions
	Introduction
	Generalities
	Basic Definitions
	Random variables
	Cumulative distribution function
	Convolution product and distribution of sum of random variables
	Survival, hazard and quantile function
	Moments of a random Variable
	The moment generating function
	Characteristic functions
	Central limit theorem 

	Some probability distributions
	Poisson distribution.
	Exponential distribution
	The two-parameter Weibull distribution
	Generalized exponential distribution
	Uniform distribution
	Normal distribution
	Gamma distribution
	Beta distribution

	Estimation of Parameters
	Quality of estimators
	Methods of Estimation


	A One-Parameter Lindley Distribution
	Definitions and Properties
	Survival, hazard rate and mean residual life function
	Mode
	Moment and its related measures
	The characteristic function.
	The moment generating function
	Lorenz curve
	Stochastic ordering
	 Sums, products and ratios 
	The quantile function
	Exponential family of distributions

	Estimation of the parameter
	Method of moments
	Method of Maximum Likelihood
	Bayesian Estimation of Lindley distribution
	Simulation


	The Two-Parameter Lindley Distributions
	A two-parameter Lindley distribution
	Survival, failure rate and mean residual life functions
	Statistical properties
	Order Statistics
	Estimation
	Simulation of two-parameter Lindley distribution

	 A two-parameter weighted Lindley distribution 
	Structural properties
	Estimation
	Simulation of the two-parameter weighted Lindley distribution


	Applications of Lindley distribution
	Introduction 
	 Discrimination of random variables
	Discrimination criterion methods
	Discrimination between exponential and Lindley distributions 
	Application

	Application to real data 
	Application to life time data 
	Application to survival data

	Application to simulated data

	 Conclusion and Perspectives 
	Annex 
	Bibliography

